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The relativistic equations of motion for a conducting fluid in a magnetic field are formulated. A relati 


vistically correct equation for the production of entropy due to Joule heating is derived from the conservation 
laws for mass, momentum, and energy. It is shown that both the energy density of the magnetic field and the 


magnetic pressure contribute to the inertia of a perfectly conducting fluid. The general dispersion relation 


for small-amplitude oscillations is found. 


INTRODUCTION 


T has been shown by Northrop! that in many cases a 
perfectly conducting fluid in a magnetic field be- 
haves as if it had a mass density of 


put B*/4nc?, 


where yu is the usual mass density, and B is the magnetic 
field in Gaussian units. This suggests the interesting 
question of why it is that twice the energy density of 
the magnetic field should contribute to the inertia of 
the fluid. One also is inclined to ask if the internal 
energy of the fluid should not also contribute to its 
inertia. The work reported here grew out of an attempt 
to answer these questions. 
Northrop treated the fluid motion nonrelativistically 
s have most authors. Clearly any investigation of the 
inertia of energy should be conducted within the frame- 
work of the theory of relativity. In the next section we 
formulate the relativistic magnetohydrodynamic equa- 
tiezs for a perfect fluid. 


FUNDAMENTAL EQUATIONS 


We shall use the summation convention. We denote 
the spatial coordinates by x,, x2, and x3 and let a4= tcl, 
We adopt the convention that Latin subscripts take 
on the values 1, 2, 3, 4, and Greek subscripts take on 
the values 1, 2, 3. 

*This work was jointly sponsored by the Office of Naval 
Research and the U. S. Atomic Energy Commission 


t Now at the University of Tennessee, Knoxville, Tennessee 
1T. G. Northrop, Phys. Rev. 103, 1150 (1956) 


Since the number of particles in the fluid must be 
conserved, we have 
on O 
t (ntq) =, (1) 
Ol OXa 
where » is the particle density and mu, is the fluid ve 
locity. We define 
nm =n(1—u?/c?)s, (2) 


and the usual relativistic four-velocity 


Ua 1 
U, ( | ) (3) 
(1—u?/c?)! (1—1?/c*)! 


Then Eq. (1) can be written in the form 
(0/dx,) (WU ,) =0. (4) 


If we multiply this equation by mp, the rest mass of each 
particle, and let u°=n°mo, then we may write 
(0/dx;) (u°U ,) 0. (5) 
n® may be interpreted as the proper number density. 
It is the number of particles per unit volume in a 
reference system which moves with the local velocity 
of the fluid. It follows that y° is the proper density of 
proper mass. We also define yo, the relative density of 
proper mass, and yp, the relative density of relative 
mass. These mass densities have been discussed by 
Mller’ and by Synge.’ The relation between y°, wo, and 
2C. Mdiler, The Theory of Relativity (Oxford University Press, 
New York, 1952), Sec. 50 


7 Relativity: The Special Theory (Interscience 
Publishers, Inc., New York, 1956), Chap. 8 


Synge, 
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p= po(l—w/c*)}=p(l—w/c). (6) 


Clearly y° is an invariant and by Eq. (5) it is conserved. 
The energy-momentum tensor for a perfect fluid has 
been given by Taub.‘ It is 


Tie? = (w+ wl /O+ p/C)U Urt+ pour, (7) 


where ¢’ is the internal energy per unit proper mass in a 
reference system which moves with the local velocity 
of the fluid and p is the pressure. The quantities e and 
p as well as y® are invariants. 

The energy-momentum tensor for the electromag- 
netic field is (in Gaussian units) 
Tap = (1/8m) (F2+ BY)bap— (1/447) (Ealp+BaBs), 
Ta” T (1/4) (EXB),, 
Tu (1/89) (E+ B?), 


(8) 
(9) 
(10) 


The total energy-momentum tensor for the system 

consisting of both fluid and field is just 

Tit Tu + Ta. (11) 

The equations for the conservation of energy and 
momentum are then 

OT 4 / Ox, =. (12) 

The equations for the conservation of proper mass, 

energy, and momentum must be supplemented by 

Maxwell’s equations: 


4a 


1 dE 
vxB=—J-+ “» 
c al 


(13) 


1 0B 
vVxXE=-—- : (14) 
c al 


V-B=0, (15) 


V-E=4p,. (16) 


In order to complete this set of equations an equation 
of state relating wv’, e’, and p must be given. Also some 
equation relating J and the electric and magnetic fields 
(Ohm’s law, perhaps) must be given. For the time being 
we shall leave these equations unspecified, 

It might be thought that because of the equivalence 
of mass and energy there should not be separate con 
servation laws for them in a relativistic theory. How 
ever, Eckart® has shown that both laws are necessary. 
This becomes clear if it is remembered that Eq. (5) 
is equivalent to Eq. (4) which expresses the conservation 
of the number of particles. 

It is well known that in the ordinary hydrodynamics 
of an ideal fluid the conservation of mass, momentum, 
and energy also implies the conservation of entropy. 


4A. H. Taub, Phys. Rev. 74, 328 (1948) 
°C, Eckart, Phys. Rev. 58, 919 (1940) 
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This has been shown from the relativistic hydrodynamic 
equations by Taub.‘ We shall show that it is also true 
in magnetohydrodynamics if the conductivity of the 
gas is infinite. To show this, we calculate 

U (OT us /OX,) ==(), (17) 
Consider first 


OT : 0 


é 0 
(1+ +~ out. (18) 
ri 


Ox, Ox, 2 pd Ox; 


By using Eq. (5) this may be written 


OT yy 0 é p Op 
=U, ( 1+—+ uct | 
OX, OX, C we Ox, 


We multiply by U; and carry out the summation to 


obtain 
de afl 
- uv, +pu—(—)| (20) 
OX, OX. py? 


In deriving Eq. (20) we have used 


UU ,;=-e. 


(29) 


OT 
U; 
OX, 


(21) 
Now, by the equation 
dé+ pd(1/p") 


6ds, (22) 


we define the absolute temperature @ and the specific 
entropy s as measured by an observer moving with the 
fluid. Equation (20) may now be written 


UOT a™ /dx_= —pOU .0s/Ax.. (23) 


Os 1 Os Os 
U,.—= - ( + te ) 
Ox, (1—1?/c?) ‘\ a OXa 


1 ds 
(1—1?/c*)) dt 
=ds/dr, 


‘where r is the proper time. That is to say, it is the time 
recorded by a clock which moves with the elemegt of 
fluid. 

By using Maxwell’s equations it is easily shown that 


| 


(1—w?/c?)! 


OT 
U, =(J—p.u)- 
Ox; 


(25) 


so that finally Eq. (17) becomes 


ds 1 
-—J,-E 
dr yd 
where 


J.=J—pu 
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is the conduction current, and 


E+ (1/c)uxB 
E’= (28) 
(1—1/c)! 


is the electric field measured by an observer moving 
with the fluid. 

Equation (26) has just the form one would expect. 
It gives the increase in entropy per unit proper time 
due to the irreversible Joule heating. The convection 
current has to be subtracted from the total current 
since it produces no irreversible effects. 

If the fluid is a perfect conductor, E’ will vanish and 
the entropy will be constant along a streamline. For a 
perfect conductor Ohm’s law is replaced by 


E+ (1/c)uXB=0. (29) 


For a perfect conductor the equation for the con- 
servation of energy, 


OT 4,/0x,=0, (30) 


may be replaced by the simpler equation 


ds/dr=ds/dt=0. (31) 


For instance, if the equation of state of the fluid is 


1)” |, (32) 


& p [ (y 
then Eq. (31) is equivalent to 


d/dt( p/p"). (33) 


In what follows, we shall for simplicity use the 
perfect gas equation of state, Eq. (32). The velocity 
distribution and equation of state of a monatomic 
relativistic gas have been investigated by Jiittner.* He 
finds 

kO iH" (imc?/kO) 
d=c ; (34) 
myc? —- =H" (imc? /k0) 
and 


p=pkO/mo. (35) 


In Eq. (34), H2™ is the Hankel function of the first 
kind,’ and the prime denotes differentiation with respect 
to the argument. It can be shown from Eqs. (34) and 
(35) that the relation between ¢’, uv’, and p is given by 
Eq. (32) in both the high-temperature and low-tem- 
perature limits. In the low-temperature limit the gas 
constant y has the value 5/3. In the high-temperature 


limit it has the value 4. 


EFFECTIVE MASS 
We assume the fluid to be perfectly conducting. 
Using Eq. (29), we find 
(EXB) = (1/c) B’u— (1/c)B(u-B) 
(1/c) B*(u—uz), (36) 


6 F, Jiittner, Ann. Physik 34, 856 (1911) 
7E. Jahnke and F. Emde, Tables of Functions (Dover Publi 
cations, New York, 1945), fourth edition, p. 133 
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where we have defined ug as the velocity along the 
magnetic field. We can without loss of generality take 
the magnetic field to be in the xy direction. Using Eqs 
(7) and (9), we calculate 7,4 and find 


we p B u’\! 
Tas=| uot PF (1 ) ow (37) 
ce 2 Arc? c 


ifa=1, 


2, and 
l's4 | ? tpe’/c'+ p rg | ‘gl, (38) 
Now 


Tat= 1C£a, (39) 


p We see 
fluid motions along the magnetic field, the magnetic 
field does not contribute to the inertia of the fluid. For 
fluid motions perpendicular to the field, the field con 
tributes the momentum density 


where gq is the momentum density that for 


, 4c’) l _ 


If we assign to the magnetic field its usual energy 
density B?/8mr and a pressure of the same amount, we 
see that this energy density and pressure contribute to 
the inertia in the same way that the internal energy 
and pressure of the fluid do. The factor (1—w?/c*)! 
indicates that the mass density B*/4arc* is analogous to 
the relative density of proper mass po. 

The factor of two in the mass density of the magnetic 
field, which seemed to us anomalous and prompted this 
investigation, is now seen to be due to the fact that both 
magnetic energy density and magnetic pressure con 
tribute to the inertia of the fluid. 


WAVES OF SMALL AMPLITUDE 


We shall now linearize the equations and show that 
there are three wave velocities which must be con 
sidered. Since “; is now considered to be infinitesimal, 
we shall not need the superscripts on yw and é& any 
longer. We write 


B= Burt B,, 
p= potP, 
u=potA, 


(40) 


where now the subscript denotes an unperturbed 
quantity. B;, p, 7, and FE; are considered small quantities 
and their products are neglected. We assume the equa 
tion of state given by Eq. (32). The unperturbed 
magnetic field is taken to be in the «; direction 

The elements of the linearized energy-momentum 


tensor are 


| 
BoB bas 
ta 4dr 4 


er bap po | Pp t BY? { BoB, 


1 
BoB bps, 
4dr 


(41) 
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7 ai (u t | 
(y 


y 


“1)e 
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Be Be 


(42) 


WU4b a8 ; 


4c 4c? 


Jew — 
1 


V4 (pot fc (pot pb) 
y~1) 
1 
(BP +2ByB;). 
Sar 


The set of equations 


OT at 


) 


become 


po 
bot + 
(y 1)c? 


Bi? 0 BB, 


Ou e 


(nh) 


By, OB, 
| (45) 
4ar OX, 


4m Ox 4a 


a 


OUs 


Op 
Ox 4 


Y Po ) 
1)c? 


From Kqs. (5) and (33), we find 


al 


Op/at V¥Po(OUa/OXa). 


Irom Eqs. (14) and (29) we find 


OB, OuUg 
By By 


Ox 3 


Oug 
Ox 8 


(48) 
al 


If Eqs. (45) and (46) are now differentiated with 


respect to time and Eqs. (47) and (48) used to eliminate 


p and B,,, it is found that 
Ot Ou, Ou 
vs| { ( t ) | tV? 
Ox, OXgIXg 


Oxy 
Cus 
y 2 


Ouse 0 Ou» 
(49) 
Or Ox, On 2 


for a=1, 2, and 


Ou; 

- 4 ‘ (50) 
oe OX30Xg 

where we have defined the three velocities V;, V2, and 

Vs; by 

Be 

Vy | 

4n[ wo { YPo (y 1)c?+ Be? / Amc J 


(51) 
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Yo 

Luotypo/(y—1)c*4 
po 

[uotypo/(y—-1)e) 


/ 2 
V, 


Equations (49) and (50) describe the propagation of 
any small-amplitude disturbance in the fluid. If it is 
assumed that u, is of the form exp(ikgxg), then Eqs. 
(49) and (50) become homogeneous algebraic equations. 
The requirement that the determinant of this set of 
equations vanish gives the dispersion relation : 
w? w'| (V 2+-V.")(k’+k2?)+ (2V 74 V2)ks | 

tw? V Pk (2Ve+V iP )ket+ Ve+V2+V3) 
XK (ki +h’) |—VitV Phat (ke +k +k?) =0. 


From Eqs. (49), (50), and (54) it is easily shown that 


(54) 


transverse waves exist which move in the direction of 
the magnetic field with the velocity V,. Longitudinal 
waves that move in the direction of the field have the 
velocity V,;. Longitudinal waves that move perpen- 
dicularly to the field have the velocity (V+ V,")!. 
We shall now examine V,, V2 Vs, in several 
limiting cases. In the limit of infinite light velocity, Vy 
wave ve- 


and 


becomes the usual magnetohydrodynami 


locity’ and V» and V; become equal to the usual 
veloc ity of sound. 

In the limit of low pressures, Vi, V2, 
the velocities found by Northrop.' 

If the magnetic field vanishes, then V; vanishes and 
V2=Vs, is the sound velocity found by Taub‘ for a 


relativistic gas. In the limit of very high temperatures 


and V; become 


this velocity becomes equal to 
1)*c. 


4, so the velocity becomes c/v3. This 
9 


In this limit y 
agrees with the conclusion of de Hoffmann and Teller. 
It is also interesting to note that ¢/V3 is the velocity 
found by Synge* for the case of waves in an incom- 
pressible fluid.f 


*H. Alfvén, Cosmical Electrodynamics (Oxford University 
Press, New York, 1950) 

*F. de Hoffman and E. Teller, Phys. Rev. 80, 692 (1950). 

t Note added in proof.—It has been called to the author’s atten 
tion by the referee of this paper that Eq. (54) may be writt@h in 


the much simpler form 


| 2| 2 
[V?—Vi2m,? | is y(vir4 Vi+ " ni) vavine] 


where V =w/k is the phase velocity and ny=k;/k. This form of 
the dispersion relation allows one to solve explicitly for the phase 
velocity V. 
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Energy and Angular Distribution of X-Rays Scattered in Lead* 


J. H. HussBett, E. 


HAYWARD, AND W. F. 


I'rrus 


National Bureau of Standards, Washington, D. C. 
(Received August 23, 1957) 


The energy and angular distributions of the photons transmitted by thick lead barriers irradiated by 8- and 


10-Mev bremsstrahlung beams have been measured by using a Nal(T 


spectrometer. These distributions 


have been integrated over angle. The resultant energy distributions, after subtraction of the calculated 


annihilation radiation component, have been compared with the results of moments-method infinite-medium 
theory for plane monodirectional sources. Discrepancies of the order of 10% above 1 Mev and of the order 
of 50% below 1 Mev may be attributed, respectively, to omission of bremsstrahlung from the theory and the 


presence of a boundary in the experiment 
nearly exponential falloff with angle. 


1, INTRODUCTION 


N extensive program of machine calculations on 

gamma-ray penetration has been carried out by 
Goldstein and Wilkins! using the moments method of 
Spencer and Fano.’ Results of the calculations include 
intensities and energy distributions, produced by 0.5- 
to 10-Mev gamma rays in several source geometries, as 
a function of depth in various materials. ‘The input data 
were the absorption coefficients given by White’ which 
include photoelectric effect, Compton scattering, and 
pair production. The calculations take into account 
multiple Compton collisions, but photoelectric effect 
and pair production were treated as outright absorption. 
Secondary radiations have been neglected. The most 
important of these are (1) the bremsstrahlung of 
secondary electrons and positrons, (2) fluorescence 
radiation emitted in the rearrangement of the atom 
following photoelectric absorption, and (3) the radi 
ation generated in the annihilation of positrons. ‘These 
omissions are of no consequence except for the highest 
Z’s or energies considered, and even here their contri 
bution to the energy dissipated in the medium con 
stitutes only a few percent.‘ 

The results of the moments calculations have been 
checked in a series of experiments® using strong radio- 
active sources. In these experiments gamma-ray in- 
tensities as a function of depth as well as photon energy 
distributions were measured. Except for very 
difficult experiment® at 6 Mev, all of these experiments 


one 


used gamma-ray sources having energies less than 2.76 
Mev. The present experiment was undertaken using 
8- and 10-Mev bremsstrahlung to obtain some data at 


* This work was supported by the U. S. Atomic Energy Com 
mission and the Office of Naval Research 

1H. Goldstein and J. E. Wilkins, Jr 
mission Report NYO-3075, June, 1954 

2 L. V. Spencer and U. Fano, J. Research Natl. Bur 
16, 446 (1951) 

4G. R. White, National Bureau of Standards Report NBS-1003, 
May, 1952 (unpublished) 

‘H. Goldstein, Nuclear Development Associates Memo 15C-31, 
February, 1954 (unpublished). S. T. Cohen and E. H. Plesset, 
Rand Report, RAD-264, May, 1948 (unpublished) 

5 C. Garrett and G. N. Whyte, Phys. Rev. 95, $89 (1954) and 
references cited there 

6 Roys, Shure, and Taylor, Phys. Rev. 95, 911 (1954), 
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Standards 


An angular distribution of the transmitted energy indicated a 


higher energies in lead, Since these spectra include 
photon energies both above and below the minimum 
in the lead attenuation coefficient, the photons at the 
minimum (~3 Mev) control the spectral shape at deep 
penetrations. The distribution of scattered radiation is 
concentrated at a slightly lower energy as a result of 
degradation. 

The general objective of the experiment was to 
measure the energy and angular distributions of the 
emitted by a_ lead Broad-beam 


geometry, where the beam is large compared to a mean 


radiation barrier. 
free path, was used in order that the integration over all 
but one spatial variable was automatically performed 
Photon energy distributions were measured at a series 
of angles with a Nal(Tl) scintillation spectrometer 

These distributions have been integrated over angles 
to obtain photon energy distributions which may be 
compared with results calculated using the infinite 
medium theory. Some of the differences observed for 
low photon energies may be attributed to the presence 
of a boundary in the experiment. The experimental data 
have likewise been integrated over energy to obtain the 
angular distribution of transmitted gamma-ray energy 


2. EXPERIMENTAL ARRANGEMENT 


The physical layout of the experiment is shown in 
Fig. 1. The National Standards 50-Mev 
betatron operated at peak energies of 8 and 10 Mev 
was used as a source of x-rays. ‘The betatron beam was 


Bureau of 


defined by a collimator close to the machine so as to 


Fic. 1, The experimental arrangement 
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produce a beam diameter of about nine inches at the 
entrance surface of the lead medium. The lead barrier 
was a stack of lead sheets each sixteen inches square 
and one inch in thickness. The betatron yield was 
monitored by means of a parallel-plate transmission 
ionization chamber intercepting the collimated x-ray 
beam. ‘The ionization charge was collected on a poly- 
styrene film condenser the voltage across which was 
measured with a vibrating reed electrometer. 

The detector was a Nal(T1) crystal 5 inches in di 
ameter and 4 inches long located in the lead and borax 
shield shown in Fig. 1, The collimator for the detector 
was a rectangular hole 4 inch wide and 1 inch high 
through 12 inches of lead, giving an angular resolution, 
Ad, of about 24°. The table that held the detector and 
its shielding could be rotated about a vertical axis 
through the point at which the beam axis intersected 
the exit surface of the lead barrier. The photons emitted 
were then counted as a function of the angle @. 

At an early stage in the experiment a small scintil 
lation detector was paraded across the back of the lead 
barrier and the transmitted intensity found to vary by 
no more than 2%. This result indicated that the broad 
beam condition really existed and furthermore it meant 
that the exact position of the area viewed by the 
detector was unimportant. Thus, the only critical 
variable was the angle, 6, of the detector relative to the 
beam direction. ‘ 

It was found that the most sensitive way to establish 
the beam direction was to measure the counting rate 
as a function of angle near 6=0°. The position of 
maximum intensity was located well within 0.2°. A 
large protractor was then drawn on the floor, and the 
counter table was positioned relative to this scale when 
the measurements were taken. 

The Nal (Tl) crystal was viewed by a 5-inch Dumont 
photomultiplier tube. The pulses transmitted by a 
cathode follower were fed into the betatron control 
room, amplified, and analyzed by a 30-channel pulse 
height analyzer. ‘The analyzer was gated so as to accept 
pulses only during a 14-ysec period around the betatron 
yield pulse. 

The data to be reported here were taken during a 
three-week period. Throughout this run the following 
daily checks were made on the apparatus: (1) The 
stability of the monitor ion chamber was checked by 
measuring the time required to charge one of the con- 
densers when a radioactive source was put in a standard 
The energy the scintillation 
spectrometer was calibrated with the 1.28-Mev y rays 


position, (2) scale of 


and the annihilation radiation from a Na® source. 
(3) The channel widths of the pulse height analyzer 
were compared by means of a sliding pulser. The 
monitor was stable to within +0,5% and the over-all 
gain of the system to within +1%. The widths of the 
thirty discriminator channels differed from the mean 


by as much as 10%. They also changed slightly with 
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time. These variations have been taken into account 
in the reduction of the data. 

The pulse-height distributions produced by the 
transmitted photons have been measured at 0°, 5°, 10°, 
20°, 30°, 40°, 50°, 60°, and 70° to the beam direction. 
These measurements were taken using a 6-inch lead 
barrier irradiated by 10-Mev bremsstrahlung and a 
4-inch barrier with both 8- and 10-Mev bremsstrahlung. 
At these energies a mean free path is approximately an 
inch, so the attenuation of the primary beam ranged 
from 10~* to 10~*. Greater lead thickness were not used 
because of lack of intensity. The counting rate was 
limited to about five counts per second in order to make 
the effects of pulse pile-up negligible. At this rate it 
took about an hour to accumulate ~ 10° counts in most 
of the channels. The background was measured with a 
10-inch steel plug in the collimator hole of the counter. 
The signal minus the background therefore consisted 
of the pulses produced by photons removed by the 
steel plug. The background, which amounted to as 
much as 70% of the signal at the large angles, resulted 
primarily from neutron capture gamma rays generated 
in the lead shielding around the counter. In fact it was 
not possible to extend these experiments to higher 
energies, because this background soon became the 
most important component of radiation measured at 
large angles. The background obtained by using the 
steel plug was measured for the same monitor reading 
as the main run. At small angles, where the background 
was small, the background runs could be completed in 
a shorter time than the scattering runs; in these cases 
a small additional background was subtracted out to 
take into account background such as cosmic rays and 
radioactivity which were proportional to the running 
time rather than the monitor reading. 


3. INVERSION OF THE PULSE-HEIGHT 
DISTRIBUTIONS 


The measured pulse height distribution, S(2’,@), is 
related to the photon energy spectrum, NV(£,9), through 
a response function, R(#,E’), that depends on the size 
and shape of the crystal, the geometry of the source 
relative to it, and the absorption coefficient of NaI (TI). 


S(E'p) = f dEN(E)R(E,E’). 


In order to solve the integral equation for N(£,@), 
the right-hand side of this equation may be rewritten 
as a sum and the response function expressed as a 
matrix’ ; 


Sj=L NR, 
t= 
7 Beach, Theus, and Faust, Naval Research Laboratory Report 
NRL-4277, December, 1953 (unpublished); M. Ehrlich, J. 
Research Natl. Bur. Standards 54, 107 (1955); N. Starfelt and 
H. W. Koch, Phys. Rev. 102, 1598 (1956). 
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where » is the number of rows and columns. A matrix 
having n= 28 has been constructed for the crystal and 
geometry used in this experiment, i.e., a point mono 
directional source incident normally along the axis of 
a Nal (Tl) crystal 4 inches long and 5 inches in diameter. 
The input data were the pulse-height distributions 
produced by 1.14-Mev (Zn®) and 0.661-Mev (Cs!*’) 
gamma rays, the Monte Carlo calculations of Berger 
and Doggett,* and a measured pulse-height distribution 
for the 11.6-Mev gamma rays from the B"(p,y)C” 
reaction.’ Each row represents the pulse-height distri 
bution produced by a monoenergetic gamma-ray source 
of energy E, normalized so that the sum of the elements 
is the detection efficiency at that energy, 1—e */ 
(where L is the length of the crystal). 

Since the photopeak is a Gaussian of width varying 
approximately as £', the matrix was made to have 
intervals proportional to £). On this scale, all photo 
peaks have the same width. The matrix is so coarse 
that the photopeak is included in a single interval; it 
therefore corrects the pulse height distributions only 
for the incomplete absorption of the photons by the 
crystal. The matrix has been inverted by the SEAC 
and the pulse-height distributions multiplied by the 
inverse matrix on a desk computer to obtain the photon 
energy spectra. 

Figure 2 shows the pulse-height distribution pro 
duced by the photons from a Na” source. This distri 
bution has been divided into the intervals corresponding 
to those of the matrix and the area under the distri 
bution in each interval measured. These areas multi 
plied by the inverse matrix M~! gave the histogram also 
shown in Fig. 2. It can be seen from this example that 
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Fic. 2. The dashed curve represents the pulse-height distri 
bution produced by a Na®™ source. The histogram results from 
operating on this distribution with the inverse response matrix 
which removes the “tails” from the pulse-height distribution, but 
because of its coarseness broadens the lines. The area in each pair 
of bins sharing a line is equivalent to the intensity of the line 

5M. J. Berger and J. Doggett, J. Research Natl. Bur. Standards 
56, 355 (1956). 

*R. S. Foote and H. W. Koch, Rev. Sci. Instr. 25, 746 (1954 


fa 
MT Le!) 


Mev 


Fic. 3. The energy distributions obtained at 6=5°, 20°, 40°, 
and 70° when a 10-Mev bremsstrahlung beam is incident on a 
6-inch lead barrier. The solid and open circles are the experimental 
data obtained with two different amplifier gains. The histograms 
are the photon energy spectra obtained by multiplying by the 
inverse matrix. The solid curves are the result of a calculation and 
represent the contribution to be expected from scattering 
tatistical 


ingle 
alone. The errors indicated are 
the matrix inversion does two things. It removes the 
low-energy tail, but when the gamma-ray energies do 
not fall at the centers of the bins of the matrix, it serves 
to widen the line by distributing the pulses between two 
bins of the matrix. For a continuous photon distribution 
the coarseness of the matrix does no harm, but wherever 
a line occurs, the corresponding area under the histogram 
should be considered as a spike at a single photon 
energy. 

Figure 3 shows a series of pulse height distribution 
measured in the present experiment, both before and 
after ‘These in general 
characterized by two components, (1) a line at 511 
kev ) 


and (2) 
the multiply scattered photons. At the 


inversion distributions are, 


resulting from positron annihilation 


large angles 
the annihilation radiation becomes more important and 
so that 


the multiply scattered photons less energetic 


the two components merge. Multiplication of the pulse 
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hic. 4. Photon number spectra incident on the lead barrier 
These are the Penfold-Leiss bremsstrahlung spectra attenuated 
by the betatron doughnut wall, the monitor, and the path in air 
Peak energies are eight and ten Mey for the solid and dotted 
respectively 


curves 
height distributions by the inverse matrix serves to 
de-emphasize the lower energy components; this is 
simply a reflection of the fact that the crystal detects 
the lower energy photons more efficiently, and that the 
inversion corrects the distribution for the incomplete 
absorption of the high-energy photons in the crystal 


4. ABSOLUTE MEASUREMENTS 


‘The ordinates of Fig. 3 are in units of photons/ Mey 
emitted per cm? of surface into a solid angle dQ per 


Mev/cm® incident on the lead barrier 


dP( 16) i psd 
dQ AGA (4) B 


In the numerator of this expression, N(4,0) is the 
energy spectrum of the photons emitted at an angle 6, 
obtained by multiplying the pulse-height distribution 
by the inverse matrix; AQ is the solid angle of the de 
tector, and A(@) is the area of the emitting surface seen 
by it. In the denominator, f-/(/,Eo)dE is the amount 
of energy in the filtered bremsstrahlung beam of peak 
energy /y incident on an area, B, of the barrier after 
attenuation by the betatron doughnut wall, the 
monitor, and 19.3 feet of air. 

The solid angle, AQ, was determined by measuring 
the total 
Nal(Tl) crystal when exposed to a standard Co 


number of interactions produced in the 
source. ‘These measurements were made as a function of 
the separation between source and detector. The solid 
angle measured at the distance corresponding to the 
exit surface of the lead barrier was 9.11 10™ steradian, 
considerably larger than the geometrical solid angle of 
7.7710 steradian. This discrepancy results from 
small-angle scattering in the walls of the collimator, 
since the measured solid angle approached the geo 
metrical one as the source-to-counter separation was 
increased, ‘The larger figure was used for AQ in the 
reduction of the data. The assumption is thereby made 
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that the solid angle does not depend critically on energy 
of the detected photon. 

The area of the lead barrier viewed by the detector, 
A(6), was essentially A(0°)/cosé. It differed slightly 
from this function because of the variation in distance 
from the counter of various elements of the emitting 
surface. This area was determined experimentally for a 


series of detector angles, 6. The counting rate was 


measured as a small radioactive source was moved 
across the area in question, and the half-intensity 
contour was taken to be its boundary. 

In principle /(£,£») could be determined by placing 
the Nal(Tl) crystal in the zero-degree position and 
measuring the pulse-height distribution. The basic 
requirement was that the number and energies of the 
photons in the beam be related to the monitor reading 
relative to which N(£,6) were measured. This straight 
forward impractical since the 
monitor was too insensitive to measure a beam suffi 
ciently weak to be counted by the Nal(TI) crystal. 
‘This measurement could, however, be made if the beam 
were attenuated by the lead barrier. ‘The pulse-height 
distributions were therefore measured relative to the 
monitor at 6=0° for lead thicknesses of 4, 6, 8, and 10 
inches and the bremsstrahlung energies of 8 and 10 
Mev. 

The area, B, was the area of the lead barrier sampled 
by the detector when the unscattered, zero-degree 


measurement was 


radiation was counted. Since the source, in this case 
the betatron target, was very far away, the geometrical 
area of the collimator, projected back onto the lead 
barrier, was used. 

The zero-degree spectra were all consistent with the 
Schiff bremsstrahlung spectra, as tabulated by Penfold 
and Leiss,'” when the inverted spectra were corrected 
for the attenuation in the material between the betatron 
target and the Nal(‘Tl) crystal. The absorption coeffi 
cients given by White* were used, and it was assumed 
that a single interaction was sufficient to remove any 
photon from the beam. The shapes of the spectra 
incident on the lead barrier are shown in Fig. 4. Though 


Fic. 5. Experimental (histogram) and calculated (curve) 
spectral shapes of the unscattered 10-Mev bremsstrahlung beam 
transmitted -by 6 inches of lead. The calculated spectrum was 
normalized to the experimental one by equating the areas under 
the two distributions. This normalization determined the absolute 


* calibration of the monitor 


A. S. Penfold and J. E. Leiss, Phys. Rev. 95, 637 (1954) 
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there were photons out to the maximum bremsstrahlung 
energy, the peak in the distribution was below one Mev. 
Figure 5 shows the shape of the 10-Mev spectrum after 
filtration through 6 inches of lead. Also shown is the 
measured spectrum; the two distributions have been 
normalized by equating their areas. Similar results were 
obtained for the 8-Mev beam and the other penetra- 
tions. The favorable comparison between the experi 
mental and calculated distributions inspires confidence 
in the matrix inversion and the narrow-beam absorption 
coefficients used in calculating the expected transmitted 
spectra. The normalization factor between the measured 
and expected distributions was the same within 1% for 
all penetrations; it established the amount of energy 
incident per cm? equivalent to the monitor reading. The 
monitor was also calibrated against a 25-r Victoreen 
chamber in a }-inch lead cap." The two results agreed 
well within the experimental errors. 

The data in Fig. 3 are therefore given in absolute 
units. These examples are all on the same scale to show 
how the energies and intensities of the photons change 
with angle. The solid curves represent the results of a 
calculation of the absolute number of photons generated 
in single collisions. At small angles where the scattered 
radiation can be distinguished from the annihilation 
radiation, it can be seen that photons which have 
undergone only one collision constitute about a third 
of the scattered photons. Furthermore, the peak in the 
distribution falls at a slightly lower energy than would 
be expected if single scattering were predominant. 


5. RESULTS OF INTEGRATION OVER 
ANGLE AND ENERGY 


In order to determine the energy spectrum of the 
photons emitted per unit area of surface by the lead 
barrier, the measured spectra were integrated over 
angle. The number of photons per Mev emitted per 
cm? of surface per Mev incident is then 


dP( EO) 
dr sinédé 


dQ 


The photon energy spectra have been obtained at a 
series of angles ranging from 5° to 70°. For each energy 
bin of the matrix a plot was made of the number of 
photons vs angle; these have been extrapolated to 90°. 


° 


The error introduced by omitting the 0-5° interval is 


less than 2%, 

The histograms of Fig. 6 are the results of the inte 
grations for the three 10-Mev 
strahlung incident on a 6-inch lead barrier, 8- and 10- 
Mev bremsstrahlung on 6- and 4-inch barriers. The 
indicated errors are standard deviations based only on 


situations: brems 


the number of counts. Even though the statistical errors 
per point in the raw data were only 2 or 3%, background 


! National Bureau of Standards Handbook 55 (U.S. Government 


Printing Office, Washington, D. C., 1954) 
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hic. 6. Spectra of the transmitted scattered radiation integrated 
over angle for (a) 10 Mev, 6 inches of lead, (b) &§ Mev, 4 inches of 
lead, and (c) 10 Mev, 4 inches of lead. In each case the solid 
histogram is the integral of the experimental data over angle; the 
solid curve is the result calculated from infinite medium theory ; 
the areas included by the dotted rectangle and curve represent 
calculated unscattered and scattered annihilation radiation com 
ponents the dotted histo 
gram results from the subtraction of the latter from the experi 


respectively, for a bounded medium; 


mental histogram. The statistical errors have been included for a 
few points to indicate their magnitude. These three sets of data 
are included to show the 


which the experiment 


imilarity for the three conditions under 
was done 


subtraction and the accumulation of statistical errors 
resulting from the matrix inversion produced errors as 
large as 20% for low photon energies. The statistical 
errors are substantially less for the data taken using 
8-Mev bremsstrahlung because the backgrounds were 
much smaller, Other errors contributing to the integrals 
have been estimated to be + 3%, for the solid angle, and 
+5% for the area, A(@). 
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* 20" 30° 40 50° 60° 70 60° 90 
6 
Fic. 7. Angular distribution of the total energy of the trans 
mitted scattered radiation for 10-Mev bremsstrahlung incident on 
6 inches of lead 


‘The solid curves of Fig. 6 were obtained from the 
tables of Goldstein and Wilkins for the case of a plane 
The 
intensity spectra were obtained by interpolation for 
each source energy for the penetrations used in the 
experiment; these were converted to photon number 


monodirectional source in an infinite medium. 


spectra. The spectra incident on the lead barrier, e.g., 
lig. 4, were then folded into these calculated distribu 
tions. As far as the absolute magnitudes and the general 
shape are concerned, there is good agreement between 
the calculations and the experiment. The comparison is 
similar for all three sets of experimental data. Except 
for energies below 300 key the experimental numbers are 
slightly larger than the calculated ones. The secondary 
processes omitted from the calculations can probably 
account for part of the discrepancy. 

The excess in the measured distributions for photon 
energies above one Mev may be attributed to the 
bremsstrahlung by secondary electrons. Since the 
spectra have been measured using source spectra having 
peak energies of both 8 and 10 Mev, one might expect 
to see a much larger bremsstrahlung contribution from 
the 10-Mev source. A crude estimate showed that there 
were not enough photons between 8 and 10 Mev in the 
10-Mev spectrum (see Fig. 4) to produce any greater 
difference than the small one observed experimentally. 

Below 1 Mev the situation is complicated by the 
presence of annihilation radiation which masks the 
rest of the distribution. Berger and Hubbell'® have, 
however, calculated the amount of this contribution, 


1M. J. Berger and J. H. Hubbell (to be published) 
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even including the boundary effect. The dotted areas 
in Fig. 6 represent the number of annihilation radiation 
photons, both unscattered and scattered. When this 
contribution is subtracted from the experimental 
histogram, the dotted histogram is obtained. Thus in 
this experiment many fewer low-energy photons are 
detected than would be predicted by the infinite 
medium calculations, especially in view of the fact that 
the latter did not include bremsstrahlung. 

The fact that the experiment involves a semi-infinite 
medium may, however, be expected to influence the 
low-energy end of the spectrum. Since a high-energy 
photon must undergo a deflection larger than 90° to 
acquire a final energy less than 500 kev, most of the 
lowest energy photons predicted by the theory would 
be going backwards and would not appear in this 
experiment. Though very little quantitative informa- 
tion exists concerning boundary effects, comparisons 
with infinite-medium theory have been made for two 
situations not unrelated to the present one. Firstly, a 
Monte Carlo calculation” for a 660-kev plane mono- 
directional source showed that 65% of the photons 
under 250 kev at two mean free paths in an infinite 
water medium were not present in the radiation trans- 
mitted by a slab of this thickness. Berger and Doggett'4 
have shown that for a 10-Mev plane monodirectional 
source in lead the boundary effect on the total energy 
varies from 2% at 1 Mev to 1% at 4 Mev; whereas the 
photons missing below 1 Mev in this experiment 
represent about 2% of the total energy. 

Even though the boundary serves to eliminate a 
large number of photons, they are at such low energies 
as to make little difference in the total energy trans- 
mitted. The energy-buildup factors obtained from this 
experiment are the same within the experimental errors 
as those given by infinite medium theory, because 
annihilation radiation and bremsstrahlung compensate 
for the energy not measured on account of the boundary 
effect. 

To obtain the angular distribution of the total energy 
emitted by the surface, the integrals 


» dP( EA) 
| kdk 


dQ 


have been evaluated. The resulting angular distribution 
is shown in Fig. 7 for the 10-Mev bremsstrahlung source 
filtered through 6 inches of lead. The intensity is seen 
to be almost an exponential function of the angle and 
is slightly steeper than was obtained by Whyte!® for 
Co™ radiation in concrete. 

The results of this experiment can be understood 
qualitatively by comparing the spectra of the scattered 
and unscattered radiation. The scattered radiation at 


13M. J. Berger, J. Research Natl. Bur. Standards 55, 343 (1955). 

4M. J. Berger and J. Doggett, J. Research Natl. Bur. Standards 
56, 89 (1956) 

16 (G, N. Whyte, Can. J. Phys. 33, 96 (1955). 
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more than two or three mean free paths is generated 
by the spectrum of unscattered photons. This spec 

trum peaks near 3 Mev (see Fig. 5) reflecting very 
strongly the shape of the absorption coefficient curve. 
About one-third of the scattered radiation is produced 
in single collisions; the remainder cannot result from 
many more interactions since the distributions at the 
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TERED IN Pb 1367 
various angles peak at energies only slightly lower than 
the maxima of the single scattered spectra (see Fig. 3) 
The lowest energies are suppressed by the high photo 
electric cross section in lead and in this particular case 
by the presence of the boundary. 

The authors wish to thank Dr. M. J. Berger and Dr 


LV: Spencer for their help and advice 
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distribution function of electrons moving under the 


influence of a constant magnetic field and a high-frequency electric field. The power absorbed from the 
microwave is calculated for the two customary assumptions: (a) constant mean free time, and (b) constant 
mean free path 

For the case of constant mean free time, the absorption spectrum exhibits a “Lorentzian” resonance 
peak. The half-width of this line gives a direct measure of the collision frequency. Experimental data in 
support of this result are presented. The constant mean free path assumption leads to integrals which can 


found that the line shape is not very sensitive to the dependence of the collision cross section upon electron 


be evaluated closely by thé saddle-point method, and the results are presented in graphical forn 


velocity 


BSERVATION of cyclotron resonance with slow 

electrons in gases presents an opportunity for 
determining collision cross sections. ‘The purpose of 
the present paper is to examine the simpler details of 
this problem, both from the experimental and the 
theoretical points of view. It is possible to derive the 
relevant equations for jthe case of a constant mean 
free time by following the method of Lorentz, which 
involves nothing more than a damping term and the 
force terms representing the electric and magnetic 
fields in the oscillator equation for the electron. Here, 
all results are derived from the Boltzmann transfer 
equation, which is the required starting point for 
investigations that envisage more general situations. 
A typical calculation shows, however, that equality of 
resonance half-width and collision frequency is prac- 
tically valid even when this quantity depends on 
electron velocities, as it does in the case of a constant 
mean free path. 


I. BOLTZMANN TRANSFER EQUATION 


The distribution function will be approximated by 
a three-term series. One term describes the undisturbed 
isotropic distribution; the others account for the 
anisotropy induced by the fields. 


* Supported by the Office of Naval Research 


The Boltzmann transfer equation which describes 
the velocity distribution of electrons subject to a 
constant magnetic field H and an oscillating electric 
field E coswt reads 


0 f/dl-+¥ coswt -V f+ (aX v) Vf 
eH/mc; E=kk; 


A/f/Al, 
H j//, 


(1) 


~ 
‘ 


é E ‘mM ; Gp 


where 1, j, and k denote unit vectors in the »,, Vy, 


and v, directions respectively. /(v,() is the distribution 
function denoting the density of electrons with velocities 
about v, and V is the gradient operator in velocity space 
Af/Al indicates the rate of change in f(v,t) due to 
elastic collisions. We neglect inelastic collisions and 
electron-ion collisions and assume that the electrons 
take on that velocity distribution which corresponds 
to the combined action of elastic collisions and the 
fields. The absence of a space-gradient term in (1) 
implies furthermore that the space distribution of the 
electrons is uniform. 


When only an electric field is present, it is customary! 


to expand f(v,t) as a series of Legendre polynomials 


in v,/v=cosé. The of the field 


changes the symmetry about the polar (v,) axis. It 


the 


presence magnet 


becomes necessary to add a term to describe 


'H. Margenau, Phys. Rev. 69, 50% (1946 
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azimuthal (¢) dependence. We take 


v-b(v,2) 
fo(v,t) t . (2) 


v 


{(v,t) 


Intuition suggests and subsequent calculation shows 
that? 


b(v,t) = ig, (v,t) +k fi(v,0). (3) 


It is well to note that (2) may be regarded as an 
expansion of f(v,t) in spherical harmonics since it is 


equivalent to the series 


f{(v,t) Pov, V°(O,¢) +68 VY 2+Gi(V 14 VY, i (4) 


provided @ is the polar angle between »v, and v, and ¢ 
the angle between v, and the projection of v upon 
the v,—v, plane. The form of f(v,t) given by (2) will 
often be used because it proves more convenient for 


the ensuing calculations. 


Component Terms of the Boltzmann Equation 


Substitution from (2) and (3) into (1) yields terms 
which are written and discussed separately below. 
Time derivative.-.No manipulation is necessary, and 
direct substitution of (2) into (1) gives 
Of dfs 


t 
at al v dl 


v Ob 


klectric field term.—Since 


the electric field term becomes 


hy U," a] hi 
coswly > Vf = coswl’y t ( 
1 v dl t 
U,V, 7] gi v-k Ofo 
( ) (8) 
v dv\ v v oO 


Magnetic field term.-Using (6) and (7), we find the 
the contribution of the magnetic field term to be 


(on Xv) -Vf=—v-(asXb)/2. (9) 


Collision terms.—Only elastic collisions are con- 


sidered, and we follow Chapman and Cowling*® in 


2 Were it not for the fact that E and H are perpendicular, it 
would be necessary to include a third term in b to account for 
electron motion along H. See R. Jancel and T. Kahan, Nuovo 
cimento 12, 573 (1954) 

4S, Chapman and T. G, Cowling, The Mathematical Theory of 
Vonuniform Gases (Cambridge University Press, Cambridge, 
1939), pp. 348 ff 
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Afo m 0 v' fo kT 7] v3 Ofo 
( )+ ( ), (10) 
At Mv dv\ X Mv? dv\ X dv 
~(*) “(—) 
AIX » ‘ee 4 
Here ) is the mean free path for electrons, M the mass 


of the gas molecules, & the Boltzmann constant, and 
T the absolute temperature. 


taking 


(11) 


II. SOLUTION FOR DISTRIBUTION FUNCTION 


When the preceding results are collected, the transfer 
equation, (1), takes the form 


A fo fi v,’ Od hy v2.0, 0 f £1 Afo 
} cosa] + ( ) + ( )}- 
at v vdovtv v dv\v Al 
0 fo 
+ veb— uw» X b+coswly 
al Ov 


v fob 
| 


| 0, (12) 


» 
where v,=v/A is the collision frequency for electrons. 
Equation (12) is of the form 


v- B(v,t) 


F(v)4 Po V +O, V +1 1(V + 7), 


v 


and we take the necessary average over directions by 
first multiplying the equation by Yo" and integrating, 
then by Y,°, etc. In each case the orthogonality of the 
spherical harmonics eliminates all but one coefficient. 
The following two equations result from this operation : 


Ofo coswt A m 0 /v*fo 
{ (vy: b) ( ) 
al su? Mv? dv\ X 
kT 0 vdfo 
+ ( ), (13) 
Mv* dv\ X A 


a) 0 lo 
( + Ve Gy X )p - coswly—. 
at On 


The solution of (14) is elementary and is given in the 


Appendix. We find 
b= — (0 fo/dv)Q, 


(14) 


(15) 


where 


[y(jwtv.)+orX¥ | 
Q Re| ost (16) 
wry + (jot ve)* 


To solve (13), we assume fo(v,t)= fo(v). Then (13) 


reads 
kTv® 0 fo 


/) 


0 (— mv‘ fo 
3 Mx 


Ov MX dv 
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We now perform the time average of coswly-b and 
obtain. 
—4y.A (w,v-) (0 fo/dv), 


(coswly -b).= (18) 


where for brevity we have defined 


| 
) (19) 
vet (w+w»)? 


Equations (17) and (18) lead to the solution 


' modv 
fo(v) Cexp( [ ), 
Jy kT+MA/6 


which, for w,=0, is identical with that obtained in 
reference 1. We will evaluate the integral in (20) under 
the assumption of (a) constant mean free time and (b) 
constant mean free path. 


(20) 


(a) Constant Mean Free Time 


For the case of constant mean free time, evaluation 
of (20) is quite simple since the denominator of the 
integrand is independent of v. We get for fo 


m } mv 
fo(v) of ) exp(- ), 
2rkT* 2kT* 


T*=T(1+MA/6kT), 


where 


and the constant C has been fixed by requiring 


L 


af for'dv=n, 


0 
where n= electron concentration. 
(b) Constant Mean Free Path 


We rewrite A as 


~~( l 1 ) 
2 \v+?(w—wy)? oe +A?(w-+-wy)? 


and introduce the parameters 


a=Myn2/12, « 


9 
o ye 
“o v ’ 


\?(w+-w»)?, 
d=)*(w—w»)?. 
Equation (20) now reads 


v2 (m/2)dz 
fo(v) ce(- ) 
: kT +a/(2+c)+a/(z+d) 


0 | 


(24) 


Since c>>v?=z in order that resonance be observed,‘ we 

simplify the calculation greatly by taking a/(2+c¢)=a/c. 
On letting 

T’=T(1+<a/ckT), 

‘It is necessary that w>v, (and thuswdA>v,A =?) if the electrons 

are to gain enough energy between collisions to exhibit resonance 


(25) 
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we then find on carrying out the integration: 


fo(v) (xy: +a) }*, (26) 


M /ekX\? 
( } x2=mv"/2kT’, x= md/2kT". 
24m \ kT’ 


C exp(—2)[14+-2° 
with 


A more manageable form is available by expanding 


x x "° 
In fo=InC—2*+a { “+ 


Xita 2(x,+a)? 3(x,+a)' 


Terms of order x® and higher may be neglected, with 
the result that 


xX) a 


fo(v) Cexp| 2 


xy } a 


“| (27) 


2( vi-+a)?* 


where 


"( m yf 
4dr 2kT’ “0 


xerr| 


® 


xdx 


ax! i 
I}. es 
Q(x ta)? 


III. CURRENT DENSITY AND POWER ABSORPTION 


v) | a 


The current density, I, is given by 


dre r” 
I f bu'dv 
3 dv, 


) 


Because of (15), I assumes the form 


4re fr” Ofo 
{ Q—13dv. 
3 Ov 


0 


(a) Constant Mean Free Time 
The integration is elementary since Q is independent 
of v. A single integration by parts leaves us with 


v 


I Aix f fov?do. 


0 


Because of the normalization restriction on fo, this 
is simply 


I= neQ. (31) 


The average power absorbed by the electrons (/’) is 
P= (1-E coswt),. 
We find 
ne’ I? Ve V, 


P } 


4m v?+(w—wy»)?* 


(32) 


ve + (w+wy)” 
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Half-width of cyclotron-resonance curve as function of 
pressure p for electrons in hydrogen gas 
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The constant mean free time case can be realized 
experimentally for electrons in hydrogen when the 
average electron energy is above 3 or 4 volts. Thus, 
breakdown experiments in hydrogen at cyclotron 
resonance provide a check of this case. 

If we express the power absorbed by the electrons 
[ Eq. (32) ] as P=ne*E2/4my,, with 

ve ve 
ve +-(w—wr)?  —v?-+- (ww)? 
it is helpful to view breakdown as a function of magnetic 
field for a given pressure as a constant /, process. Thus, 
using only the second term on the right above when 
ww, and (w+-w»)2>>v2, we see that P as a function of 
w» Should have a half-width equal to »,. 

Experimental verification of this, and anticipated 
deviations therefrom below the pressure where diffusion 
no longer governs loss, is shown in Fig. 1. These data 
were taken at 3000 Mc/sec frequency at cyclotron 
resonance in a 7M oj o-mode cylindrical cavity with a 
uniform magnetic field at right angles to the electric 
field in the cavity. Each point corresponds to the 
“half-power” width (dws) of a breakdown curve 
obtained at the indicated pressure. For comparison 
the value »v.= 5X 10"p is also plotted where p is pressure 
inmm Hg. 


b) Constant Mean Free Path 


Since we are interested in (I-E coswt),, we need 
calculate only the part of I which is parallel to E and 
which varies as coswt. We denote this portion as /,. 


2drery coswl 7% v' v' 
i) ( t Jar 
3 0 v+c v+d 


Substituting for y and for dfo from (27) and (28) we get 
ne’ cr | J s(x) } JI (x2) 
3(2mkT")! I* (x) 


+28 


I a(x) + J7(%2) | 


J* (2) 
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where 


x 


x™dx 
J (xi) -f —— exp(—x*— Bx‘), 
0 


+x; 


s 


(a) = f xvdx exp(—nx’—Bx'), 
0 


xy a 
U] 


’ p= ; a9 
Xi+a 2(x1+a)? 


For P we have 


nek | J 5(x1) +I 5(%2) 


n 
6(2mkT")! J*(x}) 


J3( 41) +I 7( x2) 
+26 (34) 
J*(x;) 

W hen the resonanc econdition (w= w», *;= 0) is satisfied, 
P takes the simpler form 


2 nek I'(4) 
Ci (eo | 
6(2mkT")ALT (3) (2a)! 


provided we ignore the nonresonant term J7(x2) which 
is quite insignificant in comparison with J;(*,=0). 
Evaluation of J,(#,;) and J*(x,) by the saddle point 
methodt introduces an error’ of not more than two 
percent in P. In Fig. 2 we plot® P/P x as a function of 


(35) 


6 
h 
Pinon 
7 6.63110" sec 


A003em \ 


Fic, 2. Power absorbed in cyclotron resonance as function of 
frequency. The full curves were calculated for constant mean 
collision frequencies, the dashed curves for constant mean free 
paths, the parameters for the two cases being adjusted to give the 
same maximum absorption Pmax. 


t For further discussion see H. Margenau [ Phys. Rev. (to be 
published) ]. 

® The error depends rather crucially on the form of the integrand 
(variable of integration) chosen for these calculations. The most 
suitable form is ascertained by making checks where exact 
evaluation is possible or by accurate numerical integration. 

* For values of w,/w near unity, we need compute only 


ne Ey [Zed aston 
6(2mkT")3 


, 


aiid T* (x) 





CYCLOTRON 


w/w. For comparison we plot this same quantity for 
the case of constant mean free time. We have taken 
a= 104, x1= (1—w»/w)?X 104 and a= 10°, x)= (1— w/w)? 
10°, which correspond to M=3680m (molecular 
hydrogen), E=18 volts per cm, kT’=0.06 ev, w= 5.00 
X10" cps, and A=0.03 cm and 0.3 cm, respectively. 
The values of y, used in Fig. 2 have been computed by 
equating (32) and (34) (at w=w»), using the above 
values of \, kT’, and a. 

It is gratifying to note that the curves for constant 
\ and for constant v, agree so closely ; for many purposes, 
then, the simple theory of constant », may be relied 
upon to give quite meaningful results.} 


APPENDIX 
We wish to solve Eq. (14) for b: 


7] Ofo 
( +ve- ox )b - 4 (ef! + ¢- 18) yp —., 
t 


0 an 


One operates on both sides of (14) with [(0/dt)+~», 
+X | to get 


t Note added in proof.-Yurther computations show that for 
similar parameters a curve almost indistinguishable from a reso 
nance curve results even when A is proportional to 1/2. 
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0 7] 
( “+ Ve + ia) ( + r— jon) 
al al 


1 A fo : 
{Ly (jot) +00 ¥ Je’! 
2 Ov 
+Ly( 
where w»X@X has been replaced by wy" 
w,- b=0. Define 


jotve)+orXy lem}, (1.1) 


since 
D=<d/dl; 4 Vet Jw, 


1d fo 
[7 ( jot ve) -+onXy jet! 
2 dv 


B(w,/). 


Then (1.1) becomes 


(D—r)(D—r*)b= B(w,t)+ B*(w,t), (1.2) 


which has the solution 


B B* 
b= t 
(r— jw) (r*— jw) (r+ jw) (r* + jw) 

In terms of our definitions, this is 


ofo, [¥(jwtv.)+onX ¥ | 


Xe clot). 


(1.3) 
Ov we + (jot v,)? 
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Theory of Moving Striations 


L. PEKAREK 
Physical Institute of Czechoslovak Academy of Sciences, Praha, Czechoslovakia 
(Received August 15, 1957 


It is pointed out that the author’s previous experiments on moving striations indicate that undamped 


sinusoidal wave solutions (treated in recent theoretical studies of striations) cannot correctly 


moving striations 


OME papers have recently been published in The 
Physical Review dealing with the theoretical inter- 
pretation of moving striations in electrical discharges.'? 
Of special interest is the paper of Robertson, as it 
contains a very profound and thorough analysis of this 
problem. The general equations of this theory, it seems, 
take into consideration all the main microphysical 
processes that could be of basic importance for the 
production of moving striations. 

For comparison with theoretical results, and also for 
the type of solution required, experiments are con 
sidered which were carried out by various methods on 
spontaneously existing moving striations. The greater 


1H. S. Robertson, Phys. Rev. 105, 368 (1957) 
2S. Watanabe and N. L. Oleson, Phys. Rev. 99, 646 (1955); 
99, 1701 (1955). 


repre sent 


part of this experimental material is due to the very 
thorough and extensive investigations of Donahue and 
Dieke.’ All these experiments were carried out on 
spontaneously existing moving striations in the state of 
stationary self-excited oscillations in the discharge. In 
such a state it is difficult, however, to find the condi 
tional dependence and temporal evolution of processes, 
which cause the existence of moving striations. 

It is the purpose of this note to point to some publi 
cations,*"®> which are of direct the 
theories quoted, dealing with experiments on moving 
striations. In contradistinction to experiments men 
tioned above, a method of artificially introducing small 


consequence to 


T. Donahue and G. H. Dieke, Phys. Rev. $1, 248 (1951 
L. Pek4rek, Vestnik Moskov. Univ. No. 3, 73 (1954) 
L. Pek4rek, Czechoslov. J. Phys. 4, 295 (1954) 
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Fic. 1. Photograph of positive column of a glow discharge in 
neon in a rotating mirror. The axis of the discharge is vertical, 
the time going from left to right. The dotted line at top and bottom 
represent time markers (100 microseconds). The three black 
horizontal lines are markers of distance. The discharge current is 
3 ma, and the pressure of the pure neon gas is a few millimeters 
of Hg 


perturbations was used here for investigating the phe 


nomenon of moving striations, and the transient 
response of the light intensity of the positive column 
and of the discharge voltage was recorded by the usual 
methods. 

Figure 1 is a photograph of the positive column taken 
by means of a rotating mirror, the time going from left 
to right. The conditions of the discharge were chosen so 
that no oscillations and no moving striations were 
present in the absence of disturbances. Into this state 
of a homogeneous positive column, perturbations were 
introduced by means of square-wave modulation of the 
discharge current. The transient response after such a 
step of current may be seen on the photograph. It is 
evident that after the disturbance striations arise in the 
positive column of the discharge. Striations originate 
earlier at the cathode end (bottom) of the column, 
Each striation has a finite lifetime which is longer for 
striations at greater distances from the cathode, ie., 


those generated later. In the self-oscillatory state this 
process, which we call the wave of stratification,® 
repeats because of feedback which can be realized in 
channels.“.* The individual striations of these 
waves, however, follow each other and the separate 
waves of stratification cannot be observed in the self- 
oscillatory, i.e., the stationary state. The perturbations 
caused by periodically repeating these waves are 
observed as pulses propagating in the direction from the 
cathode to the anode (“negative striations” in the 
terminology of Donahue and Dieke). 

The transient wave of stratification shown in Fig. 1 
is typical for the generation of moving striations in 
inert gases. It is the simplest phenomenon with moving 
striations; the values of its parameters are independent 
of processes in the neighborhood of the electrodes, being 
determined exclusively by the plasma of the positive 
column. Further, the wave of stratification—when a 
small perturbation is used in the experiment—is a 
linear effect indicating that the theory of striations can 
depart from the theory of small perturbations of the 


two 


homogeneous state of the positive column. 

rom the properties of the wave of stratification 
(lig. 1) it is at once evident that this ‘‘wave” is phe- 
nomenologically quite different from a sinusoidal wave. 
Moreover, it seems that this phenomenon has no direct 
analogy in the propagation of waves in continuous 
media. This specificity of the wave of stratification, 
which cannot be observed in experiments with sta- 
tionary moving striations, has obviously to be taken 
into account in formulating any theory of moving 
striations. 

However, in the papers quoted!” the authors look 
for a solution in the form of undamped sinusoidal waves. 
This assumption is evidently in contradiction to our 
experiments published in 1954, and the sinusoidal wave 
solution cannot therefore correctly represent moving 
striations. Of course, it does not follow from this con- 
clusion that the original equations, e.g., in such general 
form as given by Robertson,' could not have a solution 
corresponding to the wave of stratification, This ques- 
tion, however, would need further attention. 

We have elaborated a phenomenological theory of 
the wave of stratification®’ based on the conception 
of a step-by-step generation of the striations due to 
local perturbation of the space-charge equilibrium at 
the cathode end of the column. This theory, which 
explains the delay in the generation of the striations 
and the increase in their lifetime at increasing distances 
from the cathode, will be published shortly in the 
Czechoslovak Journal of Physics. 


*L. Pekdrek, Report at the Conference of Physics of Plasmas, 
October 9, 1956, Leipzig (unpublished). 
7L. Pekérek, Czechoslov. J. Phys. (to be published). 
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Effect of Neutral Impurities on Mobility in Nondegenerate Semiconductors 
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In this paper the authors have investigated the variation of mobility with electric field, taking the seat 


tering by lattice vibrations and impurities, both ionized and neutral, into account 


A study of the variation 


of zero-field mobility of a sample with temperature can, by using the results obtained in this paper, lead to 
a knowledge of the variation of the zero-field ionized-impurity mobility or neutral-impurity mobility with 
temperature, which might be checked with theory. This study is confined to the case of low temperatures and 
high impurity concentrations, for which Sclar’s theory of ionized impurity scattering is valid. 


INTRODUCTION 


CLAR! has given a theory for mobility in semi- 

conductors having a high concentration of ionized 
impurity. It has not yet been possible to check this 
theory with experiment. The reason for this is that it is 
not easy to separate out the effects of other mechanisms 
of scattering, as has been pointed out by Sclar' himself. 
The existing analyses indicate that neither lattice 
scattering nor scattering by dislocations in good crystals 
is likely to be of importance at the low temperatures 
and fairly high ionized impurity concentrations for 
which we may expect Sclar’s' theory to be applicable. 
On the other hand, comparison with the scattering by 
neutral impurities that neutral-impurity 
scattering may be comparable or dominant if the 
concentration of neutral impurities is equal to or greater 
than the concentration of ionized impurities, Thus it is 
important to be able to separate the contributions of 
each from the experimental data or to combine the 
contributions of each to compare with the experimental 
data. An approximation usually employed is to add the 


indicates 


reciprocals of the mobilities; 


1 1 1 1 
t t (1) 
KM Plattice Mionized Mneutral 


Sclar' has pointed out that this approximation may be 
in error by 50% or more and thus it cannot be con 
sidered satisfactory. 

In this paper the authors have investigated the 
variation of mobility with electric field taking scattering 
by lattice vibrations, ionized impurities, and neutral 
impurities into account. The mobility at zero field has 
been discussed in some detail. 


TIME OF RELAXATION 


Under the assumption that equipartition is valid for 
the lattice oscillators with which the carrier interacts, 
Shockley? has shown that the relaxation time r,, is 
given by 

TL l v, (2) 


IN. Sclar, Phys. Rev. 104, 1548 (1956) 
2W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., Princeton, 1950), Chap. 17 


where / is the constant mean free path at a given 
temperature and v is the carrier velocity. 

Sclar' has shown that the time of relaxation in the 
general case, at low temperatures in semiconductors 
with high concentration of ionized impurities, is given 
by 

T] b v, (3) 


where b is a constant at a given temperature, Equation 
(3) is not valid in the cases which correspond to reso 
nance type scattering and Ramsauer effect in semi 
conductors. However, these cases are rare and will not 
be considered in this paper. 

As neutral impurities are expected to be an important 
source of scattering only at low temperatures, the 
condition (ka)<<1 may be taken as satistied, where ka 
is the product of the carrier wave number and the 
radius of the orbit of the bound electron, Hence the 
theory of Erginsoy® is valid and the time of relaxation 
can be written as 

¢ TN t, (4) 
where ¢ is a constant. 

The impurity and lattice scattering are additive, 


giving 


(5) 


MOBILITY CONSIDERATIONS 


Under the usual simplifying assumptions, Conwell‘ 
has shown that the mobility is given by 


q ld 
m ( ( *)), (6) 
3m \v* dt 


where g and m are the charge and effective mass of 
carriers and v the velocity and ( ) denotes averaging 
over the velocity distribution. If one assumes with 
Shockley® that the field raises the electrons to a tem 
perature 7’, which is greater than the temperature 7, 
of the crystal, and that a Maxwellian distribution of 
velocities is valid, the number of electrons in the 


4(C. Erginsoy, Phys. Rev. 79, 1013 (1950) 
‘Kk. Conwe ll, Phys. Rev 8S, 1379 (1952) 
’W. Shockley, Bell System Tech. J. 30, 990 (1951). 
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Fic. 1. Variation of F(a), axl (a4), and {(as) with a2 


velocity range v to v+db is given by 
N(v)dv= Av’ exp(—Av*)dy, (7) 


where \=m/2koT, ko being the Boltzmann constant. 
When the field is zero, T= 7». Upon combining Eqs. 


(2), (6), and (7), the zero-field lattice mobility is given 


ne d 
f A exp(—Av*)—(lr*)dt 
q % dv 


by 


4qlr 0? 


3m\/m 


Av exp(—Aov*)dv 


Similarly the zero-field ionized-impurity mobility and 
neutral-impurity mobility are given by 
Mio (4gb 3my, w)Xo!, (9) 


Mt qe m. (10) 


From Eqs. (2), (3), (4), and (5) we have 
| ' la, 
| ; 
l b ‘ v + ade ‘n/ Xo 
where 
ay {1 +-] b} . {1 + p10/M10} - 
and 


(ldo'/c)  34/m wi0 


ay. (11B) 


(1+1/b) 4 pwo 


From Eqs. (6), (7), and (11) we get 


4ql \\! 7% 2ut exp(—u*) 
uu avtn( ) J du, 
3m VV x Xo 0 u } e/ xX 


where u=A'v and x= (Xo/A)'= (T/T 5)'. Hence 


um sypor laiF (ae x), 


SODHA AND 


P. C. EASTMAN 


where 


* 2u‘ exp(—w’*) 
Fa)= f —- du. 
0 u+z 


At zero field, T= 7» and hence x=1. Putting x=1 in 
Eq. (12), we get the zero-field mobility as 


Mo = 41 00;F (a2) = a ftNeaal (a1). (13) 


3n 


The variation of F(a2) and a2,F (a2) with dz is illus- 
trated in Fig. 1. 
STEADY-STATE SOLUTION 
In the steady state, 
quk'+ (d&/dt).=9, (14) 


where (d&/dt), denotes the average power loss in col- 
lisions. The loss of energy due to impurity scattering is 
small and will be neglected. Shockley® has shown that 
the average energy loss to acoustic modes is given by 


d& 8? om 
(—) pie casio th, 
dt/, Vm l/r 


Krom Eqs. (8), (14), (15), and (12), we get 


(15) 


32c? =x? (x?—1) 
| cee (16) 


Srp pa, F(a2/x) | 


Equations (12) and (16) express the parametric rela- 
tionship between the mobility u and electric field E. 


LOW-FIELD MOBILITY 


The variation of mobility with field at low fields can 
be studied conveniently by relatively simple techniques. 
To obtain a simple expression for the mobility we may 
assume, with Gunn,® that since at low fields the tem- 
peratures of the electrons and phonon distribution are 
nearly equal very little error is introduced by putting 
x=1 in Eq. (16) except in the term (#*—1). Thus we 


obtain 
sre 
=] +2/ - ) 
64c? 


Substituting for x in Eq. (12) and simplifying, we get 


u=po(1+BE*), (17) 

where 
p= (3am to’ /64c*) aif (a2), 
f (a2) = {—F(a2)+a2F" (a2)}. (17A) 


The variation of f(a) with az is illustrated in Fig. 1. 


* J. B. Gunn, in Progress in Semiconductors, edited by A. F. 
Gibson (John Wiley and Sons, Inc., New York, 1957), Vol. 2. 





MOBILITY IN NONDEGENERATE SEMICONDUCTORS 


DISCUSSION 


The quantitative application of the theory presented 
in this paper is limited by the following considerations: 

(i) The assumptions of spherical constant energy 
surfaces and validity of the simple model of band 
structure are not correct, 

(ii) Equation (2) is not correct for most semi- 
conductors, since the temperature dependence of the 
zero-field lattice mobility predicted by it is not in 
agreement with experiment. 

(iii) The validity of a Maxwellian distribution, even 
at low fields, has not been proved and hence the ex 
pressions for 8 may not be quantitatively correct. 

However, the theory can be put to considerable use 
in checking the theories of impurity scattering!’ at low 
temperatures. The common method is to investigate 
the zero-field mobility wo of the same sample over a 
wide range of The zero-field lattice 
mobility can in general be known by theory or experi- 


temperature. 
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ment. With the help of Fig. 1 and Eq. (13), we can 
determine one of the mobilities uso or wyo if the other 
is known by calculation or otherwise. ‘The value of 8 
obtained by using Eq. (17A) and Fig. 1 may also be 
compared with that experimentally observed. 
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By using the velocity distribution of carriers in the presence of an electric held /, due to Yamashita and 
Watanabe, it is shown that the mobility u is given by «=o(1 +82) for low fields. The values of 8 obtained 
are larger than those arrived at by the assumption that the distribution is Maxwellian in the presence of an 
electric field. The discrepancy between the theoretical and observed values of 8 is large enough to justify 
further careful examination of the theory of the perturbing effect of weak fields. 


ITH the usual simplifying assumptions, Conwell! 
has shown that the mobility yu is related to the 
time of relaxation r by 


q 1d 
in ( (”)), 
3m \ v dv 


where the symbols have their usual meanings. 

In discussing the effect of field on mobility, the 
concept of hot carriers, introduced by Shockley,? has 
often been employed. Further, it has been assumed 
that the field in effect raises the carriers to a temperature 
7, greater then the temperature 79 of the crystal, the 
velocity distribution still being Maxwellian and given by 


(2) 


(1) 


N(v)dv= Av® exp(—Av*)do, 


where A= m/2kT, k being the Boltzmann constant. 
Further, Shockley* argued that in the steady state, 


1 E. Conwell, Phys. Rev. 88, 1379 (1952). 
*W. Shockley, Bell System Tech. J. 30, 990 (1951) 


the average power gain from the field must balance the 
average power loss in collisions, or, symbolically, 


qul?+ (d&/dt).=0. (3) 

It can easily be shown from Eqs. (1), (2), and (3) 
that for low fields the relationship between the mobility 
uw and field can be expressed as 


p=po(1+Bk?*). (4) 


When scattering due to lattice vibrations is pre 
dominant, 


ri =l/2, (9) 
where / is the mean free path, constant at a given 


temperature, and 


Br. Sr Lo’, 64c? (6) 


a, 


where c is the velocity of sound in the crystal and yz» 
denotes the zero-field lattice mobility. 
When scattering due to ionized impurities is pre 





1376 


dominant, 
Tie v’, (7) 
and 
B= (3/64) X 3p ros, (8) 


where yo is the zero-field impurity mobility. 

Despite the elegance of this treatment, it suffers from 
the defect that Eq. (2) is an approximation of uncertain 
validity. This defect has been removed by Yamashita 
and Watanabe,’ who obtained the velocity distribution 
of the carriers in the presence of the field by solving 
the Bloch integral equation in nonpolar semiconductors 
to the second order of approximation. The velocity 
distribution they arrived at is given by 


V(v)dv= Av? (Ag+ al?)*™ exp(—d.0?)dv, (9) 
where 
ft Sau LO 
to, 


OmekT 4 16c? 
and Ag= m/2kT 9, 

It has been found by Yamashita and Watanabe’ that 
Kqs. (1) and (9) lead to 


poled 


at high fields, a result similar to that obtained by the 
former treatment. In this communication we proceed 
to investigate the dependence of mobility on the field, 


at low fields, by using Eq. (9). 
For low fields, Eq. (9) can be put in the form 


V(vjdi dot?) (1+-aF? In(Aw*) Jd. (9A) 


Av’ exp( 


‘The total number of carriers is given by 


. A . 
No } V (v)di if vie dx 
J 2g! 1 Ao 
| af xe * Inx ax| 


1(4){1+al'v($)}, (10) 
2ro! 

4 J. Yamashita and N. Watanabe, Progr. Theoret. Phys. Japan 

12, 443 (1954). 


MAHENDRA SINGH 


SODHA 


where «= ov? and the functions IT and W are defined by 
Jahnke and Emde.‘ 

If 
(11) 


T=00", 
Eqs. (1), (9A), and (10) lead to 


agA(n+3) 7” 
vt? exp(—Agv”) {14+ aE In(Aov’) } do 
3mN » al) 


q(n+3)oa It (n4+1)/2} [14+al’¥{ (n4+-1)/2} 


3m"? I1(3) 1+ak?*¥(4) 


uo(1+BE?), (4) 


where yo is the value of » when E=0 and 


B=a{¥(4n+}3)—WV¥(3)}. (12) 
When the scattering due to lattice vibrations pre- 


dominates, 7 is given by Eq. (5), n= —1, and 


By 0.61374 2.4548a. (6A) 


This must be compared with the value —a given by the 
former treatment. 

Measurements of the small quadratic changes in 
mobility predicted by Eq. (4) have been limited to 
n-type germanium and are summarized by Gunn.° It 
is seen that the values of 8 experimentally observed are 
10-100 times lower than those predicted by the earlier 
treatment and hence in even greater disagreement with 
the results obtained in this paper. However, even if the 
accuracy of the measurements is doubtful, the dis- 
crepancy between theory and experiment is large 
enough to justify further careful examination of the 
theory of the perturbing effect of weak fields. 

The author is grateful to Dean G. M. Shrum for kind 
encouagement during the investigation and to Professor 
R. E. Burgess for helpful discussion and valuable sug- 
gestions. Thanks are also due to the National Research 
Council of Canada for the award of a fellowship. 


*E. Jahnke and F. Emde, Tables of Functions (Dover Publica- 
tions, New York, 1945), fourth edition, p. 9 

® J. B. Gunn, Progress in Semiconductors (John Wiley 
Inc., New York, 1957). Vol. 3. 
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Fine Structure in the Absorption-Edge Spectrum of Ge* 
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(Received April 9, 1957) 


Measurements of the absorption spectrum of Ge, made with high resolution, near the main absorption 
edge, at various temperatures between 4.2°K and 291°K, have revealed a fine structure in the absorption on 
the long-wavelength side of this edge. This structure has been analyzed and can be interpreted in terms of 
indirect transitions involving phonons with energies corresponding to temperatures of 90°K and 320°K 
The initial energy depende nee of the components of the absorption coethcient associated with the 320°K 
The form 


that excitons are being produced. Using 


phonons is interpreted as being due to the formation of excitons with a binding energy 0.005 ev 
of the corresponding spectrum of photoconductivity also indicates 
data on intrinsic carrier density and the temperature dependence of the energy gap for band-to-band transi 
tions, a value of 4 is found for the number of conduction-band minima in Ge and an increase of about 20% 
in the combined density-of-states effective mass as the temperature increases from zero up to room tempera 
ture. 90°K and 320°K therefore correspond to the energies of phonons at the edge of the Brillouin zone in 
s are lower than the correspond 


the (111) direction; these are shown to be acoustical phonons. These energi: 


ing values calculated from a Smith-type model for the vibrations of the Ge lattice. However, they are more 


consistent with the known Debye temperature and far infrared absorption of Ge than the calculated values 


INTRODUCTION In an effort to resolve this discrepancy between our 


N a previous publication,' experimental data on the results and those of other workers, we have measured 


absorption spectrum of Ge near the absorption edge the absorption spectrum near the edge again but with a 


were presented and analyzed. The analysis revealed much higher energy resolution than was used previously. 


Under this high resolution, fine structure becomes 


that the absorption in this region was composed of two ; 
parts beginning at different energies but both behaving @Pparent in: the absorption edge. ‘This structure can 
as (AE)*. These could be interpreted as being due to 
indirect band-to-band transitions’ of electrons involv- 
ing phonons of energy corresponding to a temperature 
of 6=200°K. A calculation of the lattice vibrational 
spectrum of Ge, based on Smith’s theory* of the vibra 
tions of a diamond-type lattice and the known elastic 
constants! of Ge, indicated that phonons of this energy 
could take part in indirect transitions only if the 
conduction-band minima in Ge, situated in the (111) 
direction, lie inside the zone and are consequently eight 


still be explained in terms of indirect transitions but 
with contributions from phonons of two different 
energies being present. The component parts of the 
spectrum, of which there are in general four, do not 
behave exactly as (A/)’, but each has an additional 
component of either the form (A)! or the form (AE)!, 
Evidence, including measurements of the photoconduc 
tion spectrum, is adduced to show that these additional 
components are due to creation of excitons. When 
allowance is made for exciton absorption, the minimum 


in number. Eight minima were not consistent, however, ©UCTBY Bap between the valence and conduction bands 


with the value of the energy gap found from the analysis 
of the absorption spectrum, the intrinsic free-carrier 
density in Ge as given by Morin and Maita,® and the 
().25 my, where my is the free-electron mass, 


is found to be consistently larger than that given by the 
previous analysis. Combining these data with the 
known intrinsic carrier density around room tempera 
is found that 
decreasing temperature, V, being the number of minima 


value of ture, it (m/mo)?N. must decrease with 
for the combined density-of-states effective mass of 
holes and electrons based on the results of Lax, Zeiger, 
Dexter, and Rosenblum.’ Moreover, predictions by 
Herman’ and experimental studies of other effects in 


Ge,* seem to indicate the presence of four and not eight 


in the conductton band. If 7/mp is to assume the known 
don ws ov 
value’!” of 0.275 at 4°K, the only reasonable value of 


V.is 4 


The experimental procedure, the method of the de 


minima in the conduction band. tailed analysis, and a discussion of the results and their 


implications are presented in the following sections 
* This paper is published by permission of the Controller, Her 


Britannic Majesty’s Stationery Office 
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EXPERIMENTAL PROCEDURE 
‘The absorption coefficient was measured at a number 
of fixed temperatures between 4.2°K and 290°K over 
the range 0.01 
mate thicknesses 1.78, 0.355, and 0.0425 cm cut from 


30cm! using three specimens of approxi 


high-purity intrinsic single crystals of germanium, with 
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resistivity greater than 50 ohm cm at 290°K. On each 
specimen two plane parallel faces were ground with 
successively finer grades of diamond abrasive, and 
finally optically polished to a high degree of perfection 
on a beeswax lap with Linde fine abrasive." For meas- 
urement, the specimens were mounted successively ina 
low-temperature absorption cell’ placed at a focus 
intermediate between the spectrometer exit slit and the 
detector. The source of radiation was a tungsten-strip 
filament lamp focussed on the entrance slit of a high- 
resolution spectrometer, This spectrometer had been 
devised by replacing the second prism in a Leiss double 
monochromator” by an echelette diffraction grating 
which could be rotated independently of the flint glass 
fore-prism. The grating had 7500 lines per inch and was 
blazed near 3.5 microns in the first order. For these 
experiments it was used in the second order with a lead 
sulfide cell as detector, the radiation being modulated 
at 800 cps. An effective slit width of less than 5X10~ 
ev (10 * micron) was used throughout. 

The intensities J7 and J9 with and without the speci 
men inserted into the radiation beam were measured at 
each wavelength and the absorption coefficient K was 
calculated from the relation" 


Kd) 
2Kd) f 


(1—R)? exp( 
Irp=I¢ 
1—R? exp 


which applies under the conditions of our experiment. 

The specimen thickness d was measured with a 
micrometer and checked for uniformity to better than 
1% over the whole area. The reflectivity R was de 
duced from the values of /7//o at wavelengths between 
the absorption edge and 2.33 microns, the residual 
absorption being assumed to be insignificantly small. 
The values of R so obtained were consistently lower 
than those deduced from the bulk refractive-index data 
of Briggs'® by 2.3% at room temperature, but showed 
the same wavelength dependence. This suggested that 
the residual absorption was indeed very small and that 
our polishing technique was producing a reflection loss 
slightly lower than would be expected from a surface 
characteristic of the bulk material. A similar but much 
larger effect has been noted by Rank and Cronemeyer'® 
and also occurs in measurements by Briggs."’ The trans- 
mission of all three specimens increased by about 2% 
on cooling to 4.2°K indicating a lowering of the surface 
reflectivity rather than a significant reduction in ab- 
sorption. This is consistent with Briggs’ observation 
that the refractive index of germanium increases on 
heating. It will be clear that the magnitude of any small 
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residual absorption cannot be accurately estimated, but 
it is unlikely to be greater than 0.004 cm™ which corre- 
sponds to an error of about 1% in measuring the trans- 
mission of our thickest specimen. Briggs claims that 
the residual absorption at 2.2 microns in a crystal of 
very similar resistivity to ours was 0.0057 cm, but 
his measurements between 2.2 and 2.6 microns clearly 
show a rise in absorption by a factor of approximately 
1.7 which suggests that, in fact, his crystal was more 
highly absorbing than ours in this range. Whether this 
residual absorption is allowed for by a very small 
adjustment to the value assumed for R, or is subse- 
quently subtracted from the total absorption, has no 
significant effect on our analysis of the data. 
Measurements were spaced sufficiently closely to 
delineate the detailed structure of the absorption edge, 
the interval having to be as 10* ev 
(~2X10~ yw) in certain parts of the wavelength range. 
Where the absorption was changing particularly rapidly, 
continuous recordings of Jy and J» over small wave 
length ranges were also made and analyzed at intervals 
of 10°* ev. Measurements on the different specimen 
thicknesses were arranged to overlap over a considerable 
range, the good agreement obtained confirming that 
the response of the radiation detector system was 
adequately linear with intensity for our purpose. 


small as 


RESULTS 


The experimentally determined absorption curves at 
a series of temperatures are shown in Fig. 1 where, for 
convenience, K‘ is plotted as a function of the incident 
photon energy, hv. Several features of these curves 
immediately reveal themselves. ‘Two knees appear at 
the higher temperatures, one of which seems to dis- 
appear as the temperature is lowered. Examination of 
earlier absorption measurements on a variety of Ge 
crystals indicate that these knees occur in all the speci- 
mens we have studied; this implies that their presence 
is due to some intrinsic property of Ge and not to the 
presence of impurities in the crystals. The spectrum can, 
in general, be seen to be composed of four main con- 
tributions each with a different temperature depend- 
ence. At iow temperatures, only two of these contribu- 
tions appear but, as the temperature increases, the two 
others appear at the low-energy end of the spectrum 
and increase rapidly with temperature. Moreover, 
whenever the two knees appear, the energy difference 
in their positions at each temperature remains constant 
at about 0.055 ev. These are the temperature-dependent 
features one would expect! if indirect transitions were 
governing the absorption in this region, the constant 
energy difference of 0.055 ev representing twice the 
energy of the phonons involved. 

In an attempt to determine whether indirect transi- 
tions could explain the experimental results in more 
complete detail, an analysis of the curves was carried 
out on the following basis. It was assumed that, at 
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Fic. 1. Low-level ab 
sorption spectrum of 
high purity Ge at vari 
ous temperatures. The 
inserts illustrate the ac 
curacy with which the 
experimental points de 
fine the curves. 
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T= 4.2°K, the absorption coefficient, K, is made up of 
two contributions, one, K», beginning at a photon en- 
ergy hy= E,~0.750 ev and rising eventually as (Av— E2)? 
and a second, K3, beginning at £y~0.770 and obtained 
by assuming that, for hy> £3, Ky continued to rise as 
(hv—E,)*. This decomposition of the absorption co 
efficient at 4.2°K is shown in Fig. 2. As the form of the 
curves for K, and K; at 4.2°K is the basis of our analy 
sis, we define two functions of energy f(hv—E»)= Ky» 
and g(hv—E;)=Ky,. The assumption of indirect transi 
tions implies that the two contributions Ky and K; at 
T=4.2°K are due to transitions involving the emission 
of two different types of phonons; the other two con 
tributions, which appear at lower energies as the tem 
perature rises, are due to transitions involving the 


absorption of the same two types of phonons. The lowest 
Fy and should 
have the same shape as g(/); the other component K,, 


energy component Ko begins at hy 
beginning at hv=E,, should have the same shape as 
f(E). The type of decomposition expected of an ab 
sorption curve at one of the higher temperatures is 
illustrated in Fig. 3. 

By correlating g(£) with the lower energy knees on 
curves for 7>4.2°K, it was indeed found that these 
knees have the same shape as g(/). The correlation 
enabled us to fix the energy /» at each temperature and 
to use the shape of g(/) at higher energies to extract 
the components Ko from the curves, Correlation of the 


remaining part of the curve with /(/2) showed that low 
down it has the same shape as f(/). This allowed us to 
fix E, at each temperature and to extract the component 


i 


at 
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Fic. 2. The decomposition of the absorption coefficient at 
4.2°K into the two components Ky /f and Ky#g. The dashed 
line shows the continuation of the initial (AF)! energy dependence 
of g 
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hic. 3. The decomposition of the absorption coefficient at 
195°K into four components with the energy value for the zero 
of each component indicated 


K, from the curves. This procedure was used to de 
compose the curves into the four components Ko, Ki, 
K.», and Ky and to fix the energies Eo, E,, Ho, and EF 
The result of this for 7=195°K is shown in Fig. 3, and 
the values of Ho, 2), Ho, and EF, found at each tempera 
ture are given in ‘Table I 

On the basis of indirect transitions, one would expect 
Ky and K, to have the same shape, respectively, as 
K, and Ky and the relative amplitudes to be such that 


Ky(L34+-6F) Kolk 
exp(0o3/T) 


ot+bF) 

exp(6,2/T), 
Ko (1, 4+6F) K\(,4+-6F) 
and 


ke 1 | 2A os, hey E, 2RO i», 


where 09; and 0). are the temperatures corresponding to 


the energies of the phonons involved in the transitions 
and k is Boltzmann’s constant. Correlating K, with Ky 
and K, with Ky at each temperature gave good straight 
lines whose slope could be used to determine 693 and 6; 


‘The values of 0»; and 0,» found from these lines and also 


from the energy differences are given in Table I. The 


consistency of the @ values determined by these two 


methods and the agreement of the values at different 


Tape I. The values of Fo, Bi, Fe 
sponding values of 1% 


nine contain the value found by the correlation of Ao with A 


Fea (ev Ey (ev 


76088 
7682 
7615 


7585 


42? 0.7490 
20 0.7480 
77 0.7070 0.7270 0.7425 
oO 0.7035 0.7242 0.7397 
195 0.6715 0.6932 0.7075 7278 
249 0.6523 0.6725 0.6870 0.7074 
291 0.6308 0.6575 0.6727 0.6918 


kOos with 003 = 320°K 
kOin with O12 = 9O°K, 


* Calculated from Forel 
» Calculated from Eis @ Es 
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temperatures show that the absorption curves can in- 
deed be explained in terms of indirect transitions in- 
volving two different types of phonons with energies 
corresponding to temperatures of 90°K and 320°K. 

It is worthwhile noticing at this point the tails 
which appear at higher temperatures at the low-energy 
end of the absorption curves. We have been unable to 
interpret the absorption curves on the assumption that 
these tails are due to some other competing absorption 
mechanism. However, their extent which is of the 
order of kT and the fact that similar tails occur on each 
of the components in our analysis indicate that these 
tails are due to some form of thermal broadening. 

Also given in ‘Table I are the values of Eo3= 4 (2+ Es) 
and Ey=}(4,+ ££») which should correspond to the 
energy gaps associated with the processes. They show 
exceedingly good agreement at each temperature, dif- 
fering at most by 0.001 ev. Figure 4 shows the variation 
of Eo; and Ey. with temperature, any discrepancy be 
tween the two being indicated by a small vertical line. 
In terms of these two energies, our experimental results 
can be fitted by the following expression for the ab- 
sorption coefficient K(hv,7) at temperature T for an 
incident photon energy hv: 

a(T) 
K (hv,T) 
exp(6,./T)—1 


xLf(hy Fy. kO 2) | 


F Ee yo+- R040) Fexp(Aj» T) f(hv 
b(T) 


t 
exp (63/7) —1 


x | g(hy Kos+kOo3)+ exp (Oo; /T) g (hv ~ Kos kOo3) |, 


where the first, second, third and fourth terms in this 
expression are respectively K,, Ke, Ko, and K3. The 
quantities a(7) and b(T) are slowly varying functions 
of temperature, changing by less than 15% in the 
temperature range 4.2°K to 291°K. 


DISCUSSION 


From indirect transition theory we should expect the 
phonons, of energies 90°K and 320°K, to have the same 
wave vectors and that these should be equal to the 


and Fy found from the analysis of the absorption curves at different temperatures and the corre 
and Fy». Columns six and eight contain the values of 093 and 6). calculated from these energies, columns seven anc 


and AK, with Ke 


Fis (ev 


0.7412» 
0.7402» 
0.7348 
0.7320 
0.7004 
0.6798 
0.6651 


Eos (ev 


0.74124 
0.7406" 
0.7343 
0.7310 
0.6997 
0.6799 
0.6643 
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wave vectors of the conduction-band minima in Ge, the 
valence band maximum being at the origin in k space. In 
general, the lattice vibrational spectrum of Ge has six 
branches, three optical and three acoustical, but in the 
(111) direction, in which direction we know the con 
duction-band minima to be, two pairs—-the optical and 
acoustical shear modes-—-are degenerate, leaving four 
discrete branches in the spectrum. For the phonons of 
90°K and 320°K to have the same wave vector, they 
must obviously belong to two different branches of this 
spectrum and on examining the spectrum as calculated 
by Hsieh,'* it would seem that both types of phonons 
are acoustical, the one of 90°K belonging to the shear 
modes and the one of 320°K to the longitudinal mode. 
However, it is clear that, on Hsieh’s results, they are 
far from having the same wave vectors. Since the two 
phonon energies seem well established, we take this as 
an indication of the inadequacy of the approximations 
used by Hsieh in giving more than the gross features of 
the spectrum. It seems that, at present, the details of 
the lattice vibrational spectrum of Ge are not well 
enough known for us to determine the position of the 
conduction-band minima in k space from the spectrum 


1. Band Structure and Excitons 


On the basis of our analysis of the absorption spec 


trum in terms of indirect transitions, it should be 
possible to define the band-to-band energy gap, Ea, 
in Ge and to use it in conjunction with the intrinsic 
density and combined effective mass of free carriers to 
determine the number of minima in the conduction 
band. To find Eg, we must interpret the shapes of 


{(E) and g(£). 
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ric. 4. The temperature dependence of Fo; and E12. The values 
found from the analysis are indicated by a cross when they are 
substantially the horizontal bars on a 
vertical line 
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If the absorption were due to band-to-band transi 
tions, both /(2) and g(£) should vary quadratically 
with energy. It is apparent from Fig. 2 that they can 
obey this law only at higher levels of absorption and 
that they deviate markedly from it at low levels. At 
these low levels /(/2) and g(£) themselves have different 
f(E) 


Dresselhaus” has shown 


behaviors; initially, g() varies as FE? whereas 
varies approximately as E?. 
that in Ge excitons should occupy bands with minima 
(W11 


Brillouin zone as the minima in the conduction band 


in the direction at the same position in the 
and that, on the basis of known effective masses of 
holes and electrons in Ge, the excitons at these minima 
should have binding energies of the order of 0.005 ey 
Both Dresselhaus and Elliott” have pointed out the 
possibility of indirect transitions to these exciton bands, 
One 


absorption coefficient from these indirect exciton transi 


would expect to see the contributions to the 
tions beginning at about 0.005 ev lower in energy than 
the corresponding band-to-band transitions. For simple 
nondegenerate valence and conduction bands, Elliott 
has found that the exciton contribution should initially 
(AF)}; 


transitions to higher excited states of the exciton become 


have an energy dependence of this holds until 
possible. As has already been pointed out g(/£) is ini 
tially proportional to £) and, in fact, is well repre 
sented by 


g( fe) 1 i+-2’(E—E’), 


where A=11 cm" ev}, £’~0.0045 ev, and the function 
g(kE 
proportional to (EF 
an #) energy dependence for E> LE’ 


lig. 2 where the dashed line shows the continuation of 


Kk’) contains a small component which is not 
k’)*. ‘The deviation of g(/¢) from 
is illustrated in 


the /) term to these higher energies. On the basis of 
this 0.0045 ev is the 


energy difference between the ground and first excited 


Klliott’s results, indicates that 


state exciton bands, which, using a simple hydrogen 
model for the excitons, vives an exciton binding enerpy 
of 0.006 ev 
magnitude estimate of 0.005 ev. It 


Dresselhaus’ order of 
follow 5) 


in agreement with 
therelore 
that we can write 


Ke Ko t Bans (1) 


~ 0.005 ev is the exciton binding energy at the 


where E, 


exciton band minima in the (111) direction. In view of 


and | Oe 


differ at most by 0.001 ev, it is clear that we must write 


a= Et Lex, (2) 


the good agreement found between Eo, , which 


since the band-to-band energy Zap Is the same for both 
of phonons. The absorption over the first 0.005 ev 
or so in K, and Ky» must therefore be 
formation. The fact that the 
giving the shape of K, and Ko, is not 


tional to &) but to £3 is not completely at variance with 


types 
attributed to 
{(k), 


propor 


exciton function 


initially 


1956 
follow 


(5. Dresselhaus, Ph Cher olids 1, 1 
RR. J. Elliott, Phys. Rev. 108, 1384 (1957 
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hic. 5, The variation of the combined density-of-states effective 
mass with temperature. Each curve is labelled with the corre 
sponding value of the exciton binding energy in ev and the number 
of conduction-band minima assumed 


the mechanism of exciton production when one re 
members the degenerate valence-band structure in Ge.” 
The effective masses of electrons and holes in Ge are 
known with any accuracy only from the cyclotron 
resonance work of Lax el al.* and Dresselhaus ef al." 
performed at 4.2°K. Using these results and a method 
of calculation developed by Lax and Mavroides,” we 
find that the combined density-of-states effective mass, 
m, has a value between 0.27 mo and 0.28 mo; this is 
slightly smaller than the original value of 0.29 mo 
quoted by Lax and Mavroides and based on the results 
of earlier work. We take the value based on the more 
recent measurements as the more accurate. 

Morin and Maita® have found that the variation 
with temperature of the intrinsic free-carrier density, 
n, in Ge is well represented by 


n,=1 760X107! exp( 0.785/2kT) (3) 


for temperatures between 250°K and 500°K. This is to 
be compared with the theoretical expression for m,, 


which is 
ny =4.82XK10"T!(m/mo)'N 4 exp(—Eag/2kT), (4) 


N. being 4 or 8 according as the conduction-band 
minima are at the edge of or within the zone. Combin 
ing (3) and (4) one can find m as a function of Ea, 7, 
and N,. For Eg we use Eq. (1) and assume that the 
exciton binding energy is independent of temperature 
so that Hg has the same temperature variation as Eps, 
which is shown in Fig. 4. This variation is linear with 
temperature from about 150°K to room temperature 
Although the range of temperature in which measure 
ments give both m,; and Kos; extends only from 250°K 
to 292°K, the accuracy is sufficient to define both the 
value of m and the slope of the (m”,7) curve around 
room temperature. We show m as a function of tem 
perature in Fig. 5 for N.=4 and 8 and for a range of 
values for the exciton binding energy. We have ob 
tained values of *” over the extended range 200°K to 


“ B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955) 
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350°K by extrapolation of n; using (3) to 200°K and by 
continuing the (£o3,7') curve of Fig. 4 linearly to 350°K. 

Now a temperature variation of m may be due to 
nonparabolic bands, changes in electron-lattice inter- 
action, and expansion of the lattice. Near zero tempera- 
ture, the last effect, is the most important and, by reason 
of Nernst’s law, gives zero slope for the (m,7) curve. 
In the range from zero to 300°K one expects m to be a 
monotonic function of 7. When this is borne in mind, 
the most reasonable interpolation curve between the 
value of 0.275 at 0°K and the various values and slopes 
at 300°K given in Fig. 5 is obtained for V.=4 and an 
exciton binding energy of about 0.005 ev. If N.=8, the 
exciton binding energy would be required to be at 
least 0.012 ev which is much too large. 

We have further evidence in support of our thesis 
that the knees in the absorption spectra involve ex- 
citons from measurements of the photoconductive 
spectrum. From the photocurrent per incident quan- 
tum and the absorption factor [1—exp(—Kd) | 
[1—Rexp(—Kd) ], one gets the photocurrent J per 
quantum absorbed. When Kd<1, the light intensity is 
almost uniform throughout the crystal so that any 
variation of J with energy must then be attributed to 
a change in quantum efficiency. If, however, each 
quantum absorbed directly produces a free electron and 
a free hole, then J should remain constant so long as 
Kd<1. Any marked variation of J is evidence for 
absorption into a bound state with only a chance of 
dissociation as a result of a subsequent interaction. In 
Fig. 6 we give data at two temperatures, 77°K and 
20°K, which clearly show a rapid fall in quantum 
efficiency with energy in the neighborhood of the knees 
in the absorption spectra. At the lower temperature 
the effect is most pronounced. We present these data 
now as further evidence for excitons. A detailed study 
of the photoconductive spectrum and its dependence 
on temperature is in progress and will be reported later. 

The fact that phonons from only two of the four 
77° bt 20°k 4 
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Fic. 6. The variation of the photoconductive current per 
quantum absorbed (J) with photon energy and its relationship to 
the absorption Kd at 77°K and 20°K 
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branches of the vibrational spectrum in the (111) 
direction appear to take part in the indirect transitions 
is also strong evidence for the conduction-band minima 
being at the zone edge. For Elliott” shows that, using 
the known symmetry properties of the wave functions 
of electrons in the valence and conduction bands and 
of optice | and acoustical phonons, one would expect all 
four phonon branches to contribute to indirect band-to- 
band and exciton-producing transitions if the conduction- 
band minima are inside the zone but only the acoustical 
phonons if the minima are at the zone edge. This also 
supports the indications from Hsieh’s results that the 
two phonons taking part are both acoustical. 

This discussion then leads to several important con 
clusions. Excitons must be produced in the absorption 
since their nonzero binding energy is required to in 
terpret the curves in Fig. 5. Consistent with the behavior 
of g(E) and the results of Dresselhaus, this binding 
energy is about 0.005 ev. The conduction band in Ge 
has minima situated at the zone edges. Lastly, the 
combined density-of-states effective mass of free car- 
riers in Ge increases by about 20% from absolute zero 
up to room temperature. 


2. Vibrational Spectrum 


These results lead us to the conclusion that, at the 
edge of the zone in the (111) direction, shear and longi- 
tudinal acoustical phonons have energies corresponding 
to temperatures of 90°K and 320°K, respectively. 
These values are to be compared with the values of 
150°K and 350°K obtained by Hsieh in his calculation. 
This calculation was based on the model of Smith? 
using second-neighbor central forces. We sought to 
determine and 320°K 
could be explained on the basis of Smith’s model using 
second-neighbor noncentral forces which requires the 
knowledge of five force constants. Using the known 
elastic constants* and taking the value of 320°K for 
the energy of the longitudinal mode at g= (m/a)(1,1,1), 
we found that the minimum possible value for the 
energy of the shear modes at this point corresponds to a 
temperature of 145°K; a lower temperature would re- 
quire complex values for the force constants. It does 


whether our values of 90°K 


not therefore appear possible to explain our results in 
terms of Smith’s model, even when taken to this higher 
approximation. Harrison” has also carried out a caleu- 
lation using second-neighbor central forces, but it is 
not at all clear what he uses to fix the five force con- 
stants involved. He finds the reststrahlung frequency in 


Ge corresponding to a temperature of 275°K which 


2 W. Harrison, Phys. Rev 
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seems to be rather’ low and certainly cannot be recon 
ciled with our results, 

Measurements of the far infrared absorption spectrum 
of Ge by Simeral™ show absorption peaks at energies 
corresponding to temperatures of about 300°K and 
400°K, of which the latter is the more intense. It is 
not easy to see how these can be explained on the basis 
of Hsieh’s spectrum. However, they are consistent with 
the temperatures 90°K and 320°K, the 300°K peak 
corresponding to the excitation of the longitudinal 
acoustical branch where maximum density of states 
should occur at a temperature slightly below 320°K, 
and the 400°K peak corresponding to a summation 
tone involving both the shear and longitudinal vibra 
tions of the lattice 

Furthermore, Hsieh’s calculations of the frequency 
spectrum for Ge give values for the Debye © as a fun 
tion of temperature which, while having the same 
general temperature dependence the 
values of Hill and Parkinson,” are appreciably higher 
An increase in the energy density of the vibrations at 
low energies, which would result from a lowering of the 
maximum energy in both the acoustical branches as 


as measured 


derived from our results, would give lower values for the 
Debye © as required to explain the experimental data 
A preliminary examination of the absorption spec 
trum of Si at low levels near the main absorption edge 
shows the occurrence of knees similar to those reported 
here for Ge. ‘Two knees are apparent at 4.2°K and four 
at higher temperatures, indicating that indirect transi 
tions are taking place involving at least two different 
phonons with energies corresponding to temperatures 
of about 230°K and 680°K. A detailed analysis of the 
spectrum is in progress 
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Physic 


The intensity of optical absorption close to the edge in semiconductors is examined using band theory 
together with the effective-mass approximation for the excitons. Direct transitions which occur when the 
band extrema on either side of the forbidden gap are at the same K, give a line spectrum and a continuous 
absorption of characteristically different form and intensity, according as transitions between band states 
at the extrema are allowed or forbidden. If the extrema are at different K values, indirect transitions involv 
ing phonons occur, giving absorption proportional to (AZ)! for each exciton band, and to (AF)? for the con 
tinuum. The experimental results on Cu,O and Ge are in good qualitative agreement with direct forbidden 


and indirect transitions, respectively 


Roberts® show a structure of a different kind which 
we believe, is also due to excitons. In this substance the 
maximum in the valence band and the minima in the 
conduction band have different wave vectors K,° and 
K,", so that creation of hole-electron pairs of lowest 
energy are forbidden by momentum-conservation con- 
siderations. Hall, Bardeen, and Blatt’? have shown that 
such indirect transitions can take place if a phonon of 
wave vector K,°—K,° is simultaneously created or 
destroyed. Excitons will be formed with lower energy 
but those of minimum energy will have a wave vector 
K,’— K,°. Indirect transitions using a phonon can also 
take place to these states.® 

The theory of the intensities of both direct and in- 
this paper, the 


1. INTRODUCTION 
igi 'LA'TING and semiconducting crystals are trans 


parent below a certain photon energy above which 
the absorption increases rapidly. It has been known for 
some time that this edge often shows a complicated 
structure which may take the form of a series of lines. 
This led Frenkel! to introduce the concept of excitons 
individual atoms are excited to higher atomic states 
and this excitation moves through the crystal because 
More work? 


shown that a complicated structure may exist on the 


of interatomic interactions. recent has 
absorption edge in semiconductors. In these substances 
an alternative theory due to Wannier® provides a better 


description. Band theory is known to provide a good ‘ : 
considered in 


direct transitions is 
effective-mass approximation being used. As well as 
the bound exciton states, the effect of the Coulomb 
interaction on the unbound hole-electron pairs is in- 
cluded. Unfortunately, detailed calculations using the 
known form of the energy bands in a substance like 
germanium are exceedingly complex. Quantitative cal- 
culations are therefore only carried out on a simple 
model with spherical bands, but qualitative results can 
be derived which allow some comparison with experi- 
ment and which should be of use in analyzing new data. 


basic des ription of the electron states: the ground 
state of the crystal corresponding to all states in the 
valence bands full, and all those in the conduction 
bands empty. Light is absorbed in exciting an electron 
from a full to a vacant band across the energy gap 

may be considered as creation of a 


a process whi hy 


hole-electron pair. Because of the Coulomb attraction 
between the pair, a hydrogen-like (or positronium-like) 
state is formed with smaller energy than that given by 
band theory. In media of high dielectric constant, where 
the interaction 1s weak, this des ription of an exciton 
may be carried out in the effective-mass approximation. 2. EXCITON WAVE FUNCTIONS 
Impurity states in semiconductors have been treated 

It is convenient to use the formalism employed by 


extensively in this way by Kohn, Luttinger, and others,‘ 
Dresselhaus with some change of notation. The exciton 


and Dresselhaus® has recently demonstrated the way in 


which the method may be used for excitons. In the 
case of strong interaction the hole-electron pairs are 
contined to a single atom, corresponding to Frenkel’s 
desc ription 

Detailed measurements of the absorption edge in 
germanium by Macfarlane, McLean, Quarrington, and 


* Present address, Clarendon Laboratory, Oxford, England 

1]. Frenkel, Phys. Rev. 37, 17, 1276 (1931 

? For original references and a review in English of the work of 
Gross and co-workers in Russia and Nikitine and co-workers in 
France, see KE. F. Gross, Suppl. Nuovo cimento 3, 672 (1956). 

3G. Wannier, Phys. Rey. 52, 191 (1937). 

4W. Kohn and J. M. Luttinger, Phys. Rev. 97, 883, 98, 915 
(1955); C. Kittel and A. H. Mitchell, Phys. Rev 96, 1488 (1954 

5G. Dresselhaus, Phys. Chem. Solids 1, 14 (1956 


state is expanded in terms of the Bloch functions for 
the perfect periodic lattice. For this case of weak 
electron-hole interaction, only the functions belonging 
to the highest valence and lowest conduction bands 
need be considered. In fact, for the exciton states of 
lowest energy which are most prominent spectro- 
scopically, only the band states near the extrema are 
important. If, however, one or both of the extrema are 
degenerate, summations over these bands are necessary. 


lor this case the exciton of type m and wave vector K 


® Macfarlane, McLean, Quarrington, and Roberts, Phys. Rev 
108, 1377 (1957), preceaing paper 

7 Hall, Bardeen, and Blatt, Phys. Rev 95, 559 (1954) 

* This possibility was predicted independently by Dresselhaus.* 


1384 





INTENSITY OF OPTTIEAL 


may be written 


Ki= ¥ 


Ke, Ka.j,7' 


WVK,.Ky,) jKon K, J} K,, , (2.1) 


where the state on the right has an electron with K, in 
conduction band j and Bloch function yK,.j(r,) and a 
hole with K, in valence band 7’, i.e., an electron missing 
with Bloch function ~—Ky,.j’(r,). The states involved 
are restricted by the relation 


K.+ K,= K. 
The Fourier transform of ¥;, ;*" may be written 


®;, = (NB) te* Fg, *"(r), (2.3) 


where R is the mean hole-electron position, r the rela- 
tive position 


R=(r.+1r,) r=(re—rn), (2.4) 


2 


B is the volume of a unit cell, N the number of such 
cells in the crystal. Equation (2.3) represents the wave 
function of the exciton’s over-all motion in the crystal. 
Superimposed upon this is a modulation produced by 
the atom cores. This effect is included by the Bloch 
functions in (2.1). 

The effective-mass approximation gives (2.3) as a 
solution of a Schrédinger-like equation, 


p+4P—p,°)+V(r) 
E®, (2.5) 


Pe) +H 


Here p, P are the momenta conjugate to r, R; and 
p.’, px’ are h times K,° and K,", the wave vectors at 
the band extrema. 3C, and %,, are obtained by writing 
the energy relations in these bands which are quadratic 
functions of the momenta #(K— K?°) in operator form. 
With degenerate bands, (2.5) becomes a set of simul- 
V(r) is the 
the di- 


taneous differential equations for the ®,,-. 
electron-hole interaction e’/er, where e€ is 
electric constant. 

(2.3) in 


It is sometimes convenient to transform 


this general case to 
&=exp[i(K.°+K,"°)-R Je'*’ ® 
Kexp[ 47(K—K,°) «1 }p’ (1) /(NB)}, 


iK’-.R 


(2.6) 


so that the equation for e o'(r) is the same as that 
which would hold if the two extrema were at K=0, 

A simple case which will be examined in some detail, 
since it has a well-known analytic solution, is that of 
two spherical single bands with effective masses m, and 
m,, which has the same equation (2.1) as in the hydro- 
gen atom case. It is convenient to write the solution in 
a form slightly different from (2.3), namely 


&=exp(iK-o)H,(r)/(NB)!, 
where 9 is the coordinate of the center of mass, 


p=(m.te+mpI),)/(Met+m). 
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For the bound states, 17, is the normalized hydrogen- 
atom function with reduced mass yu (me+- my) 


and effective charge e~'. The energy 


mL IN), 


h?K? pe’ WK? OG 


2(m.+m,) Zhen? 2M 


and the effective ‘Bohr’ radius is 


a=h'e/pe’. (2.9) 


For the unbound states H/, is given by a Coulomb wave 
function which apart from the usual normalized spheri 
cal harmoni ’ for angular 
momentum J, 


has radial dependence,' 


(2kr)! 
tat+1+1; 214+2; —2tkr) 
(NB)*(21+-1)!, 


where the energy of relative motion E=h?k? 
(G/E)} 


R=e'*@|T(1+1—ia) 
i kr Ji 
(2.10) 


2u, F is 
a hypergeometric function, and a 


3. DIRECT TRANSITIONS 


The transition probability per unit time in an energy 
density of incident radiation given by p(y) as a function 
of frequency », is 


1 


(Ola Kn 6( Mo Ex. nthv)p(v) (3.1) 


hy’ 
Kn). 


e'9'&-3, where j is the current operator acting 


between the ground state and excited state 
Here o 
on electron states, and q, — are the photon wave and 
polarization vectors. For the linear combination (2.1) 
of hole-electron pair states, 


(Ola Kn 


ieh 
> WK,.Ku.j.i’™ o YK, i*e a°F E vy Ky,,7’ 


e Kni7.7’ m 


(3.2) 


Because of momentum conservation we have effectively 
K, K,, so that the only transitions which can take 
place are to K=0. There will therefore be a line spe 

trum from the K 
lowed by a continuous absorption. The f values for 


Q states of the exciton bands, fol 
the lines are given by 
2m 


‘. (O\a' On) 
he’v 


(4,3) 


In the continuous absorption a sum over the quantum 
numbers describing the relative motion | which are 
here conveniently taken as k and / as in (2.10) |, gives 


*N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), second edition, p. 52 
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an absorption coefiicient 


2r 


'(O|\a|0,n)|*s,( 2), (3.4) 


ve 


where s, is the density of states |0,n) per unit energy 
range at energy E. 

There are 
separately. 


two cases which will be considered 


(a) Allowed Transitions 


In this case the integral in (3.2) is finite when K, 
represents the band edge, which for convenience we 
take at the center of the Brillouin zone. Since only a 
small range of K, is important in the sum (3.2), it may 
be assumed as a first approximation that the integrals 
are independent of K,. It is convenient to write 


(O,j\@\0,7") = 2rvex;, E, (3.5) 


where in the tight-binding approximation ex, is the 
dipole moment between the atomic functions which 
make up the Bloch functions in bands 7 and 7’. It will 
always be of the order of magnitude of an atomic dipole 
moment, 

Equation (3.2) therefore becomes 


(Ola|On)= 3° Qmvexjy- Ex, x, 5; 


K,j.7’ 


> 2wvex;;- (NB) dp, »°"(0), 


i" 


(3.6) 


where we have used definition (1.3). Considering un- 
polarized radiation, we obtain 


In VBg Dis Xii diy” "(Q) 


is the f value of a transition with dipole 


(3.7) 


where gxj;" 
moment exX;;-. 

lor the simple case of two spherical bands of masses 
m, and m,, @(0) is nonzero only for s states, where 


¢° n(()) 2 (wa'n’) 1 (3.8) 


\ series of lines is therefore predicted at energy 


hv = Eguy—G/n'’, (3.9) 


with intensity falling like n~*. The f value per atom in ' 


the first line is of order (atomic radius/exciton radius)’. 
As the absorption edge is approached, the infinite 
number of lines will overlap so that it may be con 
sidered as a continuum. The density of states is 


1/d0E\" GI 
( ) (E= Egy — hy) 
BX\ én 2BE! 


x= 8a" Nvx'e/a’c, 


giving 
(3.10) 


independent of energy. 


ELLIOTT 


In the true continuum where hyv—£,,,=E>0, one 


obtains from (2.10): 


mwae"* 


$(0) |?= - ’ (3.11) 
(NB) sinh(2a) 
and 

s(E) = (NE*/2n*) (2u/nh)}, 
so that 


k= 8a’ Nve*x2ae™@(2u)'E'/ch® sinh(ma). (3.12) 


This is continuous with the exciton absorption at E=0 
when a— ”. For EG where a—> 0, « becomes pro- 
portional to E! in agreement with the calculation of 
Hall, Bardeen, and Blatt? who neglected the electron- 
hole interactions. 


(b) Forbidden Transitions 


In this case the integral in (3.2) is zero at K,=0 but 
for small values of K will be proportional to K. 


(K,j|o| K, 7’) = 2mve(&- K)x;;’, (3.13) 


where x’ is a quantity which is roughly the square of 
the atomic radius. Therefore 


> 2wve(&-K)x;;?¥xK, —«, ;, °°” 


K j,i’ 


(O\a|O,n) + 
: A 5; (0) (3.14) 
=> 2wvex;;* 3 


ii’ Or: 


when one uses definition (1.3). The gradient of @ at the 
origin is taken in the direction of polarization. For 
unpolarized incident radiation, therefore, 


-" Ip 53°" (0) |? 
Le NBg!> x 53"" p Z 


| 33” or 


(3.15) 


where gx;;* is the f value of an atomic transition with 
dipole moment exj;. 
For the simple hydrogenic model used before, 


(3.16) 


|ag¢°"(0) |? n ‘ 1 
| 


or 3an'a® 

only p states giving a nonzero result. A series of exciton 
lines thus occurs at energies (3.9) except that the first 
line is now missing. For small values of n, the intensity 
does not fall off so rapidly as in case (a). The f values 
are smaller, being of the order of (atomic radius/ 
exciton radius)® per atom. At large m values the lines 
overlap to give a continuum with 


x= (8e¢Nvx'e/3a%e)[ 1+ (hv—Egap)/G]. (3.17) 


In the true continuum, where hy—E,,,=E>0, we 
have from (2.10) 


O6(0) |? ma(1+a*)e**k? 


B. man, (3.18) 
or 3NB sinh(ma) 
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so that 


x= 89" Nve’x*(1+a7)ae™*(2u)'E!/3ch® sinhra. (3.19) 


This is again continuous with (3.17) and varies like E! 

well away from the edge, in agreement with reference 7. 
The spectrum is on the whole weaker by the factor 

(atomic radius/exciton radius)? than in case (a). 


(c) Discussion 


In an actual crystal the spectrum may be expected 
to differ in detail from the simple model calculated 
above. In the case of degeneracy at one band edge the 
exciton states will also be degenerate and @ will be a 
solution of a more complicated equation. It may, how- 
ever, be expected that there will be two classes of 
exciton spectra corresponding to the two cases given 
above. 

This broad classification does seem to have some 
application in practice although no f values have been 
reported in the literature to the author’s knowledge. 
HglI., PbI, for example have one very intense line." 
Cuprous oxide,’ on the other hand, agrees very well with 
the theory of the second kind. Two exciton series have 
been reported arising from a near degeneracy in either 
of the bands. Just such a small splitting of otherwise 
degenerate bands may be caused by spin-orbit coupling." 
If the highest valence-band edge has wave functions 
built from triply degenerate d functions, this splitting 
will be $A (where J is the spin-orbit coupling constant), 
giving a single band higher and a doubly-degenerate 
one lower. In atomic Cut*,'* \=828 cm” giving reason- 
able agreement with the observed splitting of 1050 cm™'. 

At the center of the zone in this cubic crystal single 
bands are spherical, and the conduction band is pre- 
sumably single (probably a Cu s band). The low-energy 
(yellow) series should therefore be correctly treated by 
a hydrogen-like model and indeed the exciton series 
agrees to within experimental error with 


hv= Egy — (G/n*), 


for n=2, 3---9. The n=1 line is however very weak 
while the intensity of the others appears in qualitative 
agreement with (3.16) on the evidence of the figure 
given by Apfel and Hadley.” Thus the picture of for- 
bidden transitions gives good agreement and it would be 
interesting to see if the absorption coefficient on the 
edge has the predicted E£! dependence. The higher 
energy (green) series has a similar behavior. If the 
above interpretation of the band splitting is correct, 
the excitons should have a double degeneracy like the 
valence band. The energy surfaces in this band must 
however be nearly spherical, although in principle 


S. Nikitine, J. phys. radium 17, 817 (1956) 

"RR, J. Elliott, Phys. Rev. 96, 266 (1954) 

“Atomic Energy Levels,’’ National Bureau of 
tircular 2, 1952 (unpublished). 

8 J. Apfel and L. N. Hadley, Phys. Rev. 100, 1689 (1955) 
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“fluting’”’ would be allowed as observed" in the valence 
bands of Si and Ge. The weak n=1 line is at consider 
ably lower energy than the hydrogen model predicts. 
This is paralleled by a similar effect in impurity states,‘ 
and is due to the breakdown of the effective-mass 
approximation at small r where V (r) is no longer slowly 
varying. The effect is appreciable only in s states where 
(0) is large. Other weak lines observed by Gross may 
be other s states, but it seems that the exciton spectrum 
of Cu,O0 is actually more complex than the above 
model predicts in spite of the excellent agreement with 
the predominant features. 

Germanium would provide an interesting case of the 
first kind since the lowest energy direct transitions occur 
probably at K=0 and are allowed according to theo 
retical predictions.'® The experiment is difficult since 
the main line is only about 5X10" ev away from the 
continuum, but preliminary measurements at R.R.E. 
indicate that the absorption rises here much more 
rapidly than EF). 


4. INDIRECT TRANSITIONS 


Transitions to exciton states with K#0 may take 
place with simultaneous creation or destruction of a 
phonon. The transition probability (3.1) is now pro 
portional to 


(0; nxlo|O,i; mx)(O,0; mx |KC,| Ky; net 1))? 
| 


F,— Eo ; 


X5( Kx n»— Kothwx-—hv), (4.1) 


where the sum is over all intermediate states. iC, is the 
electron-phonon interaction operator which changes the 
phonon population number nx by one. The alternative 
signs refer to creation and destruction. Momentum 
conservation in the second matrix element restricts the 
phonons taking part to have wave vectors —K_ in 
creation and K in destruction. 

Expanding the states in Bloch functions as in (2.1) 
the second matrix element may be written 


x | Vo. kK a oe mf a,j” HK p K q,)') 


tWirag qa” "(G7 |Ky| K+q,7) ], (4.2) 


since the phonon interaction operator has a similar 
form for all electrons and therefore can change either the 
hole or the electron state but not both simultaneously. 
Exact calculations of (3.1) are clearly quite compli 
cated and it is convenient at this stage to make ap 
proximations and consider a more specific model. We 
assume the maximum in the valence band is at K=0 
and is doubly degenerate, the minimum in the conduc 


“4 Dresselhaus, Kip, and Kittel, Phys. Kev. 98, 368 (1954); 
Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956) 
16 F. Herman, Physica 20, 801 (1954) 
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tion band at K= Ky and nondegenerate. The lowest 
exciton states will therefore have K= Koy and for con- 
sideration of the band edge we are concerned only with 
states of K close to this value. For weak electron-hole 
interaction such states are built predominantly from 
hole and electron states close to the extrema. Therefore 
WK,.Kyj*" are only large if K,~ Ko, K,~0; j=co 
and 7’ =), v» enumerating the bands. 

To calculate the summation over intermediate states 
in (4.1) the energy denominator is neglected for the 
The intermediate therefore be 
chosen to be simple hole-electron pairs for specific pairs 
of bands and the first V in (4.2) is unity. Because of the 
form of ¥*" 
K~0 or K~ Ko give an appreciable contribution. For 
each of these groups of pairs the energy denominator 


moment states can 


only intermediate states with pairs of 


will not vary greatly, and it may be considered con 
stant—so justifying its neglect in the summation. Only 
those groups of pairs for which optical transitions are 
allowed will give an important effect so that the first 
matrix element in (4.1) may be considered constant for 
each group, and from (3.5) is put equal to 


2rvex.,’ and 2mvex,,* (4.3) 


for pairs in valence band », conduction band ¢ at point 
(and Ko, respectively. The second matrix element may 
also be considered roughly constant over these small 
simplicity only phonon 


regions. Considering for 


destruction 
(O,¢| IC, Kc) = Aceon! 


(K,v|35C,,|0,0,) = Bung! 


where / denotes the two valence bands 2; and 2». Crea- 
tion processes are obtained by replacing ny,’ by 
(ny,+1)'. Thus the summation in (4.1) becomes a 
summation over bands and the matrix element is 

1 cegX'cn | Bow Xeqo™° 
ysis LS 
—_ — — ‘ , 
! < 1e.(0) Teeg( Ko) e bev (0) Eev( Ko) 


t 


Xn) > WVaK—-q.cove™". (4.6) 


‘The first sum represents creation of hole-electron pairs 
at K=0 and scattering of the electron to K= Ky; the 
second represents creation of pairs at Ko and scattering 
of the hole to K=0. 

Thus in this approximation, when the sum of q is 
performed as in (3.6), the matrix element can be 
written 


(4.7) 


Zr "eon ™ "(O)nx,', 


where C; represent the complicated factors in (4.6). 
Indirect transitions to exciton states give rise to a 
continuous absorption since phonons may be found to 
give transitions to all K values. For the simple case of 
nondegenerate bands on both sides of the gap, the 
resultant formulas are simple. There is only one term 
in (4.7) and @'(0) as defined in (2.6) is independent of 


ELLIOTT 


K. The density of states in a single exciton band is 


2M,\3 
( ) [ Eex"(K— Ko) }}, 
h 


(4.8) 


where M,, is the “density of states” effective mass. The 
resulting absorption is proportional to 


D(2M ,,/h?)* | p' (0) |? (hy — Egap t+ Eex®"+hwy,)! 


X (ny, +344) (4.9) 


for phonon destruction and creation, respectively. Thus 
there are two contributions beginning at different 
energies and with a different temperature dependence 
given by 

Ny, =Lexp(hw,,/kT)—1}". (4.10) 


Kach branch of the phonon spectrum will give a con- 
tribution with a different intensity, determined by the 
different phonon matrix elements occurring in C, and 
with a different wx. 

The simple assumption of spherical bands centered 
at K=0 and Ky is not so realistic in this case since 
even in a cubic crystal the band at Ky will be aniso- 
tropic. Nevertheless, it will be used to give an indica- 
tion of some of the effects because of its analytical 
simplicity. The contribution from each exciton band 
has relative magnitude given by |¢’(0)\*«n* [see 
(3.8) |, and begins at energies Ey,,—G/n’Fhw,,. After 
the first few have been superimposed, the total ab- 


sorption is 
~ (G+ E)'/3G, E<0 


[(G+E)!— E!1/3G, 


(4.11) 


E>0 (4.12) 


where E=hv— Eyap4 hwo: The first exciton band alone 
gives a contribution proportional to (G+-£)! as may 
be obtained from (4.9). 

Beyond the series limit, i.e., for E>O, there is 
further absorption from the continuum. Using (4.7) 
and (2.10) the absorption coefficient is obtained by 
summing contributions proportional to (3.11) over all 
values of the relative motion k and over all motion K 
subject to the restriction 


WK?/2M+82K2/2p= E. (4.13) 
h?K?/2M —Wk?/2p, 


If we change variables to E and X 
the absorption coefficient is 


E wae" nx, 2(m.mp)*\ 3 
kK bf ( ) (I? —X*)'dx, (4.14) 
0  sinhra h? 


where a=G(E—X)!'. If EG, the first factor is unity 
and the usual result for pairs is reproduced : 


2(m.m)*\ 3 
kK Dinas +h+))( ) 


9 


h? 


X (hv Egaypthwx,)’. 
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At general E the integral (4.14) has no analytic solution, 
but as £ tends to zero it has a linear dependence. 

For an actual crystal it is probably not valid to use 
this simple theory to give anything but crude estimates 
of |p(0)\* (the probability of electron and hole being 
on the same atom) and the density of states. 

In general, the form of the absorption edge will begin 
like (E+G)! for each phonon contribution, have a 
rather complicated dependence when E~0 and become 
like E? when E>G. At large E, however, the result will 
be affected by second-order effects neglected in the 
preceding calculations. 

For degenerate bands, however, the form of the 
absorption is more difficult to predict, since the energies 
of the exciton bands will not be given even approxi- 
mately by the above model and (0) will not be inde- 
pendent of K. Thus the initial (E+G)! law will only 
hold when (E+G)<G. The £ will hold as before at 
larger FE. 

Indirect transitions may also take place if the ex- 
trema are at the same K values, producing weak con- 
tinuous absorption beginning close to the energy of the 
direct transition line and with photon 
energy.'® 


increasing 


5. DISCUSSION 


Macfarlane ef al.® have observed structure in detailed 
examination of the absorption in germanium which 
may be interpreted in the light of these results. There 
are two contributions to the spectrum arising from 
each of two phonon branches. The exciton energies so 
determined, about 5X10°* ev are in rough agreement 
with a spherical band model with mean effective masses 
substituted. 

In the general theory developed above, it was shown 
that in principle all phonon branches should give a 
contribution so that if the extrema in Ge were at 
general points in K space there would be six. The evi 
dence of cyclotron resonance! shows that the valence- 
band maximum is at K=0, and the conduction-band 
minima in the (111) directions, The actual position of 
these minima was uncertain. When one uses® the new 
accurate gap, the 
conductivity indicates that the minima are at the edge 
of the zone at point L. The occurrence of only two 


measurement of energy intrinsic 


phonon effects is further strong evidence for this. 

A selection rule can be obtained using group-theo 
retical arguments showing which phonons can actually 
scatter the electrons and holes in the required way. The 
argument can be stated simply in this case since the 
wave functions at L have parity with respect to the 
inversion operation in the unit cell. Herman’s'® theo 
retical calculation of the band structure indicates that 


'® This is in disagreement with a contention of Dresselhaus® 
that this mechanism produces a line width. 
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like 


(Let uf spin orbit effects 


the wave functions at these minima transform 
irreducible representation Ly 
are included!) of the group of 1. The wave functions 
at the valence band maximum are also even, trans 
forming like I'y*. A hole-electron pair created by a 
photon must have odd over-all parity so that the inter 
But the 


final electron-hole pair has even parity Let XI's' so the 


mediate state in (4.1) must have odd parity 


phonon interaction must change the parity of the state. 


Only the longitudinal and degenerate transverse acous 
tic phonons which transform like Ly, Ly can do this 
the optical modes are even, The exciton functions also 
transform according to L and this selection rule thus 
holds for them as well as for simple pairs. ‘The selection 
rule is but 


transition probabilities are still zero to first order in the 


relaxed away from the actual extrema, 
preceding theory. If the minima were away from the 
edge the optical modes could take part; for example, in 
Si four phonon effects are to be expected 

It has not been possible to make detailed calcula 
tions of the absorption expected for germanium, be 
cause of the complicated form of Eq. (2.5) arising from 
the degenerate valence bands, but qualitatively it 
agrees with the theory discussed above. ‘The two con 
tributions from the longitudinal phonons begin like 
(AK) and vary jJike #* at larger EF values, exactly as 
predicted. The 
phonons are weaker, and the exciton contribution is 
than it is in the 


contributions from the transverse 
weaker relative to the continuum 
longitudinal case. For single bands these contributions 
have the same relative intensity [see (4.9) and (4.15) |, 
but if there is degeneracy this is no longer true, The 
relevant De tnt, Leon ®" (0) 

from (4.7). The C, are different for each phonon species 


factor in the theory is 
and the weighting in the continuum C'\?+-C,? is therefore 
different than that for the exciton 

The energy dependence of the transverse phonon 
(Ak)! 
This is possible theoretically if (4.7) is very small when 
K = Ky so that the major contribution is proportional 
to K—Kpy. No group-theoretical selection rule seems 
possible to give this result and it must be attributed to 


contributions is also different being roughly 


a numerical effect which can only be checked by de 
tailed calculation. In general all contributions should 
begin like (A/)', and this appears to be the case in 


silicon from preliminary results of Macfarlane et al 
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Zinc has an acceptor level at 0.31 ev from the valence band as noted by Fuller and Morin. Under proper 
doping conditions, another level is observed at 0.55 ev from the conduction band in n-type silicon samples 


into which zinc has been diffused. Gold, manganese, and iron, however, have levels close to 0.55 ev. Gold is 


eliminated as an interfering impurity on the basis of neutron activation analysis. Manganese and iron are 
unlikely to be present in high enough concentrations on the basis of their electrical activity in samples 
deliberately doped with these elements. Mobility and radioactive solubility studies tend to confirm the 
hypothesis that the 0.55-ev level represents a second acceptor level associated with zinc. 


INTRODUCTION 
7. INC exhibits acceptor behavior when diffused into 
4 


n-type silicon. Fuller and Morin! identified an 
acceptor level at 0.31 ev from the valence band from 
the temperature dependence of resistivity and Hall 
coefficient, Other levels closer to the valence band were 
found when zinc was diffused into p-type silicon. Their 
level positions depended upon the Group LII acceptor 
present (boron, aluminum, or gallium) so they at- 
tributed these levels to complex ion formation between 
zinc and the shallow acceptor. They observed no levels 
above the center of the forbidden band. 

If the 0.31-ev level arises from zinc in a substitutional 
position in the lattice, then it is likely that zine (with 
4s* electron configuration as the neutral atom) would 
accept an additional electron to complete tetrahedral 
bonding to the neighboring silicon atoms. There would 
then be another acceptor level observable under the 
right condition, namely, that the donors present in the 
silicon be sufficient to provide one electron to each of 
the zinc atoms but not sufficient to provide two elec- 
trons for all the zine atoms. Such a double acceptor 
action has been observed by Tyler and Woodbury? for 
zinc in germanium, but has not been found for any of 
the impurities thus far studied in silicon (iron, man- 
ganese, gold, or copper). Since zinc can be readily 
diffused into silicon with a reasonably high solubility, 
a careful search was made for a double acceptor level. 


PROCEDURE 


Zine of 99.999% purity was obtained from Johnson 
Matthey and Company. Milligram quantities of the 
element were alloyed to silicon samples of 3X3 X10 
mm size and sealed-off in quartz tubes. The silicon 
used for these samples was taken from crystals which 
were pulled from a quartz crucible melt under conditions 
of zero or very slow rotation. These samples, in control 
tests, did not show any changes in electrical properties 
on heat treatment at high temperatures (1000°-1300°C). 
Following a period in a furnace, the quartz tubes were 


'C. §. Fuller and F. J. Morin, Phys. Rev. 105, 379 (1957) 
*W. W. Tyler and H. H. Woodbury, Phys. Rev. 102, 647 
1956). 


quenched in water. After etching the sample surfaces, 
pressure contacts were made to gold or rhodium plated 
areas; in some cases more nearly ohmic contacts were 
provided by sparking gold wire containing antimony or 
boron to the sample. The magnetic field used was 
6000 gauss. 


ELECTRICAL MEASUREMENTS 


Preliminary experiments confirmed the 0.31-ev level 
and established the 1200°C solubility of electrically 
active zinc as greater than 2 10'® cm~*. Then a section 
of a phosphorus-doped crystal was selected which had 
a net donor concentration of 210'® cm~*. Samples 
were cut along the direction of the crystal axis to obtain 
many similar samples. Zinc was diffused into these 
samples at temperatures ranging from 1040° to 1200°C, 
as listed in Table I. For the lowest temperatures, the 
samples remained n type with the phosphorus level. 
For the highest temperature, the 0.31-ev level was meas- 
ured. For samples held at temperatures of ~1080°C, 
electrical measurements revealed a new level at 0.55 ev. 
The samples at ~1100°C had anomalous slopes of 
~).36 ev when resistivity p and Hall coefficient Ry 
were plotted against inverse temperature. In these 
latter samples the concentration of zinc is close to 
that of the original donor while the donor concentration 
varies along the sample length. Figure 1 is a plot of 
Ry vs 1/T for a number of the samples.’ 

The 0.55-ev level is close to those reported for iron,‘ 
manganese,® and gold® in silicon. Even though only 
milligram quantities of high-purity zinc were used, the 
possibility that one of these impurities’ (or some other 
element) had given rise to the 0.55-ev level could not be 
immediately excluded. If the 0.55-ev level could be 
shown to be present in the same concentration as the 
0.31-ev level, however, then the case for a zinc double- 
acceptor level would be stronger. To this end, the low- 


® The values given in Fig. 1 for the slopes are not corrected for 
the 7! dependence of states at the conduction or valence band 
edges. Such corrections would reduce those values by ~0.02 ev. 

*C. B. Collins, Bull. Am. Phys. Soc. Ser. II, 1, 49 (1956). 

5 R. O. Carlson, Phys. Rev. 104, 937 (1956). 

® Collins, Carlson, and Gallagher, Phys. Rev. 105, 1168 (1957). 

7 Johnson Matthey’s analysis of zinc lot stated <0.001% Fe 
present with no spectroscopic evidence for Au or Mn. 
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BEHAVIOR OF Zn IN Si 


TABLE I. Zinc-doped silicon samples. Source of all samples was Sec. 3 of crystal C-Si-381 


Sample 
Diffusion Ionization 


energy 


Sample 
number T°C 


301 1110 23 0.05 
296 1045 17 0.05 
319 1053 40 0.05 
320 1065 65 0.05 
321 1090 18 0.05 
322 1085 42 0.55 
305 1080 64 0.55 
302 1110 23 0.36 
306 1100 19 ~0.36 
295 1200 17 0.31 


Time-hr Type 


resistivity n-type samples were studied above room 
temperature. Sample 296 was excluded because it was 
not diffused as long as the others and might not be 
saturated. Sample 321 was excluded because one end of 
the sample was of appreciably higher resistivity than 
the other. Samples 319 and 320 were reasonably homo- 
geneous and Hall data on these samples as well as 
control sample 301 are shown in Fig. 2. The ionization 
of a deep level occurs in the temperature range from 
~425°K to the onset of dominant intrinsic conduction 
at ~600°K. For sample 319 in which the number of 
added compensating positive charges is 1.2 10!® cem™*, 
the deep-level concentration is ~0.3X10'® cm~; for 
sample 320 the corresponding concentrations are 1.4 
X 10'* and 0.5 10'* cm™. In each case, the deep-level 


TK) 
i £99 — 160 
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= 


CO-295 
SLOPE O.34ev 
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1000/T (*K) 


Fic. 1. Hall coefficient versus reciprocal temperature for several 
zinc-doped samples with deep levels, CD-305 was n type, the other 
two p type 


300° K values Nan assuming 
w Ru n ? holes/atom 


2.0 10" 0 (control) 
1.9 10" ~1« 10! 
8.3 10" 5.7X 10" 
$7 «105 > 2 1015 
1.63 2150 2.9% 10! 5x 10! 
2 10' 5.8 10! * 10" 
7X 108 1.1 10! >1x« 10!" 
2X 108 2.2 10 > 1 10" 
1x 10) 6x 10° > 1 10" 
OX 108 Ox 104 > 2* 10" 


0.33 310 
0.36 325 
0.92 700 
1.54 1050 


l 
S 


concentration is somewhat lower than one would expect 
for the double-acceptor hypothesis. However, a deep 
level close to the middle of the band gap would not be 
completely ionized when intrinsic conduction begins to 
dominate. Alternatively, with a model of singly charged 
zinc centers, one would have to account for concentra 
tions of 0.55 ev, ~5X10'" cm“, as arising from im- 
purities in the zinc. 

A neutron activation analysis® revealed that less than 
10° gold atoms/cm’ were present in samples 301, 319, 
322, and 295. Hence gold can be ruled out as an im 
purity in zine responsible for the 0.55-ev level. The 
electrical activity of Mn in silicon® has never been made 
more than 10! cm~* at 1200°C in diffused samples, 
even with rapid quenching. At lower temperatures, the 
solubility is lower so Mn can also be ruled out as the 


0.6 »10'* 
0.8 «10'¢ 


Lin 10'S a 


aA 1106 - 








000/T (*) 


Fic. 2. Hall coefficient versus reciprocal temperature in the near 
intrinsic range for several] low resistivity n-type samples. At lower 
temperatures, the samples all show the 0.045-ey level characteristic 
of phosphorus 
Miss B Phompson of the 


* This analysis was carried out by 


Genera] Engineering Laboratory 
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hic. 3. Hall mobility versus temperature for several of the zinc 
doped silicon samples and several undoped n-type samples. In 
sample 381-5, the donor concentration Np is 4.0 10 cm~*; in 
387-3, Nop is 1.510"? cm= 


0.55-ev level impurity. The electrical activity of Fe in 
silicon* has been observed to be as high as 2 10!* cm~* 
at 1200°C after a rapid quench; for a slower cooling, 
such as the zinc samples received in their sealed tubes, 
only ~10' cm™ were observed. At 1060°C it is unlikely 
that the total solubility of iron could be as high as 
5 10'® cm~* and the electrically active phase should be 
much less. In all iron-doped samples, heat treatment at 
300°C was sufficient to cause loss of all the electrical 
activity of iron, whereas samples 319 and 320 were 
raised over 400°C with no measurable change in room 
temperature concentrations. Furthermore, a ternary 
system of Zn, Fe, and Si may be established on the 
silicon surface which would tend to reduce the solubility 
of iron in the bulk silicon. Such an effect was observed 
by Thurmond and Logan’ for copper in germanium 
using Pb, Sn, In, or Au as the third element. 

Further study was made of the mobility of charge 
carriers in the low p, n-type samples. Hall mobility is 
plotted in Fig. 3 for two zinc-doped samples and several 
undoped samples in the 10'*-10'7 cm~* concentration 
range. Calculations were made of the ionized impurity 
scattering mobility uw, by using the Brooks-Herring 


equation.’” For the zinc-doped samples, 4; was calcu- 


lated in one case under the assumption that only singly- 
charged zinc was present, and in a second case, under 
the assumption that half as many zinc atoms were 
present but each was doubly-charged. Since Coulomb 
scattering is proportional to the square of the charge, 


‘C.D. Thurmond and R. A Phys. Chem. 60, 591 
1956 

”H. Brooks in 
edited by L. Marton (Academic 


Vol. 7, p. 158 


Logan, J 


tdvances in Electronics and Electron Physics, 
Press, Inc., New York, 1955), 
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the total scattering effect of the zinc ions is twice as 
great in the second case as in the first. The ur was 
combined with lattice scattering mobility wz, by using 
the graph of Conwell." For temperatures above 150°K, 
the effect of neutral impurity scattering could be 
neglected. Comparison of the calculated mobilities with 
measured Hall mobilities indicated a better fit when the 
acceptor action of zinc in samples 319 and 320 were 
assumed to arise from doubly-charged rather than from 
singly-charged centers. 


RADIOACTIVE ZINC SOLUBILITY 


Samples of silicon were coated with radioactive zinc 
chloride obtained from the Oak Ridge National Labora- 
tory. After periods at 1200°C in sealed-off tubes, as 
given in Table II, the surfaces of the samples were 
ground and etched to remove the surface layers. Counts 
on the gamma activity of zinc-65 in the samples and in 
the original ZnCl, solution and analysis of the total 
zinc in solution determined the total zinc content of 
the samples. Some samples were further ground and 
recounted to insure that the samples were saturated. 
For the size of our tubes, 1 mg of zinc should give a 
vapor pressure of about an atmosphere at 1200°C so 
that the erratic results for the samples with only 0.12 
mg zine present are probably due to insufficient zinc in 
the tube. The values for samples 271 and 272 are the 
most reliable and give a solubility of 3X10! cm~, with 
an estimated error of +20%. This solubility agrees 
with the values observed from electrical measurements 
and indicates that all of the zinc present is electrically 
active. But more significantly, this solubility of 3.0 
 10'* cm~ is considerably below the value obtained by 
Fuller and Morin! from electrical measurements assum- 
ing only one acceptor state per zinc atom.’” The dis- 


Pasie II. Radioactive zinc diffused into silicon. Mass of zinc 
given is amount sealed in tube with silicon sample. 


Time in hours Measured zinc 


Sample Mass zinc 
1200°¢ concentration em™* 


number mg at 


i 


9.3 10'* 
5.7 10! 
4.4 10" 
2.0 10'* 
2.0 10'* 
2.0% 10'° 
2.7 10'* 
3.0% 10! 


— 2 A me wr— 
SUR 
— em KWwKwodad~ 


~Isu 


1 E. M. Conwell, Proc. Inst. Radio Engrs. 40, 1327 (1952). 

Most of the solubility data of Fuller and Morin derive from 
conductivity measurements of partially compensated n-type 
silicon. Some data points, however, were based on Hall effect 
measurements on samples with the 0.31-ev level. The: ratio of 
zinc acceptors to residual donors was calculated from the shift of 
Fermi level with temperature assuming a degeneracy factor of 
four. Even on a simple valence-band model, a factor of two (as 
given by reference 10, p. 126) would seem more justifiable and 
would halve their plotted points. E. O. Kane (private communi 
cation) pointed out that if the degeneracy of the valence band of 
silicon is taken into account, the degeneracy factor is 4 
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Fic. 4. Photoconductive spectra of p- and n-type zinc-doped 
silicon crystals are shown. Thermal ionization energies are indi 
cated for comparison with the optical curves. The curves are 
normalized at 1.16 ev 


crepancy may be due to the large errors inherent in the 
electrical conductivity measurements or could be largely 
resolved by assuming that there are two acceptor states 
per zinc atom and the electrical data should be halved. 


OTHER LEVELS 


The level at 0.09 ev from the valence band described 
previously was observed for zinc diffusion in p-type 
boron-doped silicon of concentrations in the range 
10'°-10' cm 
trations over 10!® cm 
same center as the acceptor levels. When the boron 
concentration was below 10!° cm~*, the introduction of 
zinc by diffusion at 1200°C gave rise to a 0.20-ev level. 
Since the 0.20-ev level is observed only when the ratio 
of zinc concentration to net shallow acceptor concen 
tration is very large (~100) it may not represent a true 
level but rather a “locking in” of the Fermi level half- 
way between the 0.31-ev and 0.09-ev levels. The 0.20-ev 


’ This level was not observed at concen 
* so that it cannot arise from the 


BEHAY 


[OR OF Zn IN Si 1393 
level could be converted to a 0.13-ev level by heating 
at 500°C or at 1200°C. This complex of levels may 
arise from interstitial zinc donors of low solubility, or 
from interactions of zinc donors with boron acceptors to 


form ion pairs.! 


OPTICAL STUDIES 
The photoconductive spectra as measured by R 
The 0.31-ev level is 


rhere is no sharp 


Newman are shown in Fig. 4. 
supported by the optical threshold 
cutoff for the samples with the 0.55-ev levels.'! Samples 
in which the 0.20-ev level was observed electrically 
showed similar spectra to the samples with the 0.31-ev 


level. 
CONCLUSIONS 


Evidence has been presented to show that zinc acts 
as a double-acceptor impurity with levels at 0.31 ey 
from the band the 
duction band. This evidence is based on the following 
level the condition 


valence and 0.55 ev from con 


(1) existence of a 0.55-ev when 
for observation of a double-acceptor level is satisfied 
(2Nan> Naonor> Nan); (2) freeze-out of a deep level in 
partially compensated low-resistivity n-type samples, 
showing that ~4 of the compensating acceptors are in 
a level just above the middle of the band gap; (3) mo 
bility studies of such n-type samples which suggest 
ionized-impurity scattering from doubly-charged rather 
than from singly-charged centers; and (4) comparison 
of solubility from radioactive zinc studies and from 
electrical measurements 

Possible contaminating impurities in the zine which 
also have ~0.55-ev levels are gold, manganese, and 
iron. The first is eliminated by neutron activation 
analysis, the other two on the basis of their limited 
electrical activity in silicon deliberately doped with 
these elements and their solubility reduction by forma 
tion of a surface terniary system with zine and silicon. 
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A criterion is proposed for determining the onset of ferromagnetism in a material as its temperature is 
lowered from a region in which the linearity of its magnetic moment versus field isotherm gives an indication 
of paramagnetism. Within the limits of validity of a molecular field treatment, the Curie temperature is 
shown to be in general indicated by the third power of the magnetization being proportional to the internal 
magnetic field. The method has been employed to redetermine the Curie point of nickel from the data of 
Weiss and Forrer, of FegO, from the data of Smith and of some alloys from the data of Kaufmann and 


his collaborators and the author 


INTRODUCTION 


Y definition, a material is ferromagnetic if there 

can exist regions within the material in which a 
spontaneous magnetization exists; Le., the magnetic 
moment per unit volume M is solely responsible for 
the magnetic induction B or, in units, 
B=4nM or, in mks poM. 
Equivalently a material is ferromagnetic if it can 
possess regions of finite magnetization where the 
magnetic field intensity 4/7 is equal to zero within those 
regions. The temperature below which ferromagnetism 
occurs is called the Curie temperature and is a measure 
of the interaction energy associated with the ferro- 
magnetism. The determination of the Curie temperature 
is not without ambiguity. Conceptually it appears 
easier to discuss the onset of ferromagnetism on decreas- 
ing temperature than the disappearance of ferromagnet- 
ism as the temperature is increased. This is because 
of the many complexities of the cooperative phenomena, 


Gaussian 


rationalized units, B 


in particular domain walls. We restrict the discussion 
to materials which when made in the form of an 
ellipsoid of revolution and placed in a uniform applied 
field, say from a solenoid, are uniformly magnetized 
when above their Curie temperatures. In such a case 
the field intensity inside the ellipsoid 7; will be given 
by (in Gaussian units) 


H =H y—4nDM, 


where Ho is the intensity of magnetization in the 
solenoid in the absence of the sample, D is the de- 
magnetizing factor, and M the magnetic moment per 
unit volume. The susceptibility is given by 


M M 


H, Hy-4eDM’ 


which by the definition above must go to infinity as 
the temperature is lowered to the Curie temperature. 
To determine the Curie temperature it is necessary to 
measure //) and 4rDM. If, however, /, is finite, 4rDM 
will equal H» only at some temperature below the 


* Supported in part by U.S. Signal Corps 


Curie temperature, for it is only in the limit of Hp=0 
that the true Curie point is found. There are two 
objections to obtaining a Curie point by going to zero 
field in this way. One is that, apart from the measure- 
ments of Smith' on Fe;O, and some the author has 
made on alloys,’ Curie point determinations have been 
carried out in finite fields which are in general greater 
than Ho/44M = 75, Mo being the saturation magnetiza- 
tion at absolute zero. Thus, a true spontaneous magnet- 
ization is observed only at temperatures somewhat 
below the Curie point. The other objection is that the 
limit of zero field can be obscured by the presence of 
ferromagnetic impurities with a higher Curie point 
or by inhomogeneities in the case of alloys and 
compounds. It would be desirable, therefore, in magnetic 
analysis to have a criterion based on measurements at 
finite fields. 

The criterion proposed here follows from considera- 
tions of the field dependence of the magnetization 
and is valid in the limits within which this dependence 
can be represented as 


H = (1/x0)M+BM'+yM*+-::. (1) 


At the Curie point, by definition, 1/x9=0 so that in 
finite fields 


H ;=BM'*+yM'+-:-:-. (2) 


Inasmuch as the 6M* term must dominate at low 
enough fields the criterion proposed is that at the 
Curie temperature the third power of the magnetization 
is proportional to the internal field. Though in this 
paper the demonstration is in terms of plots of M®* vs 
H, in practice we plot H/M vs M? as this gives 1/x 
in the limit of zero field as the intercept on the H/M 
axis when extrapolated to M*=0. Not only does the 
temperature at which 1/x goes to zero determine the 
Curie temperature but the slope of 1/x vs temperature 
gives a measure of the magnetic moment per atom of 


'T), O. Smith, Phys. Rev. 102, 959 (1956); Rev. Sci. Instr 
27, 261 (1956) 

2A. Arrott and J. E. Goldman, Rev. Sci. Instr. 28, 99, 1957; 
Second Conference on Magnetism and Magnetic Materials AIEF, 
1957 (to be published), p. 285 and p. 516; A. Arrott, Ph.D. thesis, 


Carnegie Institute of Technology, 1954 (unpublished). 
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the material. In addition, the coefficient of the M®# 
term which is determined from the slope of either the 
M* vs H or M* vs H/M plot gives information as to 
what models of magnetization are most suitable for 
describing the results. 


A. Validity of Criterion 


The dependence of the internal field #7 on the third 
power of the magnetization will first be shown for the 
Weiss-Brillouin molecular field treatment and then 
shown to be true for a generalized molecular field 
treatment which includes collective electron models. 

In the Weiss-Brillouin treatment the magnetization 


is given by 
u(H+NM) 
M Ms tanh( ), (3) 
KT 


where Mo is the spontaneous magnetization at absolute 
zero, w is the moment per atom, and JN is the molecular 
field constant. Rewriting gives 


pH uM M 
+N tanh ( ) 
ee KT Mo 


The right-hand side can be expanded in a power series 
for values of M&M giving 


uH =ypM M 1/M»* 17M \5 
+N —F ( yi ( ) t-+-, (4) 
KT KT My 3\Mo 5\ Mo 
for which the inverse susceptibility, 1/x, in the limit 
of zero field is given by 


1/x=(KT/pMo)—N (5) 


from which the Curie point (1/x=90) 
T= (uN/K)Mpo. Hence at the Curie point 


pH (— $ (— ) 
t t , 
ET; 3 oe 5\Mo 


is given by 








H 


Fic. 1. Magnetization cubed versus field for temperatures just 
below the Curie point (e<0), at the Curie point (e=0), and 
just above the Curie point (e€>0) 


FERROMAGNETISM 











H «10 


>. 2, Magnetization of 58% copper in nickel 
data of Arrott and Goldman*) 


which shows the cubic nature of the relation between 
field and magnetization. 
Above or below the Curie point the magnetization 


depends on field as 


wu 6M 1¢My* 1f7M\° 
Sn Ae 
KT My 3\Mo S\Mo 


e=(1—T,/T). (8) 


where 


This relationship is illustrated in lig. 1 which shows 
M? vs H for several values of e. 

The more general proof of this relationship depends 
on the existence of something mathematically equival 
ent to an effective field, //,.4. As long as the magnetiza 
tion reverses without change in magnitude when // gt 
is reversed, the magnetization is an odd function of Horr 
and vice versa. Hence, for small values of M, we can 
write 


BH on/ KT =aM +BM?*+yM*+---. (9) 


Ho is by definition —d//0M, where F is the total 


energy of the material. The energy may be written as 


E=Ey—-MH+f(M), (10) 
where /o represents all the nonmagnetic contributions 
to the energy; M// is the energy of the material in 
the field; and f(M) is the internal energy due to 
magnetization. As long as the internal energy due to 
magnetization does not change on reversal of magnetiza 


tion, {(M) is an even function of M. Hence 


Hou= —0E/OM =H+f'(M), (11) 


where f’(M) is then an odd function of M, and can be 
written as 


f'(M) =aM +bM*+cM*+---, (12) 
combining Eqs. (9), (11), and (12) gives for the Curie 
point 7,=ya/Ka and for the H near 7, 


H = «M+AM"*+ BM*+---, (13) 


where 


e=((T/T.)—1]a. 
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hic. 3. Magnetization of FegO, (data of Smith’) 


B. Some Applications to Existing Data 


The application of this criterion to some data of the 
author is shown in Fig. 2. In this case the copper-nickel 
alloy in question is in the critical range of the transition 
from ferromagnetism to nonferromagnetism as a 
function of composition, The strong curvature in the 
plots of M vs H is suggestive of ferromagnetism at 
all four 


carried out on these samples in applied fields as low 


temperatures shown. Measurements were 
as 20 oe which showed a magnetization did exist in 
zero internal field for 1.8°K and 4.2°K but not for 
14.5°K and 20.2°K. The plot of M* vs H shows agree 
ment that the Curie point lies between 4,2°K and 
14.5°K. Using an M?* vs H/M plot to obtain 1/x and 
then extrapolating 1/x vs 7 gives the Curie point near 
11°K. 

When applied to the data of Smith on FesQy, the 
comparison between the Curie temperature as deter 
mined by the M* vs H plot (see Fig. 3) with the value 
determined from measurements in very low field shows 
a disagreement of 0.1°C. This small disagreement is 
associated with slight deviations from expected behavior 
below 200 oe. Both criteria agree that the 575,09°C 
isotherm is ferromagnetic. The disagreement about 
the 575.30°C isotherm could be linked to the fact that 
the magnetization curves are not quite isotherms due 
to magnetocaloric effects. 

An example of the usefulness of this criterion is 


provided by the data of Kaufmann e/ al.’ on dilute 





5 


4H 21079 H« 10 


Fic. 4. Magnetization of 3.2% iron in gold 
(data of Kaufmann et al,*) 


Modern Phys. 17, 87 


‘Kaufmann, Pan, and Clark, Revs 
(1945) 


\NTHONY 


ARROTT 


alloys of iron in gold. The 3.2% Fe alloy, for instance, 
is assigned by Kaufmann ef al. a Curie temperature of 
well over 100°K. The magnetization curves for 14°K, 
20°K, and 63°K are shown in Fig. 4 together with a 
plot of o vs H. The Curie point of over 100°K was 
arrived at by extrapolating the high field data to zero 
field as shown by the dashed curve to obtain the 
“spontaneous magnetization” and then extrapolating 
the “spontaneous magnetization” vs temperature. 
From the o* vs H plot it is obvious that 63°K is well 
above the Curie point. Uncertainty in the 5-kilogauss 
leaves unclear whether or not there is even a 
small spontaneous magnetization at the lower tempera- 
tures. It is likely that this alloy reported to have a 
Curie temperature over 100°K is not ferromagnetic 
at all. 

This discussion would not be complete without a 
consideration of the classic investigation of Weiss and 
Forrer on nickel. As Weiss and Forrer arrive at their 


data 





Fic. 5. Magnetization of nickel (data of Weiss and Forrer*) 


Curie point by use of the molecular field theory applied 
to their measurements above 10‘ oe, their value of 
the Curie point, 358°C, agrees exactly with the value 
found by applying the M* os H criterion to the data in 
those high fields. They essentially ignore their lower 
field data in that they use extrapolation from high 
fields of magnetocaloric effect data and replot the 
magnetization data in the form of lines of constant 
M on a plot of 1 vs T. If the M®* criterion is applied 
to the low-field data, the Curie point should be set at 
354°C (see Fig. 5). One could conclude that either the 
Curie temperature is lower than set by Weiss and 
Forrer or else there is something very peculiar about 
the low-field data. 
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“Size Effect” in Electrical Resistivity Measurements on Single Crystals 
of High-Purity Tin at Liquid Helium Temperatures 


J. E. Kunzter anp C, A. RENTON 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received August 23, 1957) 


The “size effect” in the electrical resistivity of a single crystal of high purity tin has been observed by 
reducing the cross-sectional area of the crystal by chemical etching. Assuming 100°), diffuse scattering of the 
electrons at the boundaries, the mean free path is 0.45 mm, Ry o°k/ Roa*k =3.5X10"°, and pl=2.3K 10 © 
ohm cm? along the ¢ axis 


HERE is a pronounced increase in the electrical section and was about 40 mm long with the ¢ axis 

resistivity of a metal when the diameter or parallel to the length of the specimen. The “effective” 
thickness of a specimen is comparable to, or less than, cross section after each reduction in cross section was 
the mean free path of the electrons. The theory which evaluated by using the observed resistance at 273°K, 
explains this “size effect” in terms of the scattering of — the distance between the potential leads, and an ice 
electrons at the physical boundaries of the specimen, — point resistivity value of 1.5 10~° ohm em determined 
along with early experiments, has been reviewed by from the measurements on the initial specimen before 
Sondheimer.! In these early experiments, measurements it was reduced in cross section. This procedure was 
were restricted (because of the short mean free path necessary because the cross section did not remain 
of the electrons) to thin films and wires and there is uniform, with the corners rounding and the thickness 
reason to be concerned about the effects of grain varying by about 15% 
boundaries, compositional variations among the several The results are summarized in ‘Table Il. With 
samples required, strains originating from the substrate, exception of the point for a= 0.99 mm, the data fit the 
and possible uncertainties in the dimensions of the calculations of MacDonald and Sarginson' for a mean 
specimens. One can get an idea of the magnitude of free path /=0.45+0.05 mm and completely diffuse 
the “size effect” as a function of a// (diameter of wire/ scattering. It should be pointed out that the data also 
mean free path of the electrons) from Table I. fit the theoretical values for a mean free path of about 

Preliminary observations of the “size effect” have 1 mm and 50% specular reflection just as well. Even 

been made using a single crystal of high-purity tin’ with the most precise data, it will be very difficult, if 
(ps.2°x/poa°ke~3.5X 10~°) which was reduced in cross at all possible, to draw conclusions concerning the 
section between measurements by etching with hot amount of specular reflection from  size-effect data 
aqua regia. With the development of facilities for alone 
measuring small de voltages accurately to 10°* volts,’ If one assumes completely diffuse scattering (which 
it was practical to have an initial specimen thickness of — is consistent with most of the available information! 
about 4 mm. Initially the specimen had a square cross the mean free path of 0.45 mm gives p42°«/pua°K 


TABLE I. Theoretical electrical resistivity of thin wires with completely diffuse scattering at suriace 


a/l=(diameter/bulk mean free path) 100 10 l 01 0.01 0.001 
p/po= (resistivity/bulk resistivity) 1.01 1.08 2.04 11.45 102 1000 


* See reference 1 


Pasre IT. Preliminary observations of ‘size effect” in electrical 3.5X10~° for a>. The resistivity of the bulk sample 
resistivity of a single crystal of tin having approximately square oy .. £9. 10 . ‘ 1" 
cross section and ¢ axis parallel to the length at 4.2°K was 5.210 ohm cm and pl= 2.310 

ohm cm?*. This value of pl must be considered as tenta 

a= thickness, mm 393 231 1.97 1.54 0.99 tive sinc e the cross section was not uniform. Andrew’s 

data® give pl=2.0X10-"' ohm cm? for polycrystalline 
thin films of tin. 

The work is being continued on higher purity ma 
* Crystal was bent during etching terial. It is hoped to get more uniform surfaces and to 


(jittaPet*) x 10 3.81 4.09 419 440 5.23 


fova°K «= p278°K 


1 E. H. Sondheimer, in Advances in Physics (Taylor and Francis pe thiny ¥ larger — of a/l. The effect of anisotropy is 
Ltd., London, 1952), Vol. 1, p. 1 also being studied. 

2 The tin was obtained from the Vulcan Detinning Company, 
Sewaren, New Jersey, and the single crystal was made available ‘PD. K. C. MacDonald and K. Sarginson, Proc. Roy on 
by A. L. Schawlow and G. E. Devlin (London) A203, 223 (1950) 

‘J. FE. Kunzler and S. E. Haszko (to be published) °F. R. Andrew, Proc. Phys. Soc. (London) A62, 77 (1949 
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Concentration Dependence of Quantum Efficiency of Luminescence in KC1:T1 


James H. Scuutman, Ester W. CLarry, AND Rosert J. Porrer* 
U.S. Naval Research Laboratory, Washington, D. C. 
(Received August 22, 1957) 


Quantum efficiency measurements for the 3050 A emission band of KCI:T1 under 2470 A excitation are 
reported and compared with earlier data. In the present work, the average quantum efficiency is found to 
be 404+5% over a concentration range of 4X10 to 8X10"! mole percent Tl. Concentration quenching, 
if it exists in this range, is only slightly greater than the experimental error. This result is consistent with 
the Dexter-Schulman proposal of the importance of transfer processes in concentration quenching. 


I, INTRODUCTION 


N interpretation of the quenching of luminescence 

in solids by increase in activator concentration 
(“concentration quenching”) has been proposed by 
Dexter and Schulman! for nonphotoconducting phos- 
phors. According to this interpretation the excitation 
energy is transferred from activator to activator by a 
resonance process until it arrives at a quenching site 
in the crystal. For this mechanism of concentration 
quenching to be important, there must be enough over- 
lap between the emission and absorption spectra of 
the activator to permit energy transfer between activa- 
tors to take place with high probability. If fair overlap 
exists, considerable quenching is to be expected for 
activator concentrations of the order of 107! to 1 mole 
percent for an activator transition of the electri 
dipole or electric quadrupole type. If the activator 
transition is of a magnetic dipole or higher magnetic 
or electric multipole type, transfer will occur by 
exchange rather than by the overlapping of the 
corresponding multipole fields. Under these circum- 
stances concentrations of the order of a few mole 
percent will be required in order to obtain appreciable 
concentration quenching in typical ionic crystals. At 
concentrations of this magnitude or larger, most 
activators have other activators as nearest neighbors, 
and quenching may result from modification of the 
thermal activation energy for radiationless transitions 
due to the interactions between nearby activators. 
In this case quenching can occur at the same activator 
center that originally absorbs the exciting energy, and 
no energy transfer mechanism need be involved. 
Earlier treatments?” of this problem had considered 
only this case, and had assumed that the cause of 
concentration quenching was the above-mentioned 
lowering of the dissipative-process activation energy, 
either by near-neighbor interactions or by an inter- 
action of the activator with nearby quenching imper- 
fections in the crystal. In these treatments, however, 


*Present address: Institute of Optics, University of Rochester, 
Rochester, New York 


1D—. L. Dexter and J. H. Schulman, J. Chem. Phys. 22, 1063 
(1954) 

.?P. D. Johnson and F. E. Williams, J. Chem. Phys. 18, 1477 
(1950). 


100, 392 (1953). 
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imperfections or other activator atoms within as much 
as 4000 equivalent sites surrounding a given activator 
were considered to be “near neighbors” in their effec- 
tiveness as quenchers. Modification of the thermal 
activation energy for radiationless transitions by inter- 
action over such large distances were considered un- 
likely on theoretical grounds by Dexter and Schulman. 

In view of the poor overlap between the absorption‘ 
and emission® spectra of the KCI: Tl phosphor at room 
temperature (Fig. 1), energy transfer between activators 
should not take place efficiently. A Tl concentration of 
the order of a few mole percent should therefore be 
required to achieve appreciable concentration quench- 
ing, if the considerations advanced by Dexter and 
Schulman are correct. Johnson and Williams,’ however, 
have reported that concentration quenching begins in 
this system at a Tl concentration in the crystal of 
the order of 107! mole percent at 25°C, and that 
there is about 30% quenching at a Tl concentration 
of 7X10 mole percent. These investigators used 
2537 A light to excite KCI: Tl phosphor powders, and 
measured the relative intensity of the 3050 A emission 
band as a function of the Tl concentration of their 
samples. Their curve of efficiency vs Tl concentration 
is reproduced in Fig. 2, Curve A. 
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Fic. 1. Absorption and emission spectra of KC]: T] after references 
(4) and (5). Curve A=absorption; Curve B =emission. 


4W. Koch, Z. Physik 57, 638 (1929). 
*W. von Meyeren, Z. Physik 61, 321 (1930) 
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In assessing the significance of Johnson and William’s 
results, two things should be taken into account, 
however. First, their data are related to the apparent 
quantum efficiency (quanta emitted per incident 
quantum) rather than to the true quantum efficiency 
(quanta emitted per absorbed quantum). Second, 
Butler® has shown by measurements of excitation 
spectra, that the long-wavelength Tl absorption in 
KCI: TI consists of two overlapping bands, one being 
the well-known band peaking at about 2450 A, and 
the other a subsidiary band peaking at about 2600 A 
at room temperature. The 2600 A absorption leads to 
an emission in the visible spectral range rather than 
to the 3050 A emission band. Patterson and Klick’ 
have confirmed and extended Butler’s results. They 
suggest that if the 2450 A band arises from substitu- 
tional Tl ions at normal cation sites, the 2600 A band 
is due either to pairs or higher T! aggregates or to Tl 
ions at special positions in the crystal. The 2600 A 
excitation band increases more rapidly with Tl con- 
centration than does the 2450 A band,® much as one 
would expect if Tl-pair formation were responsible. 
Excitation with 2537A light, as in Johnson and 
Williams’ measurements, could accordingly result in 
simultaneous absorption by two different types of 
centers, one of which emits no luminescence in the 
spectral region of interest and becomes proportionately 
more abundant with increase in T] concentration. If 
this possibility is neglected and the absorption is 
ascribed only to one species of ‘Tl bearing centers, the 
result could be erroneously interpreted as an actual 
concentration quenching of the luminescence of this 
species. Measurements with 2537 A excitation could 
therefore be misleading. Hence quantum efficiency 
measurements should preferably be made under shorter 
wavelength excitation, where there is less overlap with 
the 2600 A absorbing centers. 

A result apparently more compatible with the 
Dexter-Schulman viewpoint had been obtained earlier 
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Fic. 2. Luminescence efficiency of 3050 A emission in KCI: TI] 
vs Tl concentration. Curve A: normalized relative efficiency; Tl 
concentration in solid ; 2537 A excitation; 7 = 25°C (after reference 
2). Curve B: absolute quantum efficiency; Tl concentration in 
melt; 2500 A excitation; 7 = 50°C (after reference 5) 


*K.H. Butler, J. Electrochem Soc. 103, 508 (1956). 


7D. A. Patterson and C. C. Klick, Phys. Rev. 105, 401 (1957) 
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by Biinger,* who had made absolute measurements of 
quantum efficiency in this system and had found the 
3050 A emission band to be excited with essentially 
constant quantum efficiency over a wide range of Tl 
concentrations. Biinger employed single crystals with 
Tl concentrations corresponding to KCI-TICI melts of 
1.5X10~* to 1.83 mole percent TICI. The crystals 
themselves were not analyzed for Tl content, which 
according to Koch’s* results, could be anywhere be 
tween 0.05 to 0.5 of the Tl concentration in the melt. 
Biinger’s data for 2500 A excitation at 50°C are sum 
marized in Fig. 2, Curve B. It will from 
this figure that the quantum efficiency of the 3050 A 
emission averaged about 509%) throughout the con 
centration range investigated, with one exceptional 
crystal giving an efficiency of 76%. The high quantum 
efficiency of this one sample raises doubts about the 
quality of the rest of Biinger’s crystals and hence about 
the reliability of the concentration independence of 
quantum efficiency which he found. Furthermore, the 
connection between Biinger’s results and those of 
Johnson and Williams is hard to determine, principally 
because of the uncertainty in the Tl content of Biinger’s 
crystals and because one measurement is a measurement 
of true quantum efficiency and the other merely of 
brightness. Because of these uncertainties, a reinvesti- 
gation of concentration quenching in KCl:'Tl was 
undertaken. 


be seen 


Il. EXPERIMENTAL PROCEDURE 


Polycrystalline samples of KCI:Tl were prepared 
from KCI that had been freed from heavy metal 
impurities by repeated extractions of an aqueous solu- 
tion with dithizone. After addition of the desired 
quantity of TIC] to the solid purified KCI, the KCI 
TIC] mixture was melted in a fused silica boat in a 
stream of pure dry HCl gas. The HCl stream was 
maintained over the sample during the cooling to 
room temperature. ‘The material obtained in this way 
was lightly crushed and sieved. Material in the 80-100 
mesh particle size range was used for all the measure 
ments except where noted below. Chemical analyses 
were made for the Tl content of the samples, and the 
values given in the succeeding graphs refer to the 
concentration in TI in the solid phosphor. 

(Juantum efficiency measurements were made by a 
method devised by Ginther.’ Since a full description 
of this method is in preparation,'° only a brief summary 
of the technique will be given here. The powdered 
phosphor surface is first determined to be a diffuse 
reflector so that measurements made at an arbitrary 
angle of observation are representative of the whole 
surface. Ultraviolet light from a monochromator excites 
a thick plaque of the powdered phosphor, and measure 
ments are made of the response of a photomultiplier 

*W. Binger, Z. Physik 66, 311 (1930) 


*R. J. Ginther, J. Electrochem. Soc. 101, 248 (1954) 
“RK. J. Ginther and E. W. Clafly (to be published) 
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hic. 3, Quantum efficiency of 3050 A emission of KCI: TI ws 
I'l concentration, under 2470 A excitation. Curve A: set No. 1, 
present paper under 2740 A excitation; Curve A‘; set No. 2, 
present paper under 2740 A excitation; Curve B: data of reference 
(2) (2547 A excitation) normalized to peak value of 80% 


tube to (1) the luminescence emission, isolated by 
suitable filters, and (2) the sum of the reflected and 
emitted light. The exciting light refle-ted from an iden 
tical plaque of smoked MgO is also measured. From 
these measurements the absorbed light is calculated and 
the quantum efficiency is computed as described by 
Kréger.'' Subsidiary data employed in the quantum 
efficiency determinations are spectral energy distribu 
tion of the emission, filter transmission, phototube 
sensitivity, and reflectivity of MgO. 

During the course of this work it was found desirable 
to make brightness measurements similar to those 
reported by Johnson and Williams. For this purpose 
ultraviolet light of any desired wavelength from a 
monochromator was directed upon plaques of KCI: T] 
powder held in a rigidly mounted holder in front of 
the entrance slit of a spectroradiometer, Emission 
spectra covering the 3050 A emission band were ob 
tained in this way under constant intensity of incident 
exciting light. The relative emission intensities of a 
series of samples under a given excitation were evaluated 
either by comparing the output at 3050 A peak, or by 
integrating under the entire band. Both 
methods of comparison gave the same results 


emission 


Ill, EXPERIMENTAL RESULTS 


Figure 3 shows the results of two separate series of 
measurements on the samples under excitation by 
2470 A radiation, which is 5 A less than the wavelength 
of peak absorption in the long-wavelength absorption 
band of KCI: Tl at room temperature.’ The first set of 
measurements (Curve A, measurements by RJP) shows 
no detectable concentration dependence of the quantum 
efficiency within the experimental error. The data 
indicate a quantum efficiency of luminescence in the 
3050 A emission band of 844.5%. The second set of 


uF. A. Kréger, Some Aspects of the Luminescence of Solids 
(Elsevier Publishing Company, New York, 1948), pp. 257-9 


LAFFY, 


AND POTTER 

data (Curve A’), taken several months later with the 
same samples but with a steadier ultraviolet source 
(measurements by EWC), shows a somewhat lower 
average quantum efficiency, 77+4%, which is again 
essentially independent of the concentration.'* Although 
this second series of measurements is represented in 
the figure by a curve showing a small concentration 
dependence, it is not certain that the precision of the 
method warrants such an interpretation. The average 
yalue of all the quantum efficiency determinations 
given in curves A and A’ is 80% with a 5% average 
deviation from the mean. Also shown in Fig. 3 is the 
curve of relative brightness vs Tl concentration ob- 
tained by Johnson and Williams (Curve B), normalized 
to 80% quantum efficiency at the concentration of 
maximum brightness. 

The disagreement of our results with those of 
Johnson and Williams suggested that we redetermine 
the quantum efficiencies under the same exciting wave- 
length which they used. The samples were accordingly 
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Fic. 4. Quantum efficiency of 3050 A emission in KCI:TI vs 
Tl concentration, under 2537 A excitation. Curve A: present 
paper; Curve B: data of reference 2 normalized to peak value of 
80%. 


remeasured under 2537 A excitation, with the results 
shown in Fig. 4, Curve A. The over-all concentration 
dependence of efficiency which we observe under 2537 A 
excitation greater than that observed 
under 2470 A excitation, and appears to be real. The 
degree of concentration quenching which we observe 
under 2537 A excitation is far less, however, than that 
shown by Johnson and Williams’ data, reproduced 
again as Curve B of Fig. 4, normalized to a peak value 
of 80%. 

In order to clarify the situation further, the samples 


is somewhat 


were remeasured using Johnson and Williams’ tech- 
nique, i.e., the “brightness” or “apparent” quantum 
efficiency was measured rather than the true quantum 
efliciency. The results are given in Fig. 5, Curve A, 
normalized to 80% at the peak, where they may be 
compared with Curve B, which repeats Johnson and 

'" The difference between the two sets of data is reminiscent of 
the difficulties reported by Biinger,* who found that freshly 


cleaved or polished crystals gave somewhat better results than 
specimens that were used many times 
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Williams’ data again normalized to the same peak 
value. In this figure both curves represent the same 
type of measurement, and the agreement between 
them is fair. Both “brightness’”’ measurements show a 
pronounced concentration dependence and an apparent 
“concentration quenching” which is well beyond the 
experimental error of this type of measurement. 

Also shown in Fig. 5 is a corresponding normalized 
“brightness” curve using 2470 A excitation (Curve C). 
The concentration dependence of the 3050 A emission 
band “brightness” is much less under this excitation 
than under 2537 A excitation. It was further found 
that the form of ‘brightness’ curves such as those 
given in the figure depends on the particle size of the 
sample as well as on the wavelength of the exciting 
light. An illustration of this point is given in Table I, 
where the “brightness” (arbitrary scale) and quantum 
efficiencies of two KCI: Tl samples of different particle 
size are compared under 2470 A excitation. It will be 
seen from the table that the quantum efficiencies of all 
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Fic. 5. Relative brightness of 3050 A emission in KCI]: Tl vs TI 
concentration. Curve A: present work, 2537 A excitation; Curve 
B: data of reference 2; Curve C: present work, 2470 A excitation 
All curves normalized to same peak brightness 


the samples are approximately equal, although the 
fine fraction of sample J is about 10% lower than the 
corresponding ‘‘standard” particle size sample. The 
relative brightness, on the other hand, differs con- 
siderably. The brightness values of the “standard” 
particle size samples happen to be about equal, while 
those of the fine samples differ by almost 40%. These 
results emphasize again the difficulty of interpreting 
fundamental processes in phosphors from consideration 
of brightness curves. 


IV. SUMMARY AND CONCLUSIONS 


Quantum efficiency measurements for the 3050 A 
emission band of polycrystalline KCI: Tl have shown 
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TABLE I. Brightness and quantum efficiencies of two 


KCI: Tl samples 


“Standard 

80-100 mesh 
Brightness 
arbitrary 


scale 


Fines’ (through 
150-mesh sieve 
Brightness 
Preparation I'l con arbitrary 
No mole percent scale 


V 1.8910"! S4 47.5 
J 1.72 10°? 61 j 15.0 


that the average quantum efficiency under 2470 A 
excitation at 25°C is 80+5% over a concentration 
range of approximately 4X10~* to 8X10 mole per 
cent Tl in the solid phosphor. This average value of 
quantum efficiency agrees with the highest value found 
by Biinger® on one of his single-crystal preparations. 
Concentration quenching, if it occurs at all in this con 
centration range, is only slightly greater than the 
experimental error of the measurements. The absence 
of pronounced concentration quenching is consistent 
with the Dexter-Schulman proposal that an energy 
transfer process between activators plays an important 
part in concentration quenching, such transfer being 
inefficient in KCI: Tl because of the poor overlap of 
the absorption and emission bands. 

Subsidiary experiments were conducted in an at 
tempt to understand the more extensive concentration 
quenching in KCI:Tl reported by Johnson and 
Williams.’ It appears from these experiments that the 
“quenching” which they observe is, to a considerable 
extent, a loss of brightness with increasing ‘Tl con 
centration rather than a decrease in true quantum 
efficiency. It is possible, also, that a further source of 
this “quenching” may be the overlapping absorption 
of other Tl-bearing centers, as pointed out in the dis 
cussion of 2537 A excitation in the introduction. The 
value of the quenching parameters, Z and (¢/0’) 
derived by Johnson and Williams in their treatment of 
concentration quenching in KCI: TI, are therefore of 
questionable significance. The same question exists 
concerning the quenching parameters n, a, and K, 
derived for this system by Ewles and Lee,’ who applied 
their own theory of concentration quenching to Johnson 
and Williams’ data. 
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Infrared magneto-absorption has been investigated in thin 
(~10 microns) of germanium, indium arsenide, and 
fields up to 37 kilogauss. At 


samples 
indium antimonide in magnet 
photon energies greater than the direct transition energy gap in 
germanium and also greater than the energy gaps in indium 
and indium antimonide, the magneto-absorption ex 
This is associated with interband 


arsenide 
hibited oscillatory 
transitions between quantized Landau levels of the valence and 
conduction bands. By extrapolating a plot of the photon energies 
of the transmission minima as a function of magnetic field to zero 
field, we obtained accurate determinations of the energy gaps. 
For the direct transition in germanium, -, =0.80340.001 ev at 
~298°K, 0.890+0.001 ey at ~77°K, and 0.8974-0.001 ev at 
~4°K. In indium antimonide, £,=0.1804-0.002 ev at ~298°K, 
and in indium arsenide, the result was 0.3604-0,002 ev at ~298°K. 
From the accurate determination of the energy gap made possible 
by these experiments, it is apparent that there is considerable 
absorption below the energy gap, probably due to transitions 


behavior 


I, INTRODUCTION 


N an early study of the magneto-absorption in 
germanium, the Lincoln Laboratory group reported 
the presence of fine structure in the form of oscillations 
in the transmission of infrared radiation at energies just 
above the direct-transition absorption edge.' The name 
assigned to this phenomenon by Zwerdling and Lax in 
their subsequent presentation’ of the quantitative 
results for germanium was the oscillatory magneto- 
absorption effect. This phenomenon was independently 
observed by Burstein and Picus* in indium antimonide 
and was called by them the interband magneto-optic 
effect. The Lincoln group also reported further experi 
mental results! in germanium, indium antimonide, and 
indium arsenide, including the anisotropy of the effect 
and detailed theoretical interpretation of the experi 
mental results for germanium. The object of this paper 
is to present the details of these further results for 
germanium, indium antimonide, and indium arsenide 
taken at room temperature as well as more recent data 
for germanium obtained at 77°K and 4°K. The theo- 
retical interpretation will be given in a subsequent 
paper.” 
The earlier investigations of the behavior of the 
absorption edge in semiconductors in de magnetic 


* The research reported in this document was supported jofntly 
by the Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology 

! Zwerdling, Keyes, Foner, Kolm, and Lax, Phys. Rev. 104, 1805 
(1956) 

2S. Zwerdling and B. Lax, Phys. Rev 

‘£. Burstein and G. S. Picus, Phys. Rev. 105, 1123 (1957) 

4S. Zwerdling and B. Lax, Bull. Am. Phys. Soc. Ser. IT, 2, 141 
(1957): Lax, Zwerdling, and Roth, Bull. Am. Phys. Soc. Ser. II, 
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Ser. II, 2, 141 (1957) 
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involving both photons and optical phonons. Utilizing the theory 
of Luttinger and Kohn, effective masses were evaluated from the 
higher quantum transitions in germanium to give values of the 
conduction band electron mass at k=O of (0.0364+0.002)my at 
room temperature, and (0.0434-0.002)my and (0.04140.002) my 
at ~77°K and ~4°K, respectively, which is consistent with the 
corresponding change in energy gap. For indium arsenide, the 
conduction band electron mass was found to be approximately 
0.03mpo. For indium antimonide, a value for the effective mass in 
the conduction band of ~0.014mpo, consistent with the cyclotron 
resonance results, was obtained by assuming that in this case the 
magnetic levels in the conduction band are appreciably split by 
spin-orbit interaction. The anisotropy of the magneto-absorption 
effect was measured for germanium and indium antimonide. For 
germanium, the anisotropy agreed with predictions from theory 
and the results of microwave cyclotron resonance. For indium 
antimonide, the anisotropy was very small for the first two 
minima. 


fields':* and in pulsed magnetic fields as high as 200 000 
gauss' had indicated that the apparent shift of the gap 
was nonlinear as a function of magnetic field. Such a 
nonlinear shift appeared to be inconsistent with the 
simple Landau theory applied to parabolic bands using 
the effective-mass approximation, which states that the 
magnetic levels are given by 


En=(n+})hw.t+hk2/2m*, (1) 


where n is the quantum number of the level, w,=eB/m* 
is the cyclotron frequency of the carrier in the magnetic 
field B, m* is the effective mass, and k, is the wave 
number parallel to the magnetic field. The levels in the 
band are quantized in the coordinate system transverse 
to the magnetic field taken as the z direction. ‘These are 
harmonic oscillator-like levels which, for two simple 
bands in a semiconductor, give a gap shift : 


AE, = 3h (wetw-2). (2) 


With this model in mind, we have attempted to 
analyze data obtained for indium antimonide and 
indium arsenide at higher fields where the slope of the 
gap shift curves were a maximum. We further assumed 
that the mass associated with the valence band was 
rather large and attributed the shift principally to the 
conduction electrons, The effective mass values deduced 
in this way were larger than those determined from 
cyclotron resonance measurements.’~* In order to 
clarify the situation, it was logical to carry out a similar 
set of experiments for the direct transition in ger- 

® Burstein, Picus, Gebbie, and Blatt, Phys. Rev. 103, 826 (1956) 

’ Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955) 

* Burstein, Picus, and Gebbie, Phys. Rev. 103, 825 (1956). 

® Keyes, Zwerdling, Foner, Kolm, and Lax, Phys. Rev. 104, 1804 
(1956) 
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manium. This was inspired by the work of Dash and 
Newman” who measured the direct-transition absorp- 
tion edge in thin samples of germanium 2-3 yu thick. 
The existence of a small electron mass ~0.034 mo at 
k=0 as predicted by Dresselhaus, Kip, and Kittel! 
indicated that this gap shift for germanium should be 
comparable to that for indium arsenide. The initial 
experiments were made on a 4 yw thick sample of 
germanium supplied by Dash, using de fields up to 36 
kilogauss, and showed the expected shift of the absorp- 
tion edge and also the oscillatory magneto-absorption 
effect at somewhat higher photon energies. The inter- 
pretation of the latter effect demonstrated the validity 
of the fundamental model as represented by Eq. (1). 


Il. EXPERIMENTAL TECHNIQUES 


A simplified schematic diagram of the experimental 
apparatus is shown in Fig. 1. The infrared radiation 
source was a tungsten filament lamp for the germanium 
experiments and a globar for the indium arsenide and 
indium antimonide experiments. Both sources were 
stabilized, the former by means of a servo system 
employing an infrared-sensitive phototube. The radi- 


ation was focused by means of a suitable front-surface 
reflecting optical system upon the sample located 
between the tapered pole pieces. of a 12-inch Varian 
electromagnet. The latter was capable of producing de 
magnetic fields up to 36900 gauss in an air gap of 4 
inch with pole-face diameter of | inch as measured by 
a rotating coil gaussmeter. The transmitted radiation 
was refocused by a similar optical system upon the 
entrance slit of a standard Perkin-Elmer single-pass 
monochromator employing a dense flint-glass prism for 
germanium, a LiF prism for indium arsenide, and a 
CaF, prism for indium antimonide, so as to provide 
maximum refractive dispersion in each case. The signal 
was detected by a thermocouple, then amplified, recti- 
fied, and recorded on a strip chart recorder synchronized 
with the wavelength drive. Separate traces were ob- 
tained by scanning the same wavelength region of 
interest in each case, using a series of values of constant 
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Fic. 1. Schematic diagram of experimental apparatus for the 
oscillatory magneto-absorption measurements 


1 W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955) 
" Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
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magnetic field. A very slow wavelength scanning rate 
was used in order to maximize the accuracy of deter 
mining the photon energy of the various transmission 
minima from the prior calibration of monochromator 
drum readings versus wavelength. For the germanium 
experiments at liquid nitrogen and liquid helium tem 
peratures, a special all-glass Dewar was built, the most 
important feature of which was the incorporation of two 
optical absorption cells of square cross section and 
different size which composed the inner and outer walls 
of the Dewar. This portion of the Dewar which con 
tained the sample had a dimension so as to fit between 
2-inch air-gap pole pieces of {-inch pole-face diameter, 
capable of achieving 30 300 gauss. During the course 
of such experiments on germanium, the samples were 
directly in contact with the refrigerant, which together 
with the glass walls were transparent in the wavelength 
region of interest for germanium. 

One of the critical parts of these experiments was the 
preparation of thin samples of suitable cross section 
The techniques used were similar to those used and 


10 


described by Dash and Newman.” For germanium, 
the sample was mounted on optical glass with Allymer 
thermosetting cement pressed to a thickness of the 
order of 1 micron. For indium antimonide and indium 
arsenide, the samples were mounted on either intrinsic 
germanium or silicon. ‘Two sets of germanium samples 
were used, one furnished by Dash of thickness ~4 yu 
and the other prepared by us of thickness ~7 yw. The 
samples of the latter were single crystals oriented so that 
the polished surface was the (110) plane. ‘They con 
sisted of 4-inch diameter disks, which were rotated in 
the magnetic field so that the field vector was parallel 
in turn to the [110], [100], and [111] axes. For indium 
arsenide and indium antimonide, the initial experiments 
were performed using polycrystalline samples. ‘The 
indium arsenide samples were ~15 yw thick and the 
indium antimonide samples were from 7 to 18 w thick 
Oriented single crystals of indium antimonide were also 
studied. In order to maximize the sample cross section 
in the radiation beam so as to obtain optimum reso 
lution, the latter were made in the form of rectangles 
0.750 0.150 inch. In this case, it was necessary to have 
three different samples for the three principal orien 
tations employed which were polished to approximately 
the same thickness. The thickness of all samples was 
determined by means of a dial gauge with a precision 
of 1.25 y as well as from the optical interference pattern 
in the infrared at wavelengths beyond the absorption 
edge. The latter method was relatively simple and 
merely required a measurement of the spacing between 
two adjacent maxima and a knowledge of the index of 
refraction n, The relationship involved is 


d=)X'/(2ndd), (3) 
where \, \’ are the wavelengths of these maxima, AA 


is the wavelength separation, and d is the sample 
thickness. 
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2. The magneto-absorption spectrum for the direct 
transition in germanium 


Experimental Results 


In carrying out these experiments, particularly in 
indium antimonide and indium arsenide, the primary 
data recorded by the spectrometer system included 
absorptions due to the atmosphere, to the Allymer 
cement used for mounting the sample, and to absorp 
tions by the sample not associated with transitions 
between the quantized levels due to the magnetic field 
In order to eliminate the effects of these extraneous 
absorptions and reduce the data so as to show clearly 
only the effects on sample transmission due to the 
presence of the magnetic field, the ratio of the trans 
mitted intensity with a given magnetic field to that at 
zero magnetic field for the wavelength region of interest 
was evaluated, ‘This ratio was expressed as /,(B)/J,(0), 
and it can be shown that it is very closely equal to 

[1—R(B) F 


ja(B 


(4) 


e 


{1—R(0) F 


where R is the reflection coefficient and @ the absorption 
coeflicient. The minima of this ratio, then, essentially 
correspond to those wavelengths (or photon energies) 
for which the differential absorption coefficient |a(B) 

a(0) | has maxima. These maxima correspond to the 
electron transitions between the quantized magnetic or 
Landau levels from the valence to the conduction bands 


Germanium 


In the preceding publication? we reported the results 
of the magneto-absorption in an unoriented single 


crystal of germanium in the neighborhood of the 


absorption edge for the direct transition. Figure 2 


shows the complete magneto-absorption spectrum in 
this region of photon energy fora sample ~4 Mu thick 
In this particular case, we have plotted the percentage 
transmission not only to show clearly the effect of the 
magnetic field on the transmission at energies larger 
than the absorption edge which is associated with the 


AX 


AND ROTH 


oscillatory magneto-absorption phenomenon, but also 
to demonstrate the magneto-absorption effect on the 
absorption edge itself. We shall discuss the significance 
of the latter after quantitative analysis of the oscil- 
latory effect. 

As mentioned previously, the appropriate presen- 
tation of the data at energies above the absorption edge 
is a plot of 7,(B)/7,(0). For germanium, these results 
are shown in Fig. 3, which is a reduction of the data for 
a sample 7 w thick with the magnetic field oriented in 
the [111] direction. The interpretation of these trans- 
mission minima is that they correspond to transitions 
from Landau levels in the valence band to Landau levels 
in the conduction band at k=0. These energy levels for 
simple parabolic bands are given relative to the ex- 
tremum of a band by Eq. (1). In a subsequent paper, we 
shall show that this simple model serves to point out 
general features such as the linear dependence of the 
position of the energy levels upon magnetic field for a 
band which is a quadratic function of momentum, and 
also if appropriately used, to obtain estimates of the 
effective masses and highly accurate determinations of 
the energy gap in these materials. In order to apply the 
concepts of the simple model to the experimental 
results, we have plotted the position of the various 
transmission minima in terms of photon energy as a 
function of magnetic field and extrapolated the lines 
obtained to zero magnetic field for room temperature, 
liquid nitrogen temperature, and liquid helium tem- 
perature, as shown in Fig. 4. The two most striking 
features of these plots are that the functional depend- 
ence is indeed linear, and that the lines converge to a 
photon energy corresponding unequivocally to the 
energy gap of the transition. For germanium, the energy 
gap values obtained are 0.803+-0.001 ev at ~298°K; 
0.890-+0,001 ~77°K; and 0,897+0,001 ev at 
HK. the 
rate of change of the energy gap with temperature to 
be 3.9X10* ev/°K between 77°K and 298°K and 
1.0 10~* ev/°K between 4°K and 77°K. 


One can also make an estimate of the effective mass 


ev at 


rom these values, we calculate average 


44 
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Fic. 3, Oscillatory magneto-absorption in germanium. The ratio 
of the transmitted signals with and without magnetic field versus 
photon energy for various magnetic field values. B along [111] 
axis. 
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of the electron at k=0 in the T,- band from the slope 
of these lines. In a previous article? we have done this 
by using the slope of the first line of the room-tempera- 
ture data. This procedure is inappropriate for the low 
temperature data since the slopes of the first lines are 
vanishingly small. A satisfactory explanation for this is 
being sought. However, from the detailed theoretical 
analysis, using the Luttinger-Kohn model,'* we have 
shown that the lines 5 and 7 of Fig. 4 correspond to 
transitions from “‘heavy’’-hole levels of quantum 
numbers 4 and 6 to electron level 4 and from hole 
levels 6 and 8 to electron level 6, respectively, according 
to the selection rules An=0 and An= — 2. In accordance 
with the theory of Luttinger and Kohn, levels of high 
quantum number are more uniformly spaced in energy, 
that is, the so-called quantum effects are less significant. 
Consequently, the energy separation between the fifth 
and seventh transmission minima is given by 


AE; 7 Qh (wey + Wo), (5) 


where w,; is the cyclotron frequency for the electron at 
k=0, and w,»2 is the cyclotron frequency for the heavy 
hole in the particular direction taken for the magnetic 
field, which in this case is the [111 | axis. Taking the 
actual energy separation at 30 kilogauss as shown in 
Fig. 4, we obtain an energy separation between these 
minima of 0.021 ev at 300°K. Using the appropriate 
values for the constants in Eq. (5), we obtain a value 
of a reduced effective mass m,*=0.033 mo, where 


t (6) 
m,* m* m* 


Since the heavy-hole mass m,.*~0.376 my'* along the 
[111 ] axis, the electron mass as calculated from Eq. (6) 
is m*= (0.036+0.002) my. In a similar manner, the 
calculated electron masses at ~77°K and ~4°K are 
(0,043+0.002)my and (0.041+0.002)my, respectively. 
The latter two values are larger than the room tempera 
ture mass by ~ 15%. Such a change is consistent with 
the variation of the energy gap with temperature 

In Fig. 5 we show results obtained from data at room 
temperature on a particular sample of germanium 
oriented so that the magnetic field was successively 
along the three principal crystallographic directions, 
[100], [111], and [110], all taken with a magnetic 
field intensity of 36000 gauss. It is evident that both 
the amplitude of the oscillations and the energy values 
of the respective transmission minima are anisotropic. 
The complete analysis of the spectrum is rather involved 
and is treated in the subsequent paper.’ However, if we 
use the result of this analysis which shows that the 
minima 5 and 7 correspond primarily to heavy-hole 
transitions, we can estimate the expected anisotropy 
in terms of the change of energy difference between 

2 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955); 


J. M. Luttinger, Phys. Rev. 102, 1030 (1956 
'’ Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956 
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5. Anisotropy of the oscillatory magneto-absorption effect 
in germanium for B= 35.7 kilogauss 


biG 


these minima for the [111] and [100] directions. This 


is given approximately by 
Ahl (w.2) 131 — (w, (7) 


\ nen 


2)100 J, 


where #i is an average quantum number of the levels in 
the valence band for the transitions with An=0 and 
An 2. If the values for my,;* and myoo* are used as 
obtained from microwave cyclotron resonance," the 
calculated anisotropy shifts become A/,~0.0018 ev 
and AE;= 0.0025 ev in agreement with the experimental 
values 0.002 ev and 0.003. The calculations for the 
anisotropy of the other set of transitions as represented 
by the minima 1 to 4 and 6 of Fig. 5 are more involved 
and will be tabulated in the subsequent paper.® 


Indium Arsenide 


‘The results for indium arsenide are shown in Fig. 6, 
where 6(a) corresponds to the raw data as reproduced 
from the recording chart and 6(b) to the reduced data 
1,(B)/1,(0). This clearly demonstrates the usefulness 
of the data-reducing scheme for properly resolving the 
transmission minima. ‘The sample was polycrystalline 
with n-type impurity concentration ~5 X10" and was 
relatively thick ~18 microns. We were able to resolve 
only the first two minima as shown in Fig. 6(b), the 
second only at the higher fields. Nevertheless, for the 
first minimum we were able to obtain four points as a 
function of magnetic field which when extrapolated to 
zero field gives a value of the energy gap E,=0.360 
t-0.002 ev. From the slope of this line we have also made 
a rough estimate of the effective mass of the electron, 
assuming that the mass of the hole was much larger 
than that of the electron, and hence AE, = }hw,;. The 
result gives m,*=0.03 mo consistent with the 


measured by infrared cyclotron resonance® and free 
4 


value 


carrier absorption 
Indium Antimonide 


The reduced data for indium antimonide are shown 
in Fig. 7(a) for a 7-micron sample and show four minima 
at 37 kilogauss, of which two are prominent and two 


4“ W. G,. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957). 
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are less intense. In taking data on a sample ~15 
microns thick, we were able to observe the first mini- 
mum more distinctly as shown in Fig. 7(b). Data were 
also taken on a number of other samples and the 
results were quite reproducible. In order to attempt 
quantitative interpretations we have again plotted the 
position of the four minima as a function of magnetic 
field as shown in Fig. 8. When the lines are extrapolated 
to zero field, the value of the energy gap at room tem- 
perature is E,=0.180+0.002 ev. We have also plotted 
the data of Burstein and Picus* who carried out meas- 
urements up to 60 kilogauss. Although their lines do 
not all converge, these apparently correspond to the first 
three minima obtained by us. In attempting to analyze 
the slope of the first line in terms of a simple model as 
in indium arsenide by letting AE,~4hw,,, where we 
neglect the mass of the hole, we find that the apparent 
mass m,*=0.024 mo, which is much larger than that 
obtained from cyclotron resonance.’~* An explanation 
for this, proposed by Roth, is that the Landau levels 
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FG. 6. (a) Transmitted signal versus photon energy as a function 
of magnetic field in InAs. Sample thickness ~15 microns. (b) 
Ratio /,(B)/1,(0) versus photon energy for same sample of InAs 
as in 6(a). Insert shows photon energy versus magnetic field for the 
first transmission minimum. Temperature ~298°K. 
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in the conduction band are split into two sets by the 
effect of the spin-orbit coupling. Although such an 
effect presumably exists in germanium and indium 
arsenide, the split there would not be sufficient to be 
resolved by the prism spectrometer. For indium 
antimonide, ignoring the fine structure due to the 
valence band, one can hypothesize that the quantum 
number of the Landau levels for the electrons asso- 
ciated with the first two lines of Fig. 8 is n=0 and for 
the next two lines is n= 1. If we ignore the effect of the 
hole we can show that the mean shift of these two sets 
of lines is given by AE=(n+})hw,;. Using this, we 
obtain m,*=0.014m,_ and m,*=0.013m, respectively 
in good agreement with the values of effective mass of 
the electron near the bottom of the band as obtained 
by cyclotron resonance experiments at microwaves’ 
and infrared frequencies.** 

We have also attempted to observe anisotropy of the 
magneto-absorption in indium antimonde by measuring 
the transmission in two samples which were oriented 
with the magnetic field parallel to the [111] and [100 } 
axes, respectively. There was a very small observable 
shift of the first peak of the order of 0.0005 ev and 
negligible shift of the second peak as shown in Fig. 9. 
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Fic. 7. (a) Ratio /,(B)//,(0) versus photon energy for a single 
crystal of InSb sample ~7 microns thick for various magnetic 
field values. (b) The same for an oriented InSb sample ~15 
microns thick with B along [111] axis 
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Fic. 8. Photon energy of transmission minima versus magnetic 
field for a single crystal of InSb. Temperature ~298°K 


Apparently the anisotropy effects due to the valence 
band are not as significant as in germanium, ‘This is 
consistent with the absence of observable anisotropy 
in the galvanomagneti l'rederikse 
and Hosler,'® but not with the indications of anisotropy 


measurements of 


of holes from cyclotron resonance experiments at micro 


7 


wave frequencies 
Discussion 


One of the significant results of the oscillatory 
magneto-absorption experiments is concerned with the 
location of the energy gap relative to the absorption 
edge. From Fig. 2 it can be seen that photons of energy 
as much as ~0.02 ev less than that corresponding to 
the gap in germanium at k 


similar situation exists in indium arsenide and indium 


0 are also absorbed. A 


antimonide. A conclusion that can be drawn is that a 
phonon and a photon combine to provide sufficient 
energy to cause a transition from the valence band to 
the conduction band. Dumke'® arrived at this conclusion 
independently on theoretical grounds and pointed out 
that 
sequently, in principle, one can estimate the lattice 


an optical phonon would be involved. Con 
vibration frequency associated with the optical mode 
if one analyzes the direct absorption edge in detail, 
Apparently, from our present measurements in ger 
manium, it corresponds to an energy exceeding 0.02 
ev. Since this is not a simple direct transition, the 
calculation of the transition probability involves a 
second order perturbation calculation, Consequently, 
it is not surprising that the absorption coefficient in 
this region does not follow the (hv—,)* dependence 
Hence it 


indirect 


assume that an 


the 


is no longer necessary to 


transition from a maximum ol valence 


band displaced from k=0 is the explanation of absorp 


tion below the gap. This assumption was used by Blount 


MH. P. R. Frederikse and H. R. Hosler, National Bureau of 
Standards Report No, 4956, 1956 (unpublished 


W. P. Dumke, Bull. Am. Phys. Soc. Ser. II, 2, 185 (1957 
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hic. 9. Anisotropy of the oscillatory magneto-absorption in a 
single crystal of InSb for B=36.9 kilogauss (sample thickness 
~18 microns 


el al.” in interpreting the absorption edge in indium 
antimonide based on the results of Roberts and Quar 
rington,!® 

From the simple analysis of the transitions between 
Landau levels of higher quantum numbers in ger 
manium, we have shown that one can obtain a fairly 
good estimate of the effective mass of the conduction 
band electron at k=0. We have also shown that since 
the spectrum of some of these transitions can be repre 
sented by the parameters associated with the “heavy” 
holes and the electrons, where for higher quantum 
numbers the quantum effects described by Luttinger 
and Kohn are not troublesome, one can obtain a good 
correlation between the anisotropy observed experi- 
mentally and that predicted theoretically from the 
parameters determined from cyclotron resonance. In 


principle, it is possible to do the inverse of this and 


observe the anisotropy of the oscillatory magneto- 
absorption and from that obtain the energy-momentum 
parameters of the valence band. Such an experiment 
might be very profitable for the germanium-silicon 
alloys where the cyclotron resonance data are not 
sufficiently well resolved for quantitative interpretation. 

It is apparent that for a study of the magnitudes of 
energy separations corresponding to “heavy-hole” 
Landau levels, which the structure 
predicted by the theory,’ the spectral resolution of a 
prism spectrometer is inadequate. The line separation 
0.376 my at 36 kilogauss is 


determines fine 


for the heavy hole of m,* 
~0.001 ev. In order to resolve such closely spaced 
lines, we have adapted the spectrometer system to use 
a grating having 6000 lines/em, which should be 
capable of a spectral resolution corresponding to 
0.00016 ev at 0.80 ev with 100-micron slits. With such 


'’ Blount, Callaway, Cohen, Dumke, and Phillips, Phys. Rev 
101, 543 (1956) 
‘SV. Roberts and J. E 


Quarrington, J. Electron, 1, 152 (1955) 
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spectral resolution, it will be possible to make a careful 
study of the absorption edge itself in order to obtain a 
more accurate estimate of the optical lattice frequency. 
It should also be possible to look for fine structure in 
the absorption edge associated with excitons! and also 
to study any related magnetic effects. It will probably 
be necessary to use liquid helium temperatures to 
avoid line broadening which would obscure the fine 
structure of the oscillatory magneto-absorption. The 
criterion for such resolution to be possible is w,>1/r, 
which is very well satisfied at 4°K. Furthermore, it has 
been shown theoretically® that the use of circularly and 
linearly polarized light will simplify the magneto- 
absorption spectrum by reducing the number of fine 
structure lines associated with each minimum, thereby 
facilitating quantitative interpretation. 
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| Note added in proof.—-The fine structure of the oscillatory 
magneto-absorption of the direct transition in germanium pre 
dicted theoretically above has now been clearly observed experi 
mentally. The experiments were carried out using a magnetic 
field of thirty-nine kilogauss, liquid helium temperature, and an 
infrared grating spectrometer with useful resolving power greater 
than 20000. With unpolarized radiation in the photon energy 
range 0.90 ev to 1.07 ev and the magnetic field oriented parallel 
to [100], approximately thirty absorption maxima were observed 
Linearly polarized infrared radiation with the electric vector first 
parallel then perpendicular to the magnetic field resolved con 
siderable additional structure. The first five maxima corresponding 
to those of Fig. 5 (but shifted in energy as a result of the lower 
temperature) have been thus far resolved into the following 
prominent components for the two directions of polarization indi 
cated by the symbols (||) and (_):--Maximum 1, (|) 0.9001 and 
0.9045 ev, (1) 0.9000 and 0.9046 ev; Maximum 2, (||) 0.9155, 
0.9170, and 0.9202 ev, (4) 0.9161 ev; Maximum 3, (||) 0.9258, 
0.9296, and 0.9316 ev, (1) 0.9256 and 0.9304 ev; Maximum 4, 
(1}) 0.9403 and 0.9430 ev, (1) 0.9367, 0.9396, 0.9439, and 0.9469 
ev; Maximum 5, (|) 0.9524, 0.9558, and 0.9605 ev (1) 0.9539 
and 0.9573 ev. Furthermore, many additional fine structure 
absorption maxima were clearly resolved up to 1.07 ev. Analysis 
of these data will be reported at a later date 

The new measurements were obtained with the sample in the 
after-optics, i.e., so that energy from the exit slit was focused on 
the sample, rather than that from the source, as shown in Fig. 1 
These measurements suggest a small increase of the energy gap 
relative to that previously found at liquid helium temperature 
This could be due to a higher sample temperature in the earlier 
measurements which were made with the total spectral output 
of the source focused on the sample in the fore-optics. This matter 
is being further investigated 
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Iron introduces a donor level into silicon at 0.40 ev from the 
valence band observed both in crystals doped in the melt and in 
crystals into which iron was diffused at 1200°C. This level converts 
anomalously to a level 0.55 ev from the conduction band on 
standing at room temperature. The conversion is reversible in 
the range ~70°-200°C; above 200°C, the electrical activity of 
iron irreversibly disappears. No evidence for acceptor action of 
iron was found. The electrically active solubility of iron, 1.5 10"* 
cm™ at 1200°C, is higher than the radiotracer solubility but the 
former was measured in more rapidly quenched samples. The 
distribution coefficient is 8X10°°, Preferential trapping of 
electrons by iron centers was shown by Hall mobility measure 
ments on optically-excited charge carriers. Lifetime studies by 


INTRODUCTION 


INGLE crystal silicon has been doped with iron or 

copper by using techniques already described for 
manganese,' gold,’ and zinc’ in silicon. ‘These elements 
in silicon are characterized by relatively low distribu- 
tion coefficients, low solubilities, and high diffusion 
coefficients as compared to the Column III and V 
elements. Both iron and copper introduce deep levels 
into the forbidden band of silicon which are observable 
by electrical and optical measurements. 


IRON-DOPED SILICON‘ 
Electrical Measurements 


The earliest measurements were made on sections 
of single crystal silicon grown from melts doped with 
iron.’ When iron was added to high purity p-type 
silicon, the concentration of holes was reduced by as 
much as 3X10 cm~ indicating that iron acted as a 
donor impurity. The distribution coefficient was deter- 
mined from electrical measurements to be between 
5X10~* and 10X10~° in a series of crystals whose 
initial acceptor concentrations ranged from 5X10" to 
2X10" cm~. The use of radioactive iron-59 as a tracer 
gave a distribution coefficient of 6X10~*. Each iron 
atom appeared capable of giving up one electron. 

Concentrations of iron greater than 10'® cm~* but 
less than 10'6 cm~* were obtained by diffusing iron 
into p-type silicon overnight at 1200°C in sealed quartz 
tubes and quenching in water. Most of the iron in 

* Now at Large Lamp Department, General Electric Company, 
Nela Park, Cleveland, Ohio 

1R. O. Carlson, Phys. Rev. 104, 937 (1956) 

? Collins, Carlson, and Gallagher, Phys. Rev. 105, 1168 (1957) 

+R. O. Carlson, Phys. Rev. 108, 1390 (1957), this issue 

‘A preliminary report of this work was given by C, B. Collins, 
Bull. Am. Phys. Soc. Ser II, 1, 48 (1956) 

* For crystal doping, the iron purity was of critical importance 
We are indebted to G. A. Moore of the National Bureau of 
Standards for supplying us with some high-purity iron as de 


scribed by G. A. Moore ['Trans. Am. Inst. Mining Met. Engrs. 
197, 443 (1954) ]. 


the photoconductive decay method indicated a larger capture 
cross section for electrons than for holes 

Copper introduced a donor level at 0.24 ev and an acceptor 
The 
maximum electrical activity in quenched samples was 5x 10" 
Infrared 


level at 0.49 ev, both as measured from the valence band 


cm? out of a total concentration of 10'*% em? at 1200°C 
photoconductivity spectra support the position of the deep levels 
due to iron and copper 

The apparent lack of electrical activity or inconsistency in 
producing a level is discussed for a number of other elements in 


silicon. Precipitation while cooling from high temperature is 


believed to reduce the soluble component of most ol these ele 


ments below the observable limit of ~10" cm 


these samples was electrically inactive as was demon 
strated by removing the samples from their tubes and, 
after measurement, inserting them into the 1200°C 
furnace again under argon atmosphere. After about 
an hour, the samples were fast-quenched by blowing 
into ethylene glycol. Up to 1.510" cm donors 
were then observed. In all cases, when the iron con 
centration exceeded the acceptor concentration, the 
temperature dependence of resistivity p and Hall co 
efficient Ry indicated an ionization energy of 0.40 ev, 
as shown in Fig, 1. 

When iron was added to an n-type melt or diffused 
into n-type silicon at high temperatures and quenched, 
no changes in p or Ry were observed. Thus there does 


not appear to be an acceptor level for iron, at least at 


concentrations of 10" em. 
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ric. 1. Hall coefficient and resistivity vs reciprocal 
temperature for a p-type iron-doped sample 
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Fic, 2. Heat treatment of p-type iron-doped sample. The 
energy level positions are ~0.02 ev less than the Ry-slope values 
to correct for the 74 dependence of density of states near the 
valence or conduction band edges 


Changes take place in iron-doped silicon which cause 
a conversion in ionization energy from 0.40 to 0.55 ev. 
This conversion occurs in the order of a month at 
room temperature but speeds up to about 5 hours at 
50°C. Figure 2 shows part of a sequence of heat- 
treatment studies on a sample with an initial acceptor 
concentration of 110'® cm~*. After the iron diffusion 
at 1200°C for 65 hours and the rapid-quench procedure, 
the 0.40-ev level was observed. The Ry slope in Fig. 2 
increased in the course of heating at only ~10° over 
normal room temperature, converting in sign and end- 
ing up after a weekend at room temperature close to a 
0.55-ev slope. On the basis of the room temperature 
mobility, this level is measured from the conduction 
band edge rather than from the valence band edge. 
Further heating of this sample (not shown) at 86°C 
caused partial return to its original type and resistivity. 

Other p-type samples have been cycled between the 
0.40-ev and the 0.55-ev level by appropriate heat 
treatment. Treatment at temperature to ~70°C causes 
conversion to the upper level; in the range ~70°C to 
~200°C the conversion is towards the lower level. 
Heating above these temperatures for more than a 
few minutes results in irreversible loss of the iron as 
far as observable electrical effects are concerned. 
Probably the iron has precipitated in the volume or at 
the sample surfaces.* 

*C, J. Gallagher [Phys. Rev. 100, 1259(A) (1955) ] observed 
a 0.40-ev level in some undoped p-type silicon samples on fast 
quenching from temperatures between 800°C and 1350°C. The 


level converted to a 0.55-ev level on standing at room temperature 
At 200°C, his samples converted back to their original resistivities 
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Speculation as to the donor or acceptor nature of 
the 0.55-ev level led to experiments to determine 
whether the net residual acceptor concentration could 
be changed by ion pairing of Fe*— B~ as was found by 
Reiss ef al.’ for LitB~. Samples were maintained at 
400°C for 65 hours to give the iron an opportunity to 
diffuse to the boron. One control sample was immersed 
in a tin bath, a second sample was immersed in a tin 
bath saturated with iron, and a third sample which had 
been saturated with iron at 1200°C was heated without 
tin. The Hall coefficient was measured to liquid hydro- 
gen temperature for all three samples, but no significant 
changes in acceptor concentrations could be detected 
from the temperature behavior. Therefore no ion 
pairing was observed. If one assumes that ion pairing 
does not occur at room temperature and that the net 
residual acceptor concentration remains constant, then 
the 0.55-ev level must be a donor level arising from 
iron centers with greater than 10'® cm~* concentration. 
The nature of the conversion from one donor level to 
the other is not understood. 


Optical Measurements 


The spectra of impurity photoconductivity shown 
in Fig. 3 were measured by Newman on silicon domin- 
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Fic. 3. Photoconductivity spectra of iron-doped silicon samples 
with thermal ionization energies shown for comparison. Curves 
were shifted to overlap at 1.16-ev photon energy 


in two hours. This behavior, very similar to that of iron-doped 
silicon samples, could not be reproduced in all p-type silicon 
Care was taken to insure that iron was not introduced into a 
sample during handling prior to the quenching. Whether iron was 
already present in some silicon as the cause of the 0.40-ev level 
could not be established. For all the silicon used in the present 
experiments, control runs were made to establish that no change 
in resistivity occurred on quenching unless the samples were 
deliberately doped. 


’ Reiss, Fuller, and Morin, Bell System Tech. J. 35, 535 (1956). 
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ated by the iron 0.40-ev and 0.55-ev levels. The tech- 
niques used have been described.’ For the p-type 
sample there is reasonable agreement between the 
optical and thermal ionization energies. For the n-type 
the optical ionization energy for exciting electrons out 
of the upper level approximates the 0.55-ev value of 
electrical measurements; in addition the inflection at 
~0.8 ev may be due to excitation of electrons out of 
the 0.40-ev level to the conduction band. 

The Hall mobility of optically-excited charge carriers 
was studied for the same p-type iron-doped sample, 
CD-161, for which thermal and optical ionization 
energies were shown in Fig. 3. Charge carriers were 
excited by light from a tungsten lamp which was 
passed through either a silicon or a germanium filter 
maintained at 77°K. Radiation passing through the 
silicon filter has a spectral distribution such that the 
dominant effect is the excitation of holes and electrons 
from the silicon lattice rather than from impurity 
centers. Radiation through the germanium filter can 
excite charge carriers only from the impurity centers. 
Figure 4 shows the Hall mobility as a function of con- 
ductivity at 156°K for these two cases. The lower 
curve obtained with extrinsic radiation shows no 
change in the mobility of holes over four decades 
change in conductivity. The upper curve, obtained 


with mixed intrinsic and extrinsic radiation whose 


predominant effect is to excite holes and electrons 


from the silicon lattice, shows only hole conductivity® 


at essentially constant mobility over nearly five decades 
change in conductivity. This is a case of preferential 
electron trapping, similar to the behavior of manganese 
sites in silicon.! 

Small concentrations of iron in silicon have a dele- 
terious effect on the lifetime of minority carriers as 
shown in Fig. 5. The three crystals for which lifetime 
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Fic. 4. Hall mobility of optically-excited carriers in a p-type iron 
doped sample with the 0.40-ev level. Sample temperature 156°K 


* R. Newman, Phys. Rev. 99, 465 (1955) 

®* The Hall coefficient Ry = — (nl? — p)/e(nb+ p)?, where n and 
p are the free electron and hole concentrations, respectively, b is 
the electron to hole mobility and is approximately 4 for silicon, 
e=absolute value of the electronic charge. Ry should reverse 
sign as n-+b 
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are shown were grown from the same starting material, 
the first crystal C-Si-283 being undoped, the other 
two having iron added as shown. At the doping point, 
the iron concentrations in the two crystals are ~5 X 10" 
cm‘. Measurements by G. W. Ludwig showed the 
50-microsecond lifetime of holes in n-type crystal 
C-Si-288 to be independent of temperature over a 
range from 250° to 350°K. The calculated recombina 
tion cross section for holes, A», is 3X 10~'® cm?. Similar 
measurements by W. W. Tyler on p-type iron-doped 
crystal C-Si-286 showed an increase in electron lifetime 
above room temperature and evidence of a 30-milli- 
second trap at 250°K. The recombination ¢ross section 
for electrons, A,, is greater than 15107! em? since it 
has not been shown to be independent of temperature. 
These cross sections are the order of atomic dimensions 
just as Burton ef al.° found for copper and nickel in 
germanium. For iron in silicon, A,>A,; whereas for 
copper and nickel in germanium, A,> A,. 


Diffusion and Solubility Studies 


The solubility of iron in silicon was measured by 
diffusing it into p-type samples with 4X10! cm~* net 
acceptor concentration. In three doped samples 
quenched rapidly from 1200°C, the change in resistivity 
corresponded to (1.3+0.5)10'® cm~* added donors 
while a control sample similarly quenched showed the 
same resistivity as the original silicon. This solubility 
is three times the solubility measured by Struthers" at 
1200°C using radioactive iron-59. Our experiments 
with iron-59 confirmed Struther’s data at 1200°C, but 
the saturated radioactive samples could not be quenched 
rapidly because of their larger size. As an additional 
factor, the amount or iron in sealed tubes for the 
radiotracer experiments did not exceed 0.03 mg while 
J. Phys. Chem. 57 


” Burton, Hull, Morin, and Severiens 


853 (1953) 
"J. D. Struthers, J. Appl. Phys. 27, 1560 (1956) 
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Penetration curves of radioactive iron-59. The curves for 
1000° and 1115°C suggest two diffusing species 
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for the conductivity samples the usual amount of iron 
present was one to five mg.” 

Diffusion experiments indicated that two species of 
iron might be present. These experiments were carried 
out on silicon samples coated with radioactive iron 
chloride. The samples were not in sealed tubes but 
were placed in a furnace under an argon atmosphere 
and quenched rapidly by dropping into ethylene glycol. 
Figure 6 shows the data for diffusions carried out at 
880°, 1000°, and 1115°C for times close to 20 minutes. 
Extrapolation of the shallow penetration data back to 
the surface gives the approximate solubility of a more 
slowly diffusing species. The plateaus in the curves for 
1000° and 1115°C measure the solubility of a faster 
diffusing species; the measurements for 880°C could 
not be made below ~8X 10" cm~* because of the low 
radioactivity. These solubilities are plotted in Fig. 7 
along with the concentration of electrically active 
iron observed in saturated samples after fast quench 
from 1200°C. The curve of Struthers," given by the 
solid line, is reasonably fitted by the solubilities of the 
faster diffusing species. This diffusion of iron into 
silicon is suggestive of the mechanism by which copper 
diffuses into germanium.” Copper diffuses rapidly 
interstitially and converts to substitutional copper at 
diffusing vacancy sites. Substitutional copper itself 


27m radiotracer studies of zinc solubility in silicon, it was 


found that the amount of zinc in the tube had to exceed greatly 
the amount required to saturate the sample in order to attain 
See reference 3 

J. Gallagher, Phys. Rev. 103, 828 (1956); 
J. Appl. Phys. 28, 40 (1957); 
Rev. 104, 617 (1950) 
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C.S. Fuller and J. A. Ditzenberger 
F.C. Frank and D. Turnbull, Phys 
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diffuses very slowly, but the apparent diffusion is 
determined by the vacancy generation rate and the 
latter by the dislocation density. Our study of iron 
diffusion was made in crucible-grown, slowly rotated 
silicon. 

Diffusion coefficients from the Fig. 6 data are 
greater than 510~* cm?/sec at 1000° and 1115°C for 
the faster diffusing species (greater than Struthers 
values"). The slower diffusing species varies from 
~7 10-7 at 1115° to 1.31077 at 880°C. 


COPPER-DOPED SILICON 


Electrical Measurements 
When copper was diffused into silicon at 1200°C, up 
to 5X10" cm change in carrier concentration was 
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Fic. 7. Solubilities of the two diffusing species of iron derived 
from Fig. 6. The solid line represents the curve of Struthers in 
reference 10. The circled point is derived from electrical measure- 
ments in p-type silicon assuming one electron available per iron 
atom 


observed in both n- and p-type silicon of ~10'° cm 
initial concentration." Variation of diffusion tempera- 
ture or time or of the quenching rate did not increase 
the electrically active concentration of copper. When 


the initial donor concentration was less than 5X10" 


cm~*, the sample converted to p-type and resistivity 
and Hall effect measurements revealed an acceptor 
level at 0.49 ev. With the initial acceptor concentration 
less than 5X10" cm~*, the sample remained p type and 
showed a donor level at 0.24 ev. Figure 8 shows typical 
Hall effect measurements which revealed these two 


' An indication that copper acted as an acceptor was given by 
C. S. Fuller and J. D. Struthers [Phys. Rev. 87, 526 (1952) ]. 





PROPERTIES OF Si 
levels. A number of other levels within the forbidden 
band (~0.23 ev from the conduction band and 0.45 ev 
from the valence band) were observed after heat- 
treating and quenching copper-doped silicon samples. 
These levels were not reproducible, however, and may 
be due to impurities present in the copper itself. No 
search was made for a possible double acceptor level in 
view of the low and uncontrollable solubility of copper. 


Optical Measurements 


The photoconductive spectra measured by Newman 
is shown in Fig. 9. There is good agreement between 
the thermal and optical ionization for the 0.24-ev 
level; it is difficult to interpret the curve for the sample 
with the 0.49-ev level. 

Copper acts to reduce lifetime in doped crystals. 
However, no quantitative experiments were carried out 
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Fic. 8. Hall coefficient vs inverse temperature for an n- and a 
p-type silicon sample into which copper was diffused at 1200°C 
Both samples are now p type 


because the precipitation process makes it difficult to 
ascertain the concentration of soluble copper in doped 
crystals. 


Diffusion and Solubility Studies 


The solubilities as determined with the use of 
radioactive copper-64 were in general consistent with 
data of Struthers."' Since the total copper solubility 
at 1200°C is ~10'* cm~, it follows that less than one 
atom out of a thousand remains in an electrically 
active state after quenching to room temperature. 
Evidence that this copper is in the form of precipitates 
in the bulk of the silicon was given by Dash,'® using an 
infrared image tube to ‘see through’ the silicon. 


6 W. C. Dash, J. Appl. Phys. 27, 1193 (1956) 
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Fic. 9. Photoconductivity spectra of copper-doped silicon 
samples with thermal ionization energies shown for comparison 
Curves were shifted to overlap at 1.16-ev photon energy 


Diffusion experiments at 900° to 1050°C gave ~10°° 
cm?/sec for the diffusion coefficient though most of the 
penetration curves were not well fitted by the conjugate 
error function, Other published values" :'® are 3X10°° 
and 5X 10~° cm?/sec. 


SUMMARY AND DISCUSSION OF DEEP LEVELS 


Figure 10 summarizes the deep levels discovered so 
far in silicon omitting the Column III and V elements 
and lithium.’? The zine levels (except for the 0.55-ev 
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Fic. 10. Deep energy levels in silicon. Summary of all 
published work to date. See text for references, 


16 Fuller, Struthers, Ditzenberger, and Wolfstern, Phys. Rev. 
93, 1182 (1954) 

‘7 These elements have relatively shallow levels, except for In 
at 0.16 ev and Tl at 0.26 ev from the valence band, and are 
tabulated by H. Brooks, in Advances in Electronics and Electron 
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level) were described by Fuller and Morin.’* They 
attributed a complex of shallower levels (0.13, 0.09, 
0.08 ev) to ion-pairing of zinc with the Column III 
acceptor present. The elements in Fig. 10 each have 
one donor state with the possible exception of zinc. ‘The 
coincidence of levels at ~0.55 ev from the conduction 
band cannot arise from a common impurity. The 
manganese level is observed only when added to p-type 
silicon, the gold level only when added to n-type silicon. 
Hence the former is a donor, the latter an acceptor. 
The solubility of the four elements in silicon, as 
measured by the electrical activity of the 0.55-ev levels, 
is different for each element. Also, on heat treatment, 
the levels have different degrees of stability. 

The scarcity of deep acceptor levels in silicon is in 
marked contrast to the behavior of these elements in 
germanium, where iron, manganese, and zinc have two 
acceptor states each’ while copper and gold have 
three acceptors each.” The tendency to complete 
tetrahedral bonds is clear in germanium whereas donor 
states are lacking except for the Column V elements, 
tellurium™ and gold.?* The two levels of gold and the 
acceptor levels of zinc and copper are shifted upwards 
in the forbidden band of silicon as compared to the 
levels of these elements in germanium. A study of the 
levels of gold and copper in germanium-silicon alloys” 
may reveal the intermediate stages in the transition of 
the level pattern of an element in germanium to that 
in silicon. 

The presence of levels near the middle of the band 


gap sugyests that one or more of the elements in Fig. 10 


may be responsible for the recombination center ob- 
served in lifetime studies of junction diodes and reported 
by Pell and Roe* as ~0.5 ev deep. Haynes and Horn- 
beck* observed in p-type silicon electron-trapping 
levels at 0.57 and 0.79 ev from the conduction band. 
These levels were found in “as grown” crystals and 


Physics, edited by L. Marton (Academic Press, Inc., New York, 
1955), Vol. 7, p. 110 and N. B. Hannay, in Progress in Semi 
conductors (Heywood and Company, Ltd., London, 1956), Vol. 1, 
» 18 
' (CS. Fuller and F. J. Morin, Phys. Rev. 105, 379 (1957) 

“W. W. Tyler and H. H. Woodbury, Phys, Rev. 102, 647 
(1956) 

*” H. H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 (1957). 

*# Armstrong, Tyler, and Woodbury, Bull. Am. Phys. Soc. Ser 
II, 2, 265 (1957) 

™W.C. Dunlap, Jr., Phys. Rev. 100, 1629 (1955) 

“M_.L. Schultz, Bull. Am. Phys. Soc. Ser IT, 2, 135 (1957). 

“1. M. Pell and G. M. Roe, J. Appl. Phys. 27, 768 (1956) 

* J. R. Haynes and J. A. Hornbeck, Phys. Rev. 100, 609 (1955) ; 
J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955) 
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they could not introduce these traps by adding chemica | 
impurities, by bombardment with high-energy particles, 
or by bending, twisting, or compressing the silicon. 
The electron trapping which we have produced by 
manganese or iron doping bears some similarity to 
these traps but further experiments would be required 
to determine whether there is a real correlation. 

We studied the effect of a number of other elements 
in silicon. In some cases (Co, Mg, Ni, Te), there was 
no electrical activity in 100-ohm-cm n- or p-type 
silicon. Thus less than 10 cm™ ionizable centers were 
available from these elements. Radiotracer studies with 
cobalt-60 revealed the solubility to be 1X10'* cm™ at 
1200°C; in a doped crystal the distribution coefficient 
was 8X10°°. These values are almost identical with 
those for iron which has readily observable activity. 
Radiotracer experiments carried out with Cr and Se 
indicated that their solubilities were <10'® cm™ at 
1200°C (or their diffusion coefficients <10~* cm?/sec). 
For Ag, Cd, and Pd, the electrical activity was marginal, 
some samples having a level, others no level, while the 
radiotracer solubility was 10’ to 3X10! cm” at 
1200°C, Pt also gave rise to levels but not reproducibly. 
This lack of electrical activity is due mostly to precipi- 
tation of the elements during their quenchs from high 
temperature. Dash*® found direct evidence of precipi- 
tates by the infrared snooperscope technique’® in silicon 
crystals doped with Ag, Cu, Co, Fe, Mn, Ni, U, and 
Zn. Further study of elements in silicon will require 
the availability of purer silicon with ~10% cm net 
impurities which does not heat-treat at high tempera- 
ture, and faster quenching cycles to keep the precipi- 
tation to a minimum.t 
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t Note added in proof.—The possible interaction of impurities 
with oxygen, present in varying amounts in all silicon, was not 
studied. The silicon used for our deep level studies came from 
crystals grown in crucibles under conditions of slow or zero 
rotation 

M. Tannenbaum and H. Bridgers of the Bell Telephone 
Laboratories reported the observation of the two levels of copper 
in silicon in a paper presented at the October, 1956, meeting of 
the Electrochemical Society in Cleveland 
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High-temperature expansions for the specific heat of the Ising model are compared for the triangular 
and f.c.c. lattices. It is concluded that the ‘‘tail” of the specific heat curve above the Curie point is much 


smaller for the f.c.« 
Heisenberg model for the f.c.« 


N the absence of an exact solution of the three- 

dimensional Ising model, the best source of infor- 
mation on the physical properties of the model would 
seem to be exact series expansions for the partition 
function at low and high temperatures. From the latter 
it is possible to derive a series expansion for the specific 
heat in inverse powers of the temperature, all the terms 
in the expansion being positive. Thus the behavior of 
the specific heat above the Curie point is determined by 
the asymptotic form of the coefficients in this series. 
To obtain reliable information regarding the nature of 
the specific heat anomaly, care must be taken to evalu- 
ate the coefficients correctly, and the position of the 
Curie point must first be estimated with considerable 
accuracy. Comparison with corresponding expansions 
for two-dimensional models for which exact solutions 
are available can also be most helpful. 

Wakefield! derived several terms of the expansion for 
the simple cubic lattice, and although we have recently 
discovered small errors in the last two terms,’ they are 
not large enough to affect his conclusions. However, it 
seemed to us that close-packed lattices, for which both 
odd and even terms occur in the expansion, could 
provide more information on the nature of the specifi 
heat anomaly. Terms have been calculated up to 1/7° 
for the f.c.c. lattice, and are as follows: 


C,/R=6K?+48K3+ 390K 4+4-3200K ® 
+ 26 584K ®+ 226 374.4K7+-1 971 090.6K* 
+17 428 723.2K%. (1) 


Here K=J/kT, and —J is the energy of a pair of 
parallel spins. The corresponding series for the trian- 
gular lattice in two dimensions is 


C,/R=3K?+12K*+ 33K1+80K°+ 212K ® 
+-649.6K 7+ 2076.467K #4+-6652.953K". (2) 


For the triangular lattice an exact solution is available 
and the Curie point is known exactly (RT./6J =0.006826). 
For the f.c.c. lattice, analysis of high-temperature 
susceptibility expansions has yielded an_ estimate’ 
kT./12J =0.816, and this should be within 1% of the 
true value. To compare the specific heat curves for the 


1A. J. Wakefield, Proc. Cambridge Phil. Soc. 47, 799 (1951) 

2C. Domb and M. F. Sykes, Phil. Mag. 2, 733 (1957). 

*C. Domb and M. F. Sykes, Proc. Roy. Soc. (London) 240, 214 
(1957). 


lattice, but is steeper in the immediate neighborhood of the Curie point 
lattice the tail is larger but apparently much less steep 


For the 


two lattices, we express the expansions (1) and (2) in 
terms of the reduced variable x= 7/7, and we find for 


the f.c.c 


. lattice, 


0.06257? (1+-0.8169« +-0.67782 +0. 5680K4 
+-().4818K4-+0.4190K°+-0.3725x9+-0.3364K«7), (3) 


C,/R 


and for the triangular lattice, 
C,/R=0.2263x? (14+ 1.0986x+ 0.82981? +-0.55 254 
+-0).4021K4+-0.3384K°+-0.297 1«®+-0.2614K«7), (4) 


In comparing (3) and (4), we may say roughly that 
the term outside the parentheses represents the magni 
tude of the “tail” of the specific heat curve, and the term 
inside the parentheses represents the shape of the curve, 
particularly near the Curie point. It will be seen that 
the magnitude of the tail is much smaller for the f.c.c. 
lattice; this has already been noted by comparing the 
values of the entropy at the Curie point. But it will 
also be seen that the coefficients decrease less rapidly 
for the f.c.c. heat 
therefore sharper (and is thus certainly infinite), The 
extent of this sharpness can be analyzed by writing the 
ratio of successive coefficients dn4;/a, in (3) and (4) 
in the form 1+ ¢/n, and determining the value of 
h(=g+1). A limiting constant value of / would corre 
spond to C,/R~(1—x)“* (h=0 corresponding to a 
logarithmic singularity). Tabie I 
h(=g+1) for successive terms for the two lattices, 
The values of / for the triangular lattice are much less 
regular than for the f.c.c. lattice, and we know from 
the exact solution that they will ultimately settle down 
to a value of h=0,:The values for the f.c.c. lattice 


lattice and the specific curve is 


gives values of 


Parameter h=1—n-+na,,:/a, for successive terms in 


the expansions of Eqs. (3) and (4) 


TABLE | 


h(A lattice) h(f.c.c.) 
0.4169 
0.6594 
0.5140 
0.3930 
0.3483 
0.3341 
0.3215 


1.0986 
0.5106 
0.0025 
0.0889 
0.2079 
0.2678 
0.1589 


4C. Domb and M. F. Sykes, Proc (London) 235, 247 


(1956) 
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decrease steadily, and seem to correspond to a singu- 
larity less steep than (1—x)~4. 

It is interesting to look at the corresponding expan- 
sions for the f.c.c. lattice for the Heisenberg model. 
Fewer terms are here available, and corresponding to 
(1) we now have 


C,/R=18K?+-108K*+ 90K4— 840K °+6750K®, (5) 


The Curie point can be estimated from high-tempera- 
ture susceptibility data as given’ by k7,/12/ =0.695. 
The reduced specific heat expansion corresponding to 
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(3) is now 


C,/R=0.2588x2(14+-0.7194x«+0.07188«? 


—0),08044424-0.07750K'). (6) 


It will be seen from the term outside the parentheses 
that the tail is considerably larger than for the Ising 
model. However the terms inside the parentheses do not 
show steady behavior, are much smaller, and are not 
all of the same sign. They seem to be consistent with a 
much less steep behavior near the Curie point, and 
possibly a finite value at the Curie point. 
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Electron and hole mobilities in silicon have been determined in a region in which ionized impurity 
scattering is predominant, Resistivities were measured by a four-point probe and impurity concentrations 
were obtained with radioactive tracers or from thermal neutron activation analysis. Measurements were 
taken with several Group III and Group V impurities up to concentrations of 6X10" (cm~*) and 6X10" 
') for n- and p-type silicon, respectively. The conductivity mobility can be calculated from these 
data by considering the percentage of ionized impurities. The electron mobility approaches 80 cm?/v-sec 


(com 


and the hole mobility 60 cm*/v-sec for the highest impurity concentrations. The comparison with measured 
Hall mobilities leads to a ratio ww/p, which agrees-with theory. A comparison with the existing theory of 
impurity scattering yields better agreement for n-type silicon than for p-type. In the latter the measured 


mobilities are considerably smaller than the theoretical values 


INTRODUCTION 


RIFT mobilities in semiconductors have been 

theoretically by 
Values of the drift mobility in the higher concentration 
range can be obtained from the theories of impurity 
scattering by Conwell-Weisskopf' and Brooks-Herring.” 
In addition to this, several independent theoretical 
treatments of the ratio of Hall mobility to drift mobility 


for nondegenerate semiconductors are available.*~* All 


calculated several authors. 


treatments yield a ratio greater than unity. In the 
degenerate case this ratio approaches unity since the 
averaging of r over energy becomes unimportant. 
Various measurements of Hall mobilities are published 
for n- and p-type silicon.® * They cover a wide range of 
impurity concentrations and are generally in agreement. 
Drift or conductivity mobilities have been measured 
by Prince,’ Cronemeyer,'® and Horn." Only the data 


' FE. M. Conwell and V. PF. Weisskopf, Phys. Rev. 77, 388 (1950) 
?H. Brooks, Phys. Rey 83, 879 (1951) 
'H. Jones, Phys. Rev. 81, 149 (1951) 
‘V. A. Johnson and K. Lark-Horovitz, Phys 
1951) 
®F. J. Blatt, Phys. Rev. 105, 1203 (1957) 
“F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954) 
P. P. Debye and T. Kohane, Phys. Rev. 94, 724 (1954 
*R.O. Carlson, Phys. Rev. 100, 1075 (1955) 
*M. B. Prince, Phys. Rev. 93, 1204 (1954) 
” 1). C. Cronemeyer, Phys. Rev. 105, 522 (1957) 
"FH. Horn, Phys. Rev. 97, 1521 (1955) 
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of Horn include the high-concentration range above 
10" (cm™), but they are restricted to boron-doped 
silicon. His mobilities are higher than the reported 
Hall mobilities but smaller than theoretical mobilities: 
However, according to Carlson® the reliability of the 
chemical calibration involved in this method appears 
to be doubtful. Carlson applies a correction which 
leads to lower mobilities. 

The present investigation additional data 
for conductivity mobilities in the higher concentration 
range. Radioactive tracers or thermal neutron activa- 
tion analysis have been used to determine impurity 


gives 


concentrations. This method was applied to several 
donor and acceptor elements. 


METHOD 


In heavily doped silicon the contribution of the 
minority carriers to the conductivity is negligible. 
Therefore, the conductivity mobility uw is obtained from 
the resistivity p by the relation 


u=1/qgpn, (1) 


where n is the charge carrier density and q the magni- 
tude of the electronic charge. In the present experi- 
ments the resistivity was measured by a four-point 
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probe.” The carrier density was not measured directly. 
The experimentally determined quantity was the 
impurity concentration .V. This was determined by 
using as dopants either radioactive isotopes" or inactive 
elements which later activated with thermal 
neutrons. 

The carrier density can be obtained from the impurity 
concentrations by calculating the fraction of ionized 


were 


donors or acceptors, For this calculation the effective 
masses published by Dresselhaus et al.'* were used. 
Taking the average of the angular dependent values, 
one obtains for electrons mey/m=0.27. For holes the 
weighted average, taking into account the population 
ratio of light to heavy holes, yields meg/m=0.39. The 
ionization energies py and /}4 were taken from Morin!® 
taking into account that these energy levels depend on 
the impurity concentration.!® "7 


MEASUREMENTS 


The measurements on n-type crystals have been 
made with donor concentrations between 10'7 and 107° 
(cm™). Three crystals grown with different donor 
elements were used. An antimony (Sb) doped crystal 
10'7 and 10'8 (em); an 
arsenic (As"®) doped crystal for concentrations between 
10'° and 10" (cm 
for donor concentrations between 10" and 10° (cm~), 
The antimony- and arsenic-doped crystals were grown 
with radioactive tracers,'® while the phosphorus-doped 


for concentrations between 


‘) and a phosphorus-doped crystal 


crystal was grown with inactive phosphorus; it was then 


CURVE 0 
In-DOPED CRYSTAL 
Ga-DOPED CRYSTAL 
- M.B. PRINCE | 
Ga-DATA’ COMPUTED 
FROM In-DATA 
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& As-DOPED ORYS 
Sb-DOPED CRYS 
@ P - DOPED CRYS 
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---f VS no* 
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Fic. 1, Resistivity vs impurity density, for (I) n-type silicon, 
(II) p-type silicon, The dashed curves give resistivity vs density 
of ionized impurities 


21. B. Valdes, Proc. Inst. Radio Engrs. 42, 420 (1954) 
8 Pearson, Struthers, and Theuerer, Phys. Rev. 77, 809 (1950) 
4 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 


‘6 Morin, Maita, Shulman Rev 
(1954). 

1 F. J. Morin, (private communication) 

'71t should be mentioned that this calculation may introduce 
errors somewhat beyond the experimental ones when the impurity 
concentration approaches degeneracy 

'* The author is indebted to J. D. Struthers of Bell Telephone 
Laboratories who supplied these crystals and measured their im- 


purity density 


96, 833 


and Hannay, Phys 
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Fic. 2. Resistivity vs impurity density for indium-doped silicon 
bombarded in a neutron reactor and subjected to an 
activation analysis. For calibration — the 
impurity or a suitable compound was simultaneously 


absolute 


activated, Calcium phosphate was used for calibration 
in this case. The resistivity and impurity concentration 
measured in approximately twenty identical 
samples from each crystal. 

The hole mobility determined, 
indium and gallium as doping agents, which are the 
only group III elements with suitable radioactive 
isotopes. In both cases the impurity was activated in 
the grown crystal. Pure indium and gallium were used 
for calibration, Since gallium has a relatively short 
half-life, the measurements have to be made shortly 
after irradiation. A more detailed analysis of the decay 


were 


has been using 


curve since some unknown activities 
were present. Consequently, gallium crystals give less 


below 10!* 


was nec essary 


accuraté results in concentration 


(cm~*), 


ranges 


EXPERIMENTAL RESULTS 


The solid curves in Fig. 1 show resistivity as a 
function of total impurity concentration for all impuri 
ties used. Good agreement between antimony- and 
the 
range. The statistical error introduced by the measure 
ments of resistivity and activity lead to a scattering 
the plotted curves of about 5%. Careful 


arsenic-doped crystals is apparent in common 


around 
consideration was given to possible sources of systematic 
the 
the 
error can be assumed smaller than 10°. 


errors, particularly those due to calibration 


Repeated calibrations indicate that systematic 

An interesting feature was observed in connection 
with the indium measurements. igure 2 shows resis 
tivity vs impurity density in this case. For concentra 
tions greater than 410" (cm™), a change of impurity 
concentration of two orders of magnitude results in 
a very small change of resistivity. Indium precipitation 
was suspected in this range. To check this assumption 
radiograms of wafers of different indium content were 


taken. When 


than 410"? many black spots were apparent, indicat 


the indium concentration was greater 
ing occluded indium particles in the silicon while 
wafers with indium concentration smaller than 4X 10" 
(cm™~*) showed a homogeneous distribution of radio 
active material (Mig. 3). Only the data obtained in the 


low-concentration range were used in the analysis 
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INDIUM CONCENTRATION: 3X10°' (CM ”) 


(CM ”) 


INDIUM CONCENTRATION: 10!” 


hic. 3. Radiograms of indium-doped silicon wafers 


DISCUSSION 


At the lower concentrations the resistivity as a 
function of impurity concentration (solid curves Fig. 1) 
agrees satisfactorily with Prince’s data who extra 
polated his measurements up to impurity concentrations 
of 10" (cm™*). The data published by Horn disagree 
with the present results. These data were obtained by 
measurements whereby a chemical analysis 
According to 


density 
served as calibration, Carlson® the 
calibration published in Horn’s original paper has to be 
direction as to lead to a better 


revised in such a 


agreement. 





Fic, 4, Conductivity mobility ~ in n-type silicon as a function 


of ionized impurity density 


BACKENSTOSS 


Since the resistivity is primarily a function of the 
charge carrier concentration the dependence on the 
impurity density is different for different ionization 
energies of the impurities. For all commonly used 
donor elements, the ionization energies differ only 
slightly. Therefore, the solid curve for donors in Fig. 1 
is essentially correct for all group V donors. For p-type 
silicon, the ionization energies of boron and aluminum 
are only slightly smaller than that of gallium, while 
indium has a considerably higher ionization energy. 
Therefore, the solid curve for acceptors in Fig. 1, 
which has been drawn for gallium, is also approximately 
correct for boron and aluminum.” A different curve 
applies for indium. From this curve the extension of 
the gallium curve to lower densities can be calculated 
by considering the different ionization energies. 

The dashed curves in Fig. 1 show the resistivity 
as a function of ionized impurity density. These curves 
were calculated by the method 
Irom these curves, the mobility « was obtained as a 
function of the ionized impurity density, which equals 
the charge carrier density (solid curves in Figs. 4 
and 5). 


indicated above. 


Conductivity mobility « in p-type silicon as a function 
of ionized impurity density. 


The conductivity mobilities can be compared with 
Hall mobilities™* which have also been plotted in 
Figs. 4 and 5. At an impurity concentration of 107 
(cm™*) the ratio of Hall mobility uw to the conductivity 
mobility wu. is about 1.5 and 1.6 for electrons and holes 
respectively. The ratio decreases and approaches 
unity with increasing impurity concentration. 

Blatt’s® theoretically computed ratio, wy/ua for 
the nondegenerate range for an impurity density of 10" 
gives a value of 1.64 and 1.66 for electrons and holes, 
respectively. This is in good agreement with the 
present results. As pointed out previously the decrease 
to unity is expected theoretically as degeneracy is 
approached, 

The theoretical calculated mobilities are also included 
in Figs. 4 and 5. These curves are calculated using the 


The differences in ionization energies would result in a 
boron curve shifted to smaller densities by 15% at 10'* (cm~*) 
and by 3% at 10"? (cm~*). The aluminum curve would be located 
between the gallium and the boron plot but would lie closer to 
the gallium line. 
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Conwell-Weisskopf formula! or the Brooks-Herring 
formula,? combined with lattice scattering.” The 
effective masses mentioned above have been used for 
electrons and holes. For n-type silicon the agreement 
is quite good between the measured and the theoretical 
mobilities above an ionized impurity density of 10'8 
(cm™*), The agreement at lower impurity densities is 
not as good. Neutral impurity scattering is not taken 
into account in the theoretical curve. However, it can 
be neglected at lower concentrations and would 
decrease the mobilities by only about 10% at an 
impurity density of 10'* (cm~*).*" The measured curve 
shows the same shape as the Brooks-Herring curve 
but the experimental values are considerably smaller. 
In p-type silicon the lattice scattering contributes 
more to the mobility than in equally doped n-type 


Inst. Radio Engrs. 40, 1327 (1952) 
were 


* iE. M. Conwell, Proc 
Lattice mobilities of 1300 cm?/v-sec and 360 cm?/v-sec 
used for electrons and holes, respectively 

21N. Sclar, Phys. Rev. 105, 1559 (1956) 
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silicon. Therefore, the difference between the Conwell 
Weisskopf formula and the Brooks-Herring formula is 
almost negligible for the mobility. The 
measured mobilities are almost a factor of two smaller 


combined 


than the theoretically calculated ones. However, the 
measured Hall mobilities are also considerably smaller 
than the theoretically computed conductivity mobilities 
which disagrees with the theoretical uy/q ratio, This 
fact may be due to the assumptions made in the theory 
of impurity scattering, whereas the ratio wy/ ua is less 
sensitive to details of the band structure. 
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The theory of indirect optical transitions is extended to the case where both the valence and the conduc 


tion band extrema occur at the center of the Brillouin zone 


For this band structure, the dominant electron 


transition involves a virtual optical transition to a conduction band state, accompanied by scattering to a 


real state in the conduction band by absorption of a long-wavelength optical mode phonon 
It is likely that the hole transition will be dominant over the electron 


transition may also occur for holes 


transition when the curvature of the conduction band is greater than that of the valence band 
that the absorption edge data on InSb are in agreement with this theory 


An analogous 


It is shown 


rhe experimental evidence on 


InSb is reviewed and found to be consistent with degenerate valence bands at the center of the Brillouin 


zone. The absence of any evidence of indirect transitions involving acoustic modes 
shift of the valence maximum away from k=0 due to spin-orbit energy terms is 


to indicate that the 
\ new effect is pre 


tend 


small 


dicted involving the modulation of the indirect absorption constant by the selective excitation of the long 
wavelength optical modes. A simplified theory of this effect is presented and the experimental possibilities 
of observing it in InSb are discussed. Its existence would verify the proposed indirect transition process a 


well as indicating the position of the band extrema 


INTRODUCTION 


NE of the more recent methods for discovering 
information about the band structure of semi 
conductors is the detailed analysis of the absorption 
constant at the interband transition edge on the basis 
of indirect optical transitions.'! By an indirect transi- 
tion we mean a second-order transition through a 


* A preliminary report of this work has been published: Bull 
Am. phys. Soc. Ser. IT, 2, 185 (1957) 

t This research was supported by the U. S. Air Force, through 
the Office of Scientific Research of the Air Research and Develop 
ment Command. 

' Bardeen, Blatt, and Hall, Proceedings of the Conference on 
Photoconductivity, Atlantic City, 1954 (John Wiley and Sons, Inc., 
New York, 1956). 


virtual intermediate state which involves scattering in 
k space by the absorption or emission of a phonon in 
addition to the usual absorption of an optical photon. 
By fitting the experimental absorption data with the 
characteristic curves for indirect transitions one can 
find the temperature of the photons involved, and with 
a knowledge of the lattice vibrational spectrum it is 
then possible to estimate the separation in k space 
between the valence and conduction band extrema 
Using such a procedure, Macfarlane and Roberts esti 
mated the distance from the center of the Brillouin 
zone of the conduction minima in Ge ? and Si.* Although 

2(4. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955) 

4G. G. Macfarlane and V. Roberts, Phys. Rev. 98, 1865 (1955) 
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their analysis places the conduction minima in Ge 
inside the first Brillouin zone instead of at the zone 
faces, which appears to be a more probable choice,‘* 
this discrepancy is understandable in view of our im- 
perfect knowledge of lattice vibration spectra, and also 
in view of the fact that phonons from several different 
branches of the spectrum may be involved. 

It has not been possible to account for the absorption 
edge of InSb on the simple model which applied to Ge 
and Si. Attempts to fit the absorption-edge data of this 
semiconductor®’ have produced models of its band 
structure that are implausible because of their com- 
plexity, as well as inconsistent with the interpretations 
of the majority of experiments on InSb which indicate 
that the valence band maximum as well as the conduc- 
tion band minimum are essentially at the center of the 
Brillouin zone. 

In an effort to resolve this discrepancy, we have ex 
tended the theory of indirect transitions to the case 
where both valence and conduction band extrema occur 
at the center of the Brillouin zone and have applied 
this theory to the optical absorption data on InSb. We 
shall also briefly review some of the more important 
experiments on InSb which case some light upon its 
band structure. Finally we will discuss a possible new 
effect which, if observed, could readily give information 
regarding the position of the band extrema. 


MODEL OF THE INDIRECT TRANSITION 
PROCESS 


Consider now a band structure in which both the 
valence band maximum and the conduction band mini- 
mum are at the center of the Brillouin zone. Below 
the threshold for direct transitions, the dominant elec- 
tron transition will be a second-order process involving 
a virtual optical transition from an initial state in the 
valence band to an intermediate state in the conduction 
band accompanied by scattering to a final state in the 
conduction band by absorption of a phonon of small 
wave number. A similar transition will occur for holes 
in which the roles of the valence and conduction bands 
are exchanged and the phonon scattering occurs be- 
tween valence band states. For the sake of brevity we 
shall discuss only the indirect electron transitions, but 
with a simple change of wording the discussion will also 
apply to the hole transition. 

The only phonons of small wave number having a 


significant energy are those associated with the optical 
modes. For the wavelengths of interest these phonons 
have essentially a constant energy given by the Rest- 
strahl energy. Although indirect transitions may occur 
which involve acoustic mode phonons, at long wave- 
lengths these phonons have too little energy to take 


‘KE. M. Conwell, Phys. Rev. 99, 1195 (1955) 

®*Crawford, Schweinler, and Stevens, Phys. Rev 
(1955) 

* Blount, Callaway, Cohen, Dumke, and Phillips, Phys. Rev 
101, 563 (1956) 

’ F. Potter, Phys. Rev. 103, 851 (1956). 
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part in indirect transitions except almost immediately 
at the threshold for direct transitions. A similar objec- 
tion can be made to transitions involving impurity 
scattering. We shall be primarily interested therefore in 
transitions involving optical mode phonons, and unless 
explicitly stated otherwise the term “phonon” will refer 
to a quantum of the optical modes. 

In an indirect transition, energy will only be con- 
served in the over-all process in which the electron has 
gained both the photon and phonon energies. The extent 
of the deviation from conservation of energy occurring 
in the virtual the intermediate state 
appears in the denominator of the second-order transi- 
tion probability. Because of this, transitions through 
intermediate states in higher conduction bands will be 
infrequent. 


transition to 


CALCULATION OF THE ABSORPTION CONSTANT 


We shall now derive the form of the indirect absorp- 
tion constant. In addition to assuming that the band 
extrema are at k=0, we shall also assume that the 
surfaces of constant energy are spherical and that there 
is a parabolic dependence of energy on wave number in 
each band. Because the intermediate and final states 
are in the same band, the energy denominators, which 
are of the order of the phonon energy, will vary rapidly 
with photon energy. We will take this into account 
exactly. Also, because the phonon scattering occurs 
between states close together in the same band, the 
matrix elements for such scattering may be sensitive 
to the wave numbers of these states. We will consider 
two cases. In the first, the matrix element for the pho- 
non-electron interaction will be independent of the dis- 
tance between intermediate and final states except 
insofar as it may depend upon the angular position 
around k=0 of these states. This will include the strong 
nonpolar optical-mode scattering in degenerate valence- 
band structures such as in Ge, Si, and probably InSb. 
The second case we shall consider is polar scattering in 
ionic crystals. In this case the matrix elements for 
scattering by the longitudinal modes are proportional 
to the phonon wavelength, if one ignores the effects of 
screening of the scattering potential by charged carriers. 

Consider now a monochromatic beam of light with 
N photons per unit volume. The probability per unit 
time for an indirect transition between an initial state 
k in the valence band and a final state k’ in the con- 
duction band is* 


dr Hoc\*| Hux: |? 
h [AE } EuatkEy—hw lg 
Kb(AE+ Fou thon 


where H/,, is the matrix element for vertical optical 
transitions between states of wave number k in the 
valence and conduction bands and Hy, is the matrix 


Po, ck 


hw—kO), (1) 


* See for instance W. Heitler, The Quantum Theory of Radiation 
(Oxford University Press, New York, 1944), second edition. 
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element for scattering between states k and k’ in the 
conduction band by absorption of a phonon of energy 
ké. The denominator is simply the difference between 
the energies of the intermediate and initial states minus 
the photon energy tw. The celta function allows only 
those transitions for which energy is conserved in the 
over-all process. 
The optical matrix element can be shown to be* 


(2) 
mw 

where (| P,,.!*),, is the square of the matrix element of 
the momentum operator between the valence and con- 
duction bands averaged over directions of polarization 

of the photons. 
The absorption constant A may be simply related to 
the number of photons absorbed per unit time and 


volume by 
nid 
(3) 


oN dt 


where n is the index of refraction, 
In terms of the transition probability, 


2n 2n ¢ dk d*k’ 
2 Dots ok! -f f “Prk, ck’ (4) 
CN kk CNY (2r)'JZ (2r)’ 


Rewriting Heat Ey = (a, +a.)h*k?/2m, and approxi 
mating w by A//h in Eq. (2), we may express A ina 
form in which only the scattering matrix elements are 
left unspecified. 


2 neh\P,.\2)4 7 
K= fonfav 
(2r)* cm Ar 


H yy: |*6L AE + (a, kK? 4-a,k”) (4?/2m) — hw 


(>) 


ko | 


[AL + (a, +a,)h?(k?/2m) 


Case 1.—The average of | Hy, 
of constant energy containing k and k’ is of the form 
8 *(e7—1)-', where | * is independent of k and k’. 
The average scattering probability is of course propor- 


hw |? 


> over the surfaces 


tional to the number of phonons in each vibrational 
mode through the factor (e7/7—1). 
Although § * may include scattering by the transverse 
have 


Bose-Einstein 
as well as the longitudinal modes, we used a 
common value of @ since the frequencies of these modes 
will be very close. 

Integrating Eq. (5) over surfaces of constant energy 
and making the appropriate changes of variables, 
atk? 2m= Ey,, etc., 


A (1+<a,/a,)? 7” 
K f To | db cy? 
eT] ve 0 0 


Ev bE 6 (SE+ Few + Fux —ho— k8) 
x , (6) 
[AE T (1 Ta, ay) yy hw | 


we obtain 


| 
4 


TR 


ANSITIONS 


where 
4 ne’m|B\2(| P,.!?)a 


ay)? 


x CWeAE(a,a,)'(1+a, 


When integrated over /,, and F..y-, A becomes 


IL(y*—1)! 
where 
AE—hw 
+1 
1+a,./a, hw +-kO— Al 


For indirect hole transitions the above formulas 
apply if the subscripts v and ¢ are interchanged, since 
in this transition the initial state is in the conduction 
band and the intermediate and final states are in the 
valence band. 

In the integral in Eq. (6), the energy denominator 
will depend upon /,, which may vary between 0 and 
hw+kO—Ak. It can be seen that the denominator can 
be large if the coefficient of yy, (1+a,/a,), is large 
compared to one, that is if the curvature of the con 
duction band is considerably sharper than that of the 
valence band. ‘This will considerably reduce the proba 
bility for electron transitions. For the hole transition, 
however, the analogous term in the energy denominator 
is (1+-a,/ac)/ ey which is approximately equal to 
for the above-mentioned ratio of curvatures, It is 
therefore likely, provided that the matrix elements for 
scattering in the valence and conduction bands are 
not too dissimilar in magnitude, that the hole transi 
tion will be the dominant process when the curvature 
of the conduction band is considerably sharper than 
that of the valence band. 

If there are more than one valence or conduction 
bands at the center of the zone, generally transitions 
involving the band with the larger effective mass will 
be of greater importance, because of the greater density 
of states in such a band 

The general characteristics of the absorption con 
stant predicted by Eq. (8) are an initial quadratic de 
pendence on photon energy and a gradually steeper 
dependence approximately halfway between the thresh 
olds for direct and indirect transitions. The shape of the 
absorption constant is mildly sensitive to the ratio 
a,/a,. In Fig. 1 we have plotted A 
several values of this ratio. 


We assume 


Hye |? 7 


vs photon energy for 


( ‘a se rf 


2(k—k’)-*(e? ~1)~, 
This corresponds to the interaction arising from the 


polarization of an ionic lattice by the longitudinal 


optical-mode vibrations.’ As in Case 1, the scattering 
probability will be proportional to the number of 


phonons in a vibrational mode. Inserting the above 
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4 
Nw +kO- bE 
k@ 


direct electron 


Ab orplion constant A 
transition of Case 1, Faq 


photon energy for the in 
(8), plotted for several 


values of a./a 


expression for the scattering matrix element in Eq. (5) 
and integrating over the surfaces of constant energy, 
we obtain 


s s 


1 me*(| Poc|*) ml ¥\? ta 
/ dt { dk yy 
r ch®*Akaa (eT 1). 


( 0 


k + k’ b(AK + Fey + ox hw ké) 
xin( ) (10) 
k—k’ [AE +-(1-+-a, ay) oy 
We may simplify this by integrating over Ey to re 
move the 6 function and by introducing the variable 
v= Ky /(hw+ kO— AF), giving 


hw | 


1 me | Prel*)wiy|? hwt+-kRO—AE 


kK 


r WAakaa,(1 t a, / a, )? (e? 7 1) 


1 dx v'+-(a,/a,)*(1 
xf In 
(x+a) v!— (a,/a,)'(1 


0 


x)! 
x)? 
where 


AE hw 


(12) 
AE 


1+-a,/ay hw+ kb 


The integral in this equation can be evaluated by 
standard procedures involving trigonometric substitu- 
tion, integration by parts, etc. Our final expression 
for A is 


hw + kb 
kd yg—wv 
KXL(Y+1)! 


AE 


(g?+1)-4], (13) 
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where ¢ is defined in Eq. (9), Y= |a.—ay|/(aet+a,), and 


4 ne*(| Pec|*) || 7k0 
B (14) 
r ch®AKa,'a3(1 +a, a,)? 


In Fig. 2 we have plotted Eq. (13), again for several 
values of the parameter a,/a,. In comparison with the 
absorption constant predicted by Eq. (8), the curves 
in Fig. 2 show a weaker, almost linear dependence of K 
on photon energy. 

It is rather unlikely that the polar interaction will 
ever be as simple as we have assumed. Although the 
polar interaction potential should vary as the phonon 
wavelength, for wavelengths longer than the Debye 
length this potential will be highly screened by the 
charged carriers in the lattice. According to Ehren 
reich,'” the screened potential will vary as k(k?+L 7)". 
In room temperature InSb, with n=2X10"*, the Debye 
length Lp will correspond to the wavelength of 100°K 
electrons. One can ignore this screening in a mobility 
calculation because in this case the carrier is always 
scattered to a different energy surface, a fact which 
limits the wavelength of the participating phonon, and 
also because small angle scattering is rather unimportant 
in limiting the current. In indirect transitions, however, 
the scattering process may occur between states on the 
same energy surface, and small angle scattering gives 
rise to the absorption of a photon exactly as large angle 
scattering does. As a result of the screening we expect 
that the absorption involving polar scattering will be 
altered, and that the absorption constant will be 
modified in the direction of Case 1. It is also possible 
that the detailed nature of the absorption edge will be 


Hw + kO~ oF 
ry 
Fic. 2. Absorption constant A vs photon energy for the in- 
direct electron transition of Case 2, Eq. (13), plotted for several 
values of a./ay. 


 H. Ehrenreich, J. Phys. Chem. Solids 2, 131 (1957) 
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sensitive to the impurity concentration and to the tem- 
perature because of this screening. 


APPLICATION TO InSb 


We have reanalyzed the infrared absorption edge of 
InSb and have found that it with the 
above theory, which places both the valence and con- 
duction bands at the center of the Brillouin zone. The 
data used were those of Roberts and Quarrington," and 
the temperature of the optical-mode phonons was 
taken to be 290°K.” We found that we could fit the 
absorption data with curves given by Eq. (8), the case 
of nonpolar scattering. Although the theoretical ab- 
sorption curves are mildly sensitive to the choice of 


is consistent 


a,-/@,, it is possible to fit the experimental data over a 
wide range of this ratio. In any case, one should not 
attach much significance to this ratio since the absorp- 
tion processes are complicated by hole transitions for 
which the inverse ratio applies, and by polar scattering 
which flattens the absorption curves and increases the 
apparent value of a,/a,. In Fig. 3, we show the compari- 
son between the experimental data at 195°K, 249°K, 
and 282°K, and the theoretical curves for a./a,=5. We 
have also tried, without success, to fit the experimental 
data with curves predicted by Eq. (13), 
polar scattering. 

Experimentally the magnitude of the indirect ab 
/T__1)—! law, 


the case of 


sorption in InSb closely follows an (¢ 
reflecting its dependence on the number of optical- 
mode phonons. The magnitude of this tail, however, 
appears to be independent of temperature between 
20°K and 77°K, as is shown in Fig. 4, thereby eliminat 
ing the possibility that it could be due to indirect 
transitions involving the acoustic modes 

Because of the lack of symmetry under inversion in 
the zinc blende lattice, there will be spin-orbit energy 
terms linear in the electron wave number, the effect of 


Fw (€ v) 


Fic. 3. Comparison of experimental absorption data on InSb 
at 195°K, 249°K, and 282°K, as indicated by circles, with theo 
retical indirect absorption curves predicted by Eq. (8) with 
ate/ao= 5, and = 290°K 


"V. Roberts and J. FE. Quarrington, J. Elec. 1, 152 (1955 
2 W. G. Spitzer and H. Y. Fan, Phys. Rev. 99, 1893 (1955 
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Fic. 4. Comparison of the tail of the experimental absorption 
edge of InSb at 20°K and 77°K, indicating that the shape and 
magnitude of this tail are essentially temperature independent at 
low temperatures. The coordinates of the 77°K data have been 
shifted for purposes of comparison 


which will be to split the maximum of the valence band 
0, if one 
assumes that the valence bands are similar to those in 
Ge and Si." If this splitting were large, one would 
expect to see evidence well below the direct transition 


into humps placed symmetrically around k 


threshold of indirect transitions between the humps 
and the conduction band involving acoustical-mode 
phonons with “temperatures” of only a few degrees K 
The fact that these transitions are not observed is at 
least partial evidence that the spin-orbit energy terms 
and the splitting of the valence-band maximum which 
they cause, are small 

The above interpretation of the infrared absorption 
tail of InSb is consistent with various experiments that 
indicate that the valence maxima is at the center of the 
Brillouin zone. Of these we may mention the infrared 
transmission experiment of Fan and Gobeli'® on thin 
InSb samples, which showed that in the high-absorption 
region the absorption constant followed a frequency de 
pendence very close to that expected from direct 
transitions; and the magnetoresistance measurements 
on p-type and n-type InSb of Frederikse'® and others, 
which indicate that the energy surfaces are approxi 
mately spherical] 

If the 


both at the center of the zone, then, because of the 


valence- and conduction-band extrema are 


Dresselhaus, Phys. Rev. 100, 580 (1955 

“Ee. O. Kane, J. Phys. Chem. Solids 1, 249 (1956) 

MH. Y. Fan and G. W. Gobeli, Bull. Am. Phys. Soc. Ser. II 
1, 111 (1956) 

16H. P. R. Frederikse and W. R 
Ser. II, 1, 298 (1956) 
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great difference between the valence- and conduction- 
band effective masses, and because of the symmetry 
implicit in the f sum rule,’ it is very likely that there 
also exists a light-hole band in InSb, and a valence- 
band structure similar to that in Ge and Si. The elasto- 
resistance data of Tuzzolino'* on InSb also suggests 
this, and assuming such a band structure Kane" was 
able to calculate a direct transition absorption constant 
in reasonable agreement with the data of Fan and 
Gobeli."® 

Further evidence for multiple valence bands is given 
by the pressure experiment of Keyes.” Keyes found 
that the pressure effects the mobility of the electrons, 
but not the holes in InSb. This effect is ascribed to the 
change in the effective mass of carriers due to a change 
in the interband separation with pressure. For conduc 
tion and valence extrema at k=0, the lack of symmetry 
between the pressure dependencies of the hole and ele« 
tron mobilities can best be understood if there are 
degenerate valence bands. Although the effective masses 
of the conduction electrons and light holes will be largely 
determined by the strong interaction between these 
bands, the effective mass of the heavy holes, which 
dominate the hole conduction, is determined primarily 
by the fictitious k- P interaction with higher conduction 
bands, 

With the above picture of the valence bands in InSb, 
the following indirect transitions should contribute to 
the absorption: (1) Electron transitions involving polar 
(2) hole transitions involving polar scatter- 
(3) involving nonpolar 


scattering, 
ing, 
scattering, 

In all the above processes, the light-hole band will 
should 


and hole transitions 


be relatively unimportant. Furthermore, we 
expect that hole transitions to the valence band should 
be more probable than electronic transitions because of 
the relative curvatures of the valence and conduction 
bands. It is not yet-possible to say which scattering 
mechanism is dominant in the valence band. It appears 
probable from an examination of the data on the hole 
mobility and its temperature dependence,” that both 
polar and nonpolar optical-mode scattering are im 
portant, a conclusion which is tentative at best. 

There is also some evidence in the absorption data of 
Dash and Newman on Ge*! of indirect transitions to 
the conduction band at k 
for direct transitions to this band. At 77°K, the onset of 


Q just below the threshold 


direct transitions is fairly sharp, whereas it is far more 
gradual at 300°K, a temperature at which there will be 
a fair number of optical-mode phonons. Hole transitions 
involving optical-mode scattering in the valence bands 
are probably responsible for this added absorption, 


17 A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1953), second edition, p. 47 

A. J. Tuzzolino, Phys. Rev. 105, 1411 (1957) 

WR. W. Keyes, Phys. Rev. 99, 490 (1955) 

*” Hrowstowski, Morin, Geballe, and Wheatley, Phys. Rev. 
109, 1672 (1955) 

2#1W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 
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because of the strong interaction which exists between 
the electrons and the optical modes in degenerate 
valence bands. 


MODULATION OF THE ABSORPTION 


The combination of a band structure with extrema 
at the center of the Brillouin zone and a strong coupling 
between the optical modes and electrons gives rise to 
the possibility of observing a new effect which experi- 
mentally could verify the existence of such a band 
structure for InSb and possibly for other intermetallic 
substances. This effect would be the modulation of the 
absorption constant just below the direct transition 
threshold by the selective introduction into the crys- 
tal of long-wavelength optical-mode phonons. These 
phonons would then be available to assist electrons in 
making indirect transitions and would momentarily 
increase the absorption constant. 

Although the transverse optical modes in ionic crys- 
tals are excited by radiation at the Reststrahl frequency, 
it is highly unlikely that enough phonons could be 
excited by this method to produce any detectable 
change in the indirect transition rate. A more efficient 
method of exciting the long-wavelength modes is sug- 
gested by the hot electron experiments of Ryder.” 
Ryder studied the current vs electric field relationship 
in Ge and Si. In order not to heat his samples he applied 
the electric field during short pulses. For sufficiently 
high fields the current reached a saturation value, a 
result that indicated, according to Shockley,” that the 
carriers had been excited to a sufficiently high energy 
that they could emit optical-mode phonons. Since this 
is a relatively efficient way for the carriers to dissipate 
their excess energy, an increase in the electric field will 
not further increase the maximum energy or drift 
velocity of the carriers. 

We can estimate the electric field &, necessary to 
accelerate electrons to an energy k@ above the bottom 
of the conduction band by equating the energy acquired 
from the field between collisions, to the phonon energy. 
This electric field is given approximately by 6, 

(1/u)(k0/m.)'. For reasonably pure n-type InSb with 
u=3X 10° cm?/v sec at 77°K,m,.=0.013 m and k§=0.025 


ev, &, is approximately 200 v/cm. Because the life- 
time for impurity scattering, which is the dominant 
scattering mechanism at low temperatures, increases 
rather markedly as the energy of the electron distribu- 
even a considerably smaller electric 


tion is elevated, 
field will probably cause excitation of the optical 
modes. Phonons produced in this manner in n-type 
InSb will have a very small wave number because of the 
sharpness of the conduction band’s curvature. It will 
be those modes which have the strongest interaction 
with the excited carriers which will themselves become 
excited, and in particular, in n-type InSb it will be the 
longitudinal optical modes. 

#2 E. J. Ryder, Phys. Rev. 81, 139 (1951). 

*% W. Shockley, Bell System Tech. J. 30, 990 (1951). 
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We shall now calculate the number of excited phonons 
which will be required to produce a noticeable change 
in the absorption constant. In this calculation we shall 
ignore the finite wave number of the phonons and con- 
sider the phonon assisted transitions to be essentially 
direct transitions, but with the photon energy aug- 
mented by the phonon energy, and the first-order 
transition probability replaced by the second-order 
transition probability summed over all the phonons. 
We shall assume as in Case 1 that the scattering matrix 
elements are independent of wave number. Information 
about #8 * and |/#,,\? will come from a previous fit of 
the absorption data. 

The transition probability will be 


(RO)? 


Kb(AK + Eur t Eee hw RO)b xy, (15) 


where V’ is the number of small-wave-number optical 
mode phonons per unit volume. Using Eq. (3), we may 
write the change in the absorption constant as 


2n 2n 


2, Pot, cr 2, Por. ct 


cN kk cN k 


(16) 


/7,.\? in terms of Eq. (2), and using 
| 4 
a, Vs 


Substituting for 
the relation for vertical transitions that /.., = (a, 
we obtain 


ne?N'|B\?(| Poel?) (twt+kOI— AL)! 


AK (17) 


cm'h? (kb)? (a,+-a-)! AE 


for the change in the absorption constant due to the 
/ ° . 
presence of the N’ optical-mode phonons per unit 
volume 
Combining Eq. (17) with the expression for A, Eq. 
(7), so modified as to describe hole transitions, we may 
express .V’ in terms of A and AK, 


1 m®(k0)?AK 

= (18) 
V2 h® (ha+k0—AE)'Aa,'!(1+4,/a,)! 

If we assume for InSb that a, 77, hwt+kO—AE 

—k0, and calculate the value of N’ for AK =1 cm™', we 

obtain V’=10'® cm~™, It is quite possible that this 

estimate of N’ is too large by as much as an order of 


magnitude since the matrix elements for the polar 
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interaction will be larger for the artificially created 
phonons than for those taking part in the normal ab 
sorption because of the smaller average wave number of 
the former. 

The number of phonons in the lattice will be equal to 
the product of their lifetime times the rate at which 
they are produced, which will be at least one per carrier 
every scattering time, approximately 10°" sec, It 
appears, from Reststrahl] absorption data,” that the 
transverse optical-mode phonons have a lifetime of 10°” 
sec or greater at room temperature, and it is very likely 
that their lifetime will be longer at lower temperatures 
It therefore seems quite possible that the concentration 
of nonequilibrium phonons could be large enough to 
give a detectable change in the absorption, especially 
just at the low temperature absorption edge, where the 
normal absorption constant is less than 10 em "', 

Several other optical effects will also occur due to the 
application of the electric field. First, the excitation 
of the alter the Burstein 
effect,” 
at the band edge because of the greater number of 
6 


carrier distribution would 


and would allow an increase in the absorption 


empty states at the bottom of the conduction band. 
One would not expect this effect to be important in 
crystals with low carrier concentrations, however, Also 
the excited carriers will have a different conductivity, 
and therefore the free-electron absorption will be 
altered.”’ This effect will have a wavelength dependence 
characteristic of free-electron absorption and one is 
therefore not likely to confuse it with the phonon 
dependent absorption occurring close to the band edge. 
Finally, there will be a shift of the band edge due to the 
heating of the crystal. This heating should be small 
during a one-microsecond pulse, and in any case, the 
time dependence of the heating will be different from 
that of the optical-mode phonon excitation, Because the 
electric field will be pulsed, a detector with a fast re 
sponse time will be necessary to detect the change in 


the transmission. 
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The magnetic susceptibility of a-silver-zinc alloys has been measured from 5-35% Zn between room tem 
perature and helium temperatures. All samples became slightly more diamagnetic with decreasing tempera 
ture, and any temperature-dependent paramagnetic contribution to the susceptibility due to bound electron 
states must be less than 0.1% of the room-temperature value of the susceptibility. 


HE optical properties of silver-zinc alloys were 

recently measured by Schulz' who found that 
they do not change from pure silver through the a and 
8 phase; therefore the ratio n/m* (n being the number 
of conduction electrons and m* their effective mass) is 
independent of the concentration. Cohen’ suggested 
the possibility that the extra electron contributed to the 
alloy by the divalent Zn might be trapped in a bound 
state. According to Friedel’ and Mott* such a bound 
state would show a temperature-dependent paramag 
netic contribution to the magnetic susceptibility. 

The magnetic susceptibility of Ag-Zn alloys of 5, 10, 
15, 20, 25, 30, 35% Zn were measured at room tempera 
ture, 77°K, and 4.2°K by using the Gouy method,? i.e., 
measuring the change of weight due to a magnetic field 
of a specimen which extends from the maximum field 
into regions of low field. Figure 1 shows balance, bal- 
ance case, and cryostat schematically. The system was 
built originally by Long and Berger and is described 
in detail by Berger.* It consisted of a Voland model 
500D balance in a aluminum 
mounted on top of a standard helium cryostat which 
extended between the pole pieces of an electromagnet. 


vacuum-tight case 


In order to improve the accuracy of the balance 
(+50 pg), a 30% telescope was used to observe the 
pointer of the balance, and its swings were measured 
by using the eyepiece scale of the telescope, improving 
the accuracy of the readings by about a factor of 2. 
The total error of the weight measurement, including 
the reproducibility of removing and adding weights, 
was +50 yg. 

The magnet was a Varian magnet model V 4004 
which gave a maximum field at the center of the pole 
pieces of 7300 gauss when used with the 2-in. gap neces- 
sary to accommodate the cryostat. In order to reduce 
, in. thick copper 
disks were fitted over the pole pieces. An iron collar 
3 in. 2 in 
of the pole pier es in order to reduce the field at the 


the ac component of the field, two 


thick was mounted 3 in. above the center 


* Supported in part by the U.S. Atomic Energy Commission 

'L. G. Schulz (private communication) 

*M. H. Cohen (private communication) 

‘J. Friedel in Advances in Physics, edited by N. FI 
(Taylor and Francis, Ltd., London, 1954), Vol. 3, p. 446 

4N. F. Mott, Progr. in Metal Phys. 3, 103 (1952) 

’See L. F. Bates, Modern Magnetism (Cambridge University 
Press, London, 1951), p. 115; and reference 8 

* A. W. Berger, thesis, Chicago, 1955 (unpublished) 


Mott 


upper end of our samples—which were about 4 in. 
long—to less than 3% of the maximum field. 

The magnetic field at the center of the pole pieces 
to which the bottom of the sample was adjusted—was 
measured by the nuclear magnetic resonance of protons. 
A probe, 5 mm in diameter and 5 mm long, containing 
mineral oil, was attached to the outside of the nitrogen 
Dewar of the cryostat at the height of the lower end 
of the sample and 1} in. from the sample axis. The 
magnet was mounted on tracks equipped with stops. 
If the magnet rested against one set of stops, the bottom 
end of the sample was in the homogeneous area of 
maximum field between the centers of the pole pieces; 
after moving the magnet against the other stops, the 
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Fic. 1. Schematic drawing of the balance-cryostat assembly 
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MAGNETIC SUSCEPTIBII 
same position between the centers of the pole pieces 
was occupied by the probe. The main error in measur- 
ing the field was due to the width of the resonance peak 
on the scope and amounted to 5 gauss in 7000 with the 
high field and about 2 gauss in 4000 with the low 
field used. 

The samples were prepared from Johnson Mathey 
Spectro grade silver (Fe~0.0002%) and New Jersey 
Zinc Company Super Purity Zinc (Fe~0,00004%). 
They were vacuum-cast as rods of about 10 mm di- 
ameter and 10-12 cm length, and were vacuum-an- 
nealed to be as homogeneous as possible. A small 
phosphor bronze hook was soldered with pure tin- 
indium (50/50) solder to the top of each specimen. 
Surface impurities were removed with a 1:1 mixture 
of 10% KCN solution and 10° ammonium persulfate 
solution. The samples hung from the balance by a gold 
chain which was connected to the phosphor bronze 
hook by a short piece of linen thread. As the emphasis 
was on the temperature dependency of the suscepti- 
bility and not its absolute value, no serious attention 
was given to the problem of porosity of the samples, 
and the absolute values of the molal susceptibility x» 
given in Table I are much less accurate than the changes 
of xm With temperature. 

The mola! susceptibility x», determined by the Gouy 
method is given by 


2gMAm 
dA(H?—H,?). 


where g is the acceleration due to gravity, M the molecu- 
lar weight, d the density (M7/d, the molal volume, was 
calculated from the known lattice parameters of the 
alloys), A the cross-section area of the sample, H the 
maximum field at the bottom end of the specimen, and 
Ho the field at the top of the specimen, which could be 
neglected, being less than 3% of 1. The quantity Am 
is the weight change due to the field 7; x», was always 
determined with a field near the highest obtainable 
(~7300 gauss) and again with a lower one around 
4900 gauss. The two values of x, always agreed within 
our error. No de Haas-van Alphen effect’ was ob- 

7Compare D. Shoenberg, Trans. Roy. Soc. (London) A245, 


1-57 (1952) ; Progress in Low Temperature Physics (North Holland 
Publishing Company, Amsterdam, 1951), Vol. 2, p. 226. 


ry OF Age-in ALLOTS 


Molal magnetic susceptibility (— ym X 10 


of Ag-Zn alloys 


Pasie | 


Atom % Zn 4.2°K 


5 19.1 
10 18.1+0.8 
15 18.6 
20 19.9 
25 19.4 
30 22.4 
35 21.1 


served in these alloys with the fields that we used 
The results are given in Table I. 

The results confirm those of Henry and Rogers® who 
concluded from room-temperature susceptibility meas 
urements that no appreciable paramagnetism occurs in 
the Ag-Zn system. Most of our samples were taken 
down to 1.2°K, the lowest temperature we could easily 
reach in our cryostat. The values are not reported in 
Table I because they were less accurate than those at 
4.2°K and did not show any appreciable difference from 
the 4.2°K values. The samples with 25, 30, and 35% 
Zn were measured with much greater care at the lowest 
temperature. The susceptibility at 1.2°K even 
slightly more diamagnetic than at 4.2°K. Any tempera 
be 


was 


ture-dependent paramagnetic contribution must 
therefore so small that it is completely swamped by 
the increase in diamagnetism observed at low tempera 
tures, and must be less than 0.1% of the room tem 
perature value of the susceptibility. It 


pointed out that the observed increase in diamagnetism 


should be 
with decreasing temperature is far beyond our experi 
mental error, and especially pronounced below liquid 
nitrogen temperatures, It can therefore not be due to 
changes in lattice constant and consequently to changes 
of the size of the Brillouin zone with temperature.’ 
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Thermal Generation of Recombination Centers in Silicon 
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Measurement of minority carrier lifetime versus bulk resistivity in diffused silicon p-n junctions shows 
that Hall Shockley 
mation regarding the depth of the trapping level in the forbidden gap. Lifetime versus temperature data were 
\ trap level of approximately 0.1 ev 


Read statistics are obeyed. Measurement of lifetime versus temperature yields infor 
taken on junctions which were annealed, quenched, and reannealed 


above the valence band in both conductivity types of silicon was deduced from the data. The curves indicate 


that the energy levels remained fixed, regardless of treatment, but the density of centers changed 


temperature lifetimes 


temperature 


Ambient 


were measured for p-m junctions which were quenched from a number of different 
This resulted in a Boltzmann-type relationship yielding a formation energy (approximately 1 ev) 


for the creation of a defect, Mechanisms explaining the observed phenomena are discussed 


I, INTRODUCTION 


HE annealing and quenching of semiconductors 

has been the subject of many investigations.’~7 
Recent experiments* '® have begun to explain the 
effect of 
changes. ‘This study was undertaken in order to shed 
effect of 
lifetime changes. ‘The convenience of determining both 


these heat treatments upon conductivity 


some light on the heat treatments upon 
short and long minority carrier lifetimes led to the 
choice of the junction recovery technique. ‘The results 
of this study are in agreement with the Hall-Shockley- 


Kead model of a single-level recombination center. 


Il. EXPERIMENTAL 
A. p-n Junction Structure 


Junctions were fabricated from single-crystal arsenic- 
or boron-doped silicon grown in the (100) direction. 
The junctions were formed by solid-state diffusion of 
boron or phosphorous. The jun tion depth is given by a 
solution to Fick’s second law: x= 2(Dt)! erfo'(Cy/Co) 
where erfc-! denotes the inverse of the error function 
complement, D the diffusivity, ¢ the time of diffusion, 
Cy the concentration of the initially present (base) 
impurity, and Cy the surface concentration of the 
diffusion source. Thus, the junction depth for phos 
phorous diffusion at 1200°C for 16 hours into p-type 
silicon of resistivities 100 ohm-cm and 10 ohm-cm is 
0.0026 and 0.0023 em, respectively. Measured diffusion 
depths are approximately 0.6 to 0.75 of the calculated 
values, The upper half of Fig. 1 shows a diffused wafer. 
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The concentrations of donor and acceptor atoms for the 
case of diffusion into n-type material are shown on the 
right side. The surface concentrations are C po and C 4 
for donor and acceptor impurities, respectively, and 
are typically of the order of 10'* and 10" atoms per cm’, 
The decrease of concentration with distance follows 
the complementary error function solution, Where the 
acceptor concentration (solid line) equals the base 
concentration of donor atoms (broken horizontal line), 
C4=Cy, the junction occurs, at a distance x; from the 
acceptor impurity source. 

it was desirable to provide independent, isolated 
p-n junctions distributed over the cross-sectional area 
of the wafer, and as free as possible from surface effects. 
This was done by the method of the plateau etch as 
shown in Fig. 1. Small dots of Apiezon wax were melted 
onto the wafer on the surface nearest the p-n junction. 
The exposed material was then etched below the level 
of the junction, resulting in plateaus of approximately 
1.5 mm diameter. 


B. Instrumentation 


The lifetime was measured by the junction recovery 
technique."'" It has the considerable advantage that 
no shape-dependent analysis of a curve is required. 
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Fic. 1. Diffused wafer and plateau etch 
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Upon proper adjustment of current parameters, the 
lifetime is simply a multiple of the saturated portion 
t, of the recovery pulse and may be measured with good 
precision down to approximately 0.1 jsec. Reference 11 
gives erf(t,/7r)'=(1+/,/1,)“, where /, is the initial 
reverse current, /, the forward current, and 7 the 
lifetime. If /,=J,, then r=44,. 

This equation holds only when the thickness of the 
base is large compared with the minority carrier 
diffusion length, L=(Dr)!, where L is the diffusion 
length, D is the diffusion constant, and 7 is the minority 
carrier lifetime. When the base thickness is thin com- 
pared to the diffusion length, the saturation region of 
the recovery pulse becomes related to the transit time 
of the minority carrier. 

For lifetimes of the order of 50 microseconds, and 
base widths of 2 10-2 cm, the diffusion length becomes 
equal to the base width, At lifetimes approaching 
these values, a saturation effect is noted which will 
in the limit yield a constant, depending on the transit 
time. 


rest 
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Fic. 2. Pulser for lifetime measurement 


When the forward current /,; is varied, it is found that 
r is not insensitive to such a variation. For this reason, 
the forward current was held at a constant value, 40 
ma, throughout the investigation 

A simplified form of the pulse generator is shown in 
Fig. 2. A driven relay switches in the reverse voltage 
0) times per second. The resulting currents are dis- 
played on an oscilloscope having rise and decay times 
of 0.012 microsecond. taken to use 
properly matched and terminated cables in order to 


Care must be 
reduce ringing currents and to keep down cable length 
in order to reduce capacitative transients. Coaxial 
cable was used in order to minimize electromagneti« 
pir kup. 

‘The apparatus for the measurement of lifetime as a 
function of temperature is shown in Fig. 3 

Experiments were made to ensure independence of 
lifetime from ambient fluids. The measurement 
found to be quite independent of surface recombination 
velocities. Even strong light focused upon the plateau 
produced no observable effect upon the value of the 


was 


minority carrier lifetime. 
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Apparatus for lifetime measurement as 
function of temperature 


Lifetimes were investigated as a function of quenching 
For this study, pn 
subjected to the following conditions 


temperature junctions were 

1. Initial annealing: This treatment was inherent to 
the diffusing process and involved cooling at a given 
rate of 10°C per minute or 5°C per minute from the 
temperature at which diffusion took place (1225°C) to 
room temperature, This was carried out in an air 
atmosphere in the diffusion furnace 


The 


this 


2. Quench: Samples were quenched from 600° 
quench apparatus shown in Fig. 4 was used for 
purpose 

3. Reanneal: Some samples were reannealed by 
reheating to a high temperature, usually 1225°C, and 


then cooling at a slow rate not exceeding 5°¢ per 
minute. 

Since changed surface conditions produced by these 
treatments might have resulted in’ higher surface 
recombination velocities and thereby affected lifetime 
readings, some samples were re-etched but no significant 
changes could be detected after re-etching. All samples 
were carefully washed prior to treatments in order to 
reduce interference from unknown impurity diffusion 

An investigation was carried out to determine the 


time necessary for the equilibrium generation of defects 
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Fic. 4. Quench apparatus 
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hic. 5. Lifetime (mean life) versus resistivity, n-type silicon 
at any temperature. This was done by systematically 
varying the heating time prior to quench from five 
minutes hundred No variation of 
measured parameters as a function of heating time 
could be detected. Therefore, a heating time of fifteen 
minutes was adopted for the quench experiments in 


order to keep further diffusion down to a minimum 


to two minutes. 


III, RESULTS 


A. Lifetime as a Function of Resistivity 


Junctions were fabricated from bulk material of both 
conductivity types with resistivities ranging from 0.01 
ohm-cm to 50 ohm-cm. Results are shown in Figs. 5 
and 6. It is seen that the shape of these curves conforms 
to the predictions of the Hall-Shockley-Read theory.” 
From the curves 7 po 1.1 
microseconds. For a single recombination level close to 
the valence band and for small nonequilibrium carrier 


concentrations in p-type material : 
“| 
T 


EK, 
(Qk, ky) E, 
T pot Tni exp 
kT 


0.4 microsecond and ryz0 


Tf. Trot resp 


and in n-type material 


J I 10 


ric. 6. Lifetime versus resistivity, p-type silicon 
19 R. N. Hall, Phys. Rev. 87, 387 (1952) 


4 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952 
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where E, is the Fermi level, £, is the trap level, and F; 
is the intrinsic level, all measured relative to the bottom 
of the conduction band. When the lifetime is measured 
as a function of resistivity in the nonsaturated 
region of the curve, the relationships reduce to 
Tp=Tno Exp(E,/kT) for n type; T.= Tro exp(E2/kT) for 
p type, where E,= (2E,—E,)—E, and E,=E,— E,. If 
the natural logarithm of minority carrier lifetime is 
plotted as a function of Z, one should obtain a straight 
line with a slope equal to 1/k7. 

Fermi energies were calculated for the resistivity 
ranges involved. For this calculation it was assumed 
that a sufficient departure from degeneracy exists to 
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Fic. 7. Lifetime versus reciprocal temperature, p type, 45 ohm-cm. 
allow the use of Maxwell-Boltzmann statistics. Fermi 
energies were calculated from 


n= 2[ (2eM *kT)/h? |! exp[ (E,—E,)/kT J; 
p= 2 (2eM *kT)/h*}! exp[ (E,— E,)/kT], 


where m is the equilibrium electron concentration at 
room temperature,'® p is the equilibrium hole concen- 
tration at room temperature,'® M,” is the effective mass 
of electrons taken as 0.6 times the electronic mass 
(9.1 10-** g), M,* is the effective mass of holes taken 
as 0.4 times the electronic mass, and / is Planck’s 
constant 6.62 10~*" erg-sec. 


'°M. B. Prince, Phys. Rev. 93, 1204 (1954) 
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CENTERS: IN: Si 


TABLE I. Saturation lifetime, trap levels, and other pertinent data for several samples of n-type and p-type silicon 


Saturation 
lifetime 
Tro, Tpo 

(microseconds) 


0.3 32 
1.0 M4 
1s 100 
0.1 7 


Resistivity 


(ohm-cm) 


Conductivity 
type 


‘ 
Uae 115 
0.25 16 
4.0 68 
0.3 44 

540 


22 


Soo VS wP dv FSS 2®22zB 


The results of the preceding calculations were used to 
compute the slope of the unsaturated region of Figs. 
5 and 6. The slope of these curves is about 46 (ev)~!. 
This is a departure from the predicted value of 1/A7 by 
approximately 15%. 


B. Trap Level and Recombination 
Center Generation 


Junctions of various resistivities and both conduc- 
tivity types were subjected to different temperatures 


+160°C, and minority 
Lifetimes were in- 


in the range of —60°C to 
carrier lifetimes were measured, 
vestigated with the junction in the annealed, quenched, 
and reannealed conditions. The pertinent data for the 
various samples are listed in ‘Table I. 

Graphs show the effect of heat treatments on the 
lifetime-temperature relationship of each conductivity 
type. In Fig. 7, the sample is 45-ohm-cm p type. 
Curve I shows the initially annealed sample. At higher 
lifetimes, a saturation effect may be noted which was 
discussed earlier in the paper. Curve II was plotted 
after quenching from 600°C. The departure from 
linearity at the lower temperatures would indicate a 
saturation value of lifetime. By curve fitting, a satura- 
tion lifetime was selected and subtracted from the 
curve. The final value r,9= 0.3 microsecond is indicated 
by crosses. The subtracted curve is a straight line. 
Agreement exists between slopes of the annealed and 
quenched curves. In order to gain further insight, the 
quenched sample was reannealed, yielding curve III. 
A third straight line parallel to the other two resulted 
after subtraction of 7,9. The empirical equation which 
fits the curves is: tTa=TnotCe #"/*", where C is a 
constant and £;, is the slope of the curve. The intercept 
of the curve on the 1/7'=0 axis is InC, and F,yk is the 
negative slope of the curve. The constant C, given by 
the intercept on the minority carrier lifetime axis, can 
be interpreted as 7,9 exp(E£,/k7T) from the Shockley- 
Read model. While it is rather surprising that 
exp(F,/kT) should be constant, it appears that Ey is 
an approximately linear function of temperature for a 


Intercept ( 
(microseconds) 


Trap level 


(electron volts Preatment Fermi level 


0.23 
0.23 
0.23 
0.27 
0.27 
0.26 
0.26 
0.25 
0.25 
0.25 
0.23 
0.23 
0.23 
0.20 


0.10 
0.10 
0.10 
0.063 
0.063 
0.067 
0.067 
0.14 
0.14 
0.14 
0.09 
0.09 
0.09 
0.14 


quence hed 
reannealed 
annealed 
quenched 
annealed 
quenched 
annealed 
quenched 
reannealed 
annealed 
quen hed 
reannealed 
annealed 
annealed 


limited range.'® The slope of the curves corresponds to a 
trap level energy of 0.14 electron volt above the valence 
band. Bemski'’? measured /, by a similar method in 
grown junctions and obtained a value of 0.2 ev. It is 
evident from the curves that quenching and annealing 
does not change the energy of the effective trap level, 
but only changes the number of recombination centers 
The picture is similar for other samples 
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Fic. 8. Lifetime versus reciprocal temperature, n type, 6 ohm-cm 
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». 9. Lifetime versus reciprocal temperature, p type 
$5 ohm-cm with copper impurity 


ligure 8 showing the lifetime-temperature behavior 
of n-type material after being subjected to equivalent 
heat treatments is quite similar, In this case, however, 
K,)/kT |. The trap level 
energy is usually smaller in the case of n-type silicon, 
type yielding 


the intercept is tao expl (QE, 


15-ohm-cm and 20-ohm-cm = n 
0.067 ev and 0.063 ev 
giving /,=0.10 ev. 

A recently advanced hypothesis'* ascribes the re 
of 


silicon to copper impurities. Energy levels of recombina 


with 
respectively, and 6-ohm-cm 


combination centers observed in heat treatment 
tion centers are said to lie 0.25 ev and 0.48 ev above 
the valence band. The mechanism of the quenching 
and annealing effects is explained by assuming the 
copper atoms to diffuse into the vicinity of edge- and 
screw-type dislocations, and then to be held captive 
by the stress field surrounding such dislocations.” 
Evidence for such processes has been published by 
Dash.” At the high temperatures, the copper impurity 
evaporates from the dislocation and is then trapped 
in the lattice interstititially and substitutionally during 


the quench process. The rapid diffusion of copper 


18(;. Bemski and H. E. Bridgers, Electroc hemical Society, Fall 
meeting, October, 1956 (unpublished) 

9 W. L. Bond and J. Andrus, Phys. Rev. 101, 1211 (1956) 

»W.C. Dash, J. Appl. Phys. 27, 1193 (1950) 
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through the silicon lattice* would allow the copper 
concentration to reach its equilibrium value quickly. 
In order to determine the plausibility of this hy- 
pothesis, a sample with a known lifetime-temperature 
behavior (Fig. 9, curve I) was annealed by cooling from 
1225°C ata rate of 5°C per minute in contact with gram 
amounts of pure copper. It was assumed that the copper 
would serve as an infinite source, and would supply 
atoms at a rate at least of the same order of magnitude 
as the rate at which the copper atoms precipitated at 
the dislocations. The lifetime should, therefore, decrease 
substantially as a function of the increase in the number 
of recombination centers available. Curve III, Fig. 9 
shows the new behavior for a sample annealed after 
having been copper-plated. Curve I] shows the new 
behavior for a sample that was heated and annealed 
in contact with a pure copper rod. Both curves II and 
[11 show an increase in lifetime. 


C. Formation Energy for Recombination 
Center Formation 


Room temperature lifetime data as a function of 
quench temperature were taken on several samples 
of both conductivity types. Curves were plotted from 
these data as shown in Figs. 10 and 11. Again the 
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Fic. 10. Lifetime versus reciprocal quench 
temperature, p type, 13 ohm-cm 
2! Fuller, Struthers, Ditzenberger, and Wolfstirn, Phys. Rev 
93, 1182 (1954) 





RECOMBINATION 


familiar semilogarithmic straight-line dependence upon 
reciprocal temperature is in evidence. This leads to an 
empirical relationship of the type ro= tT. exp(/a/kT,), 
where 79 is the observed lifetime after quench, rio is a 
constant, /, is the formation energy for recombination 
is the quench temperature 
0.9 electron 


center production, and 7, 
on the absolute scale. From the curves E, 
volt for p-type, and 0.8 electron volt for n-type silicon, 
and rz is a very small number on the order of 107! 
second. 7,9 may be interpreted as that lifetime remain- 
ing when the quench temperature becomes very high. 
Following Shockley-Read, one may assume an inverse 
proportionality between lifetime and recombination 
center concentration V,=Noexp(— Ea 

kT), where .\, is the recombination center density, and 
No is the potential availability of centers. The interpre 
tation of Vy depends upon the particular mechanism 
invoked to explain the experimental! data. If one assumes 
Vo 


should be proportional to the product of dislocation 


obtaining 


a copper impurity precipitated al dislocations, 


density and copper concentration at the dislocation, 
If one assumes responsibility for recombination to be 
ascribed to Frenkel defects, Vo should be proportional 


to the density of silicon atoms. In every case, Vo is 
proportional to the total number of ways in which the 
defect or impurity can enter the lattice. 


IV. CONCLUSION 


When silicon is quenched from a high temperature 
the number of recombination centers increases, but 
the energy level is equal to that of the recombination 
centers present prior to quenching. When the crystal 
is annealed, the majority of the quenched-in centers 
can be removed again without effect upon the depth of 
the traps. 

If this effect is to be attributed to a copper impurity, 
electrically inactive after annealing, one must assume 
that the initial concentration of copper impurities in 
the crystals was sufficient to cause saturation of the 
recombination effect, since willful addition of copper 
produces neither a deterioration of lifetime nor a shift 
in recombination level 

An equally valid model in the light of observed 
phenomena is based upon the creation of lattice defects. 
An 


recombination or trapping site. The formation energy 


interstitial or a lattice vacancy may serve as a 


of the defect creation process can be represented by the 
difference between two component energies such that 
E,= E,— Er, where £, is the observed formation energy, 
E, is the energy necessary to muve an atom out of its 
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11. Lifetime versus reciprocal quench 
temperature, n type, 12 ohm-cm 


lattice position, and /2; is the energy necessary to move 
an atom out of its interstitial position, The energy 
difference /, is the observed formation energy since 
the energy /, is again given up to the crystal, The 
energy /, as obtained from the quench experiments 1s 
much too low” to be attributable to direct Frenkel 
pair creation from the perfect lattice, More likely 
sources for vacancies or interstitials would be dis 
locations, especially edge-type dislocations with jogs 
Since both the copper impurity and the defect model 
for recombination center production is dependent upon 


dislocation density, the ambiguity of choice is enhanced 
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Fine Structure of Singly Ionized Helium* 
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The separation in energy (.S) between the 2 #5; and 2 *P, states of singly ionized helium has been measured 
to high precision by a microwave method. Helium atoms in a resonant cavity are excited to the 2 45, state 
of the ion by bombardment with 300-volt electrons. Rf power is applied to induce transitions between the 
two states and the 40.8-ev photon which arises from the decay of the 2 #7, state to the 1 25, ground state of 
the ion is detected by a photomultiplier tube. A method of synchronous detection is employed to improve 
the signal-to-noise ratio. Twenty-six determinations of (S) have been made under differing experimental 


conditions in an attempt to uncover sources of systematic error. 

The value of (S) obtained for He* is 14040,244.5 Mc/sec. The uncertainty is equal to three times the 
standard deviation plus an estimated 1.5 Mc/sec for the uncertainty in various systematic corrections. 
rhe result is in agreement with previous determinations but differs significantly from the best available 


theoretical value of 14.056.84+3.0 Mc/sec 


It is shown that this discrepancy might be resolved, without 


impairing the excellent arrangement in hydrogen, by a theoretical relativistic term of the form a(aZ)* In(aZ) 


INTRODUCTION 
tere fine structure of the n=2 state of hydrogen 


has, over the past few years, been subjected to 
a very detailed examination by Lamb and his col 
laborators.' This work that a small 
separation exists between the 2S, and 2P, levels of the 


has established 


atom that has its origin in the interaction of the electron 
with the quantized vacuum radiation field, The theo 
retical value of this radiative shift is obtained from 
quantum electrodynamics as a series in the quantity 
(aZ) where a is the fine structure constant and Z is the 
nuclear charge; only a few of the lower order terms have 
been evaluated so far. The value of the shift obtained 
from these terms is in excellent agreement with the 
measurements in hydrogen. A precise measurement of 
the shift in singly ionized helium will indicate the rela 
tive importance of the higher order terms. 

The first measurement upon singly ionized helium 
was made by Skinner,’ but her work was of an ex 
ploratory nature and not intended for precise meas 
urement, In 1950 a program was initiated to determine 
the level shift (S) to a precision that would bear com 
parison with that of the hydrogen experiments. The 
were obtained by Novick ef al., who 


first results 


* Work supported jointly by the Signal Corps, the Office of 
Naval Research, the Air Research and Development Command 
and the National Science Foundation. 

t Present address: Radiation Laboratory, 
fornia, Berkeley, California 
address: Department of 


University of Cali 


t Present Physics, University of 
Illinois, Urbana, Illinois 

'The series of papers on the hydrogen experiments will be 
referred to as HI, HII, HILL, HIV, HV, HVI. These are: HL-—W. 
i. Lamb, Jr. and R. C. Retherford, Phys. Rev. 79, 549 (1950); 
HII—W. E. Lamb, Jr. and R. C. Retherford, Phys. Rev. 81, 222 
(1951); HIT--W. E. Lamb, Jr., Phys. Rev. 85, 259 (1952); 
HIV. —-W. E. Lamb, Jr. and R. C. Retherford, Phys. Rev. 86, 
1014 (1952); HV-—Triebwasser, Dayhoff, and Lamb, Phys. Rev 
89. 98 (1953); HVI-—Dayhoff, Triebwasser, and Lamb, Phys 
Rev. $9, 106 (1953) 

2 The series of papers on singly ionized helium will be referred 
to as Hel, Hell. These are: Hel—-W. E. Lamb, Jr. and M. S 
Skinner, Phys. Rev. 78, 539 (1950); Hell —Novick, Lipworth, 
and Yergin, Phys. Rev. 100, 1153 (1955 


measured (S)= (14043413 Mc/sec)*. This measure- 
ment was made using an elaborate pulse method due 
to Yergin’; the equipment was complex and cumber- 
some and the work was plagued by vacuum contamina- 
tion effects, both factors contributing to prevent the 
accumulation of sufficient data for the study of sys- 
tematic sources of error. 

In the present work a considerable simplification has 
been achieved by the use of a synchronous, or lock-in, 
detection scheme in place of the pulse method referred 
to above. Great precautions have been taken to elimi- 
nate the instabilities due to vacuum contamination, 
with the result that a large body of data has been 
accumulated under different conditions. The transition 
studied has m polarization and therefore a different 
magnetic field dependence than the o transition ob- 
served by Novick. Perhaps more important is the fact 
that space-charge conditions within the interaction 
region are completely different from those occurring in 
the earlier work, with the effect that the corrections 
that must be applied to the results have been evaluated 
from a different standpoint. 


I, METHOD 


Helium gas in a resonant microwave cavity is bom- 
barded continuously with 300-ev electrons and a small 
fraction of the bombarded helium atoms is ionized and 
excited to the 2S, metastable state of interest.‘ An 
externally applied magnetic field splits the 22S, and 
neighboring 2*?P; levels as shown in Fig. 1. When rf 
power of the correct frequency is fed into the cavity, 
an electric dipole transition is induced between the 
levels labeled a and e. Ions that are transferred from 
the state a to the state e decay very rapidly (r= 107" 
sec) to the 1 2S, ground state, each emitting a 40.8-ev 
photon, Some of the photons escape through a grid in 
the wall of the cavity and fall upon the photocathode 


*P. F. Yergin, thesis, Columbia University, 1953 (unpublished ) 
‘See Fig. 2 of Hell 
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of an Allen-type® photomultiplier tube and the resulting 
photoelectric current pulse is amplified and counted. 

In the absence of rf power, about 1°, of the ion 
content of the cavity is in the metastable state; the 
remainder consists of ions in the ground state or in 
other excited states. The rf-induced signal forms a small 
addition to a large background arising from the decay 
of excited short-lived states of the atom and ion, The 
microwave cavity is designed so that the electric vector 
of the rf field is parallel to the applied magnetic field ; 
ae is a m transition. The radio-frequency is chosen so 
that the ae resonance peak occurs at a magnetic field 
close to that necessary to cause levels 6 and f to cross 
each other. The reasons for this choice are set forth in 
Sec. VIID. 

In order to make clear the reasons for the measure- 
ment procedure adopted, it is instructive, to consider 
the difficulties which might be encountered if one tried 
to measure the resonant frequency simply by deter- 
mining the counting rate as a function of magnetic 
field. First, the rf-induced signal is a small fraction of 
the background signal, about 1/20 in a typical instance 
at the resonance peak. This would not itself be ob- 
jectionable if the background signal were stable, but 
changes in counting efficiency which derive from 
changes in the gain of the Allen tube and its associated 
amplifiers cause the background signal to fluctuate by 
several percent during the course of a run. Second, the 
background signal itself contains a component which is 


field dependent, the so-called f-state signal arising from 


metastable ions in the 2 2S,(m,=—4) state which are 
strongly coupled to the 2?P;(m,=—}4) state by the 
longitudinal space-charge electric field. Since the reso- 
nance is observed by varying the magnetic field, the 6- 
state signal is magnetic-field-dependent and the result 
ing field dependence of the background might produce 
a shift in the resonance center. 

Some means, therefore, is required to eliminate or 
reduce the effect of the foregoing factors. The procedure 
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Fic. 1, Transition frequency versus magnetic field for the 
Am=0 transitions between the 225; and 2??P, states in Het. The 
a, B, e, f notation is defined in Fig. 3 of Hell 


* J. S. Allen, Rev. Sci. Instr, 18, 739 (1947 
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adopted is to modulate with a square wave the rf power 
at a 500-cps rate. The signal from the Allen tube is fed 
to two scalers connected in parallel; when the rf power 
is ‘“‘on”’ Scaler I is gated to count and Scaler IT is gated 
off. When the rf power is “off”? the reverse situation 
obtains. Scaler IL therefore provides a measure of the 
background signal close in time to the rf-induced signal] 
The background signal does not change appreciably in 
1/500 sec so that the quantity @, called the normalized 
rf signal and defined by 


g=((N 


is a measure of the rf-induced signal normalized to unit 
background, Ny; and Ny are the counts in Scalers | 
and II, respectively. At each field two quantities, 
¢. and gy are measured. dy is the normalized rf signal 
with power to quench all the 
metastable ions exposed to the detector as soon as they 
are formed. , is the corresponding quantity at a power 
level sufficient to quench only 30°) or so of the total 


Niu) Nur |X 100, (1) 


observed sufficient 


metastable population, at the resonance center. 
The quantity, 
y (py ou) X 100, (2) 


called the percentage rf quenching, when plotted as a 
function of magnetic field defines the resonance. Since 
the main contribution to the background signal arises 
from the excitation and decay of short-lived states of 
the ion, and both the background and rf-induced signals 
produce single photoelectrons at the Allen tube photo 
cathode, the pulse-height distribution of the two signals 
is the same. Hence the above described normalization 
procedure effectively compensates for changes in the 
detection efficiency. Lf the assumption is made that the 
fractional contribution of the #-state signal to the 
background is the same for @, and @y, then W is in 
dependent of variations in the B-state signal. It should 
be noted that @y is a measure of the rate of production 
of metastable ions normalized to unity background, and 
that implicit in the above discussion is the assumption 
that this rate together with the rate of production of 
ground state ions, is field-independent, Since the path 
length of the exciting electrons within the cavity is 
independent of the magnetic field, and since there are 
strong reasons for regarding the ion production cross 
sections as, for all practical purposes, field-independent 
also, it is felt that the normalization procedure has 
validity. However, resonance distortions produced by 
changes in the ion removal rate due to changes in the 
space-charge electric fields when the magnetic field is 
varied are not compensated by the normalization pro 
cedure. This matter will be taken up again in Sec. VITG 


Il. APPARATUS 


A cross section of the apparatus is similar to that 
shown in Fig. 5 of Hell. The essential parts are (1) an 
interaction cavity containing helium gas, situated be 
tween the poles of an electromagnet, (2) an Allen-type 
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photomultiplier detector that connects with the inter- 
action cavity through a platinum light pipe, (3) a thin 
Formvar film across the pipe to prevent helium entering 
the (4) a nuclear abserption 
magnetometer probe near the cavity to measure the 
magnetic field. Since the apparatus differs in many 
important ways from that described in Hell, a brief 
description of it will be given. 


photomultiplier, and 


A. Vacuum System 


In order to avoid the troublesome contamination 
effects noted in the introduction, a vacuum system has 
been constructed for the experiment. which 
incorporates a minimum of organic material. All seals 
are made with Tetlon O rings and the system pumped 
with mercury pumps. A Freon-cooled baffle and liquid 
nitrogen trap after each pump prevents mercury from 
distilling up into the interaction region and Allen tube 
housing. A Freon-cooled trap behind each pump pre 


vents mercury from depositing in the rotary pumps and 


present 


minimizes possible contamination of the system by oil 
vapors from the latter. The main liquid-nitrogen traps 
hold a charge of nitrogen for 24 hours and the system, 
was run continuously between dis 
vacuum system, apart from the 


once evacuated, 
assemblies. The entire 
interaction envelope, was made from steel, nickel plated 
for reasons of cleanliness. The interaction envelope was 
constructed from O.F.H.C. copper. Because of the high 
magnetic field required (15 600 gauss), it was important 
to maintain as small a pole-piece gap as possible. The 
pole-piece tips were soldered into the envelope and 
formed part of the upper and lower vacuum wall. The 


interior of the envelope was gold-plated. 





B. Interaction Space 


The interaction space is shown in Fig. 2. The cavity 
was hobbed from a solid piece of O.F.H.C. copper, the 
resonant section being defined by irises 4,A_ set into 
the walls. The 
frequency employed the cavity proper forms a section 
of waveguide that is within 6°, of cutoff. The back face 
of the cavity was cut down to leave a wall F, 0.005 in. 
thick, carrying a projection G; small deformations of 
this back wall via the lever J could be produced by a 
differential outside of the vacuum wall. The 
cavity could be tuned over a small range of 
frequency (approx 0.14% ) 

The electron beam entrance 
reticulated with thin copper slats to reduce microwave 
radiation loss. A Sperry honeycomb klystron grid B, 
set into the front wall, served as an exit port for the 
The grid slats and the photon grid 
hydrogen furnace with 
cavity 


side dimensions are such that at the 


screw 
thus 


and exit slots H were 


signal photons. 
were soldered into place 
BT solder (melting point 778°C) and the whole 
could be cleaned by heating to a dull red heat in a 
hydrogen atmosphere, 

The cavity is supported on one 
waveguide sections A,K». Power is fed into the cavity 
via A, and the power coupled to Ky through the 
ower level inside 


vacuum face plate by 


irises A» serves as a measure of the | 
the cavity. 

The electron gun assembly, consisting of a filament D, 
collector C, and shield £, is mounted on a second face 
plate that closes the of the vacuum 
envelope. Extreme care had exercised during 
manufacture of the electron gun and collector assembly 
on the one hand, and the interaction space and wave- 


opposite end 


to be 
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guide assembly on the other, in order that the two be 
properly aligned with respect to each other when 

mounted. The filament is maintained at a potential of 

- 300 v with cavity and heated with 
approximately 6 amperes of 100-ke rf current to prevent 
its displacement in the static magnetic field. The shield 

Fat filament potential prevents electron bombardment 
of the vacuum wall. The electron collector plate C is 
held 45 v positive with respect to the cavity, and low- 
energy secondaries are thereby prevented from entering 
the interaction region. 


respect to the 


C. Detector and Counting System 


Apart from minor modifications, the counting system 
is identical with that described in Hell. 


D. Magnetic Field 


The magnet current is regulated by the same regu- 
lator used by Lamb and Retherford in the hydrogen 
experiment, modified for use at the higher fields now 
employed. The total magnet current of approximately 
8 amperes is passed through thirty 6336 vacuum tubes® 
connected in parallel, and the control voltage applied to 
This device holds magnet field 
100 000 for short 


the grids of these tubes 
current steady to about one part in 
periods of time. 

The magnetic field is measured 
resonance absorption apparatus designed to operate at 
high frequencies. The oscillator covers a frequency 
range of 54 to 86 Mc/sec or 12 400 to 18 800 gauss. 
Because of the high frequencies involved, the sample 
coil is coupled to the oscillator by a length of cable 
approximately 5A in length. As the frequency is varied, 
the length of the line is adjusted to maintain approxi 
mately the line length of $\ by switching in additional 
lengths of cable with two coaxial switches. Six steps are 


with a_proton- 


required to cover the range 54 to 80 Mc/sec 

The magnetic fields that can be set up at the probe 
are restricted to values that correspond to 100-ke steps 
in the proton resonance frequency. 100-kc markers 
derived from a frequency standard are arranged to 
cover the working spectrum of the oscillator, which is 
beaten with a selected one of the markers. Identification 
of the appropriate marker is made with the help of a 
General Radio type 620-A heterodyne frequency meter. 
The center of the nuclear magnetic resonance probe is 
situated 1.65 cm from the center of the interaction 
region. At the high fields employed, the field at the 
probe is nonuniform and as a consequence the proton 
resonance is broad, with widths of 4.2 and 6.3 gauss at 
the low- and high-field working points, respectively, and 
it is only possible to set up a particular field at the 
probe to about +1 gauss. 

The difference between the values of the field at the 
probe and at the center of the cavity is appreciable, six 


® Supplied by Chatham Electronics Corporation, Livingston, 


New Jersey. 
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apparatus. The connection from the 
it should be connected to Ky rather 
it should 


Fic. 3. Radio frequency 
repeller control is incorrect, 
than Ko. The frequency standard is incorrectly labelled 
be 100 Mc/se¢ 


gauss at the low field working point and ten gauss at 
the high. A sizeable inhomogeneity correction is there 
fore required, 
cavity with a magnetometer whose sample geometry 


which was measured by replacing the 


conformed as closely as possible to that of the ion beam 
The magnet was cycled through zero field several times 
to establish that the inhomogeneity correction remained 


constant. 


E. Radio-Frequency Equipment 


The rf system is shown in Fig. 3. A 500-cps square 
wave is applied to the repeller of a Raytheon QK289 
klystron Ay. A ferrite the 
klystron from passing 
through the the 
small 


to isolate 
After 


and switch § 


yyrator G serves 
changes in the load 

variable attenuator 4. 
power is fed into the interaction region J; the 
amount of power coupled through the back irises of 
the cavity is monitored with a PRD? type-617 bolometer 
in conjunction with a PRD = type-277 standing-wave 
amplifier. A small amount of power is withdrawn from 
and D 
ron, 


the main guide by directional couplers D,, Do, 
rf envelope, stabilize® the klyst 
measure its frequency. The signal from Dy, is mixed 
with that from a swept klystron Ky The 
40-Mc/sec difference frequency from Y, is passed into 


to monitor the and 


in crystal X,, 


’ Polytechnic Research and Development Company, Brooklyn, 
New York 
* The regulator employed is similar to that described by E 


Dayhoff, Rev. Sci. Instr. 22, 1025 (1951) 
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a Massachusetts Institute of Technology spectrum 
analyzer, type TSK-1SE, whose output is presented on 
an oscilloscope, The scope picture is a pip approximately 
0.3 Mc wide at the the width being 
determined mainly by the IF band width of the spec- 
trum analyzer. The thirty-third harmonic of a low 

frequency oscillator is produced in X and the resulting 
marker presented simultaneously on the oscilloscope 
with the pip from Ky. 

The low-frequency oscillator is held at a 
frequency by comparison with a frequency standard so 
that markers are superimposed the 
klystron frequency is 29 304+0.5 Mc/sec, correspond 
ing closely to the ae transition frequency at the 6f 
crossing point, During all runs care was taken to ensure 
that the klystron frequency was held within the above 
limits. The repeller electrode of the pulsed klystron is 
square wave modulated at a 500-cps rate in a way that 
ensures the positive and negative portions of the square 
scaler 


}-power point, 


constant 


when the two 


wave are as much the same as possible. The 
gating pulses are obtained from the same unit that 
supplies the klystron modulation pulse and are accu 
rately phased with the latter 

At the power level required to record resonance data, 
the emergent power from the cavity is about 1 micro 
watt, which is too small an amount to measure accu 
rately on a direct-reading power bridge. The effective 
sensitivity of the bolometer was increased considerably 
by making use of the fact that the rf is modulated. The 
bolometer output is fed into the PRD type-277 amplifier 
mentioned above and the rectified output presented 
directly on a meter, The sensitivity of such 
a system with a PRD type-617 bolometer is approxi 
mately 3% 10>" watt, which is 3000 times less than the 
minimum power level employed 

Since it is important that the power level be held 


ultimate 


constant, the gain of the amplifier was checked fre 
quently calibrating it with 


a 500-cps signal derived from a Stevens Arnold chopper 


Phis was accomplished by 
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hic. 4. Helium excitation curves. The signal is proportional to 
pressure, the fact that it does not appear to be so here is due toa 
change in Allen tube voltage, and therefore detection efficiency 
between observation of the two curves. 
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Rf-induced counts as a function of electron 
bombarding energy 


and a mercury cell. The rf power can be held constant 
to a fraction of a percent. 


II], OPERATING CHARACTERISTICS 
OF THE APPARATUS 


A. Allen Tube Detector 


The Allen tube detector is identical with that de- 
scribed Hell. The background was normally less 
than 10 counts/min at an applied voltage of 3 kv. 
Signal counts were approximately 10’ counts/min. 


B. Excitation Curves 


Excitation curves of the background and rf-induced 
signals are shown in Figs. 4 and 5, The two curves of 
Fig. 4 were observed at two different helium pressures, 
one approximately ten times the other, The sharp 
change in signal at 65 volts on the high-pressure curve 
is due to the onset of excitation of the 2P states of the 
He ion. (The first excited state of He* occurs at 65.4 ev 
relative to the ground state of the atom.) The fact that 


the excitation curve rises steeply at the point that it 
does, indicates that the main contribution to the back- 
ground signal arises from ionic states of He; below 65 


volts only atomic states are excited. Since the atomic 
excitation process is a one-step process rather than a 
two-step one as in the case of the ion, one would expect 
to have a larger signal from atomic than ionic states. 
However, two factors contribute to reduce the former 
signal : 

(1) The 
cavity and Formvar film serves to scatter resonantly 
the photons arising from atomic states many times 
before they can reach the detector. The absorption and 
re-emission of a photon does not necessarily mean that 
it is lost to the detector, but it is likely that a photon 
that strikes the wall of the light pipe several times 


will be absorbed. 


long column of helium gas between the 
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(2) The Formvar film should act as a selective filter 
for atomic-state photons, since it is known that Formvar 
has a higher absorption coefficient for 20-ev photons 
than for 40-ev photons.’ An important service performed 
by the film is the prevention of metastable helium atoms 
from reaching the Allen tube photocathode, where they 
would give rise to a signal. 

The effect of resonance scattering can be seen by 
comparing the two curves of Fig. 4. At low pressure 
where the resonant scattering is small, the atomic con 
tribution to the total signal is relatively much larger 
than in the high pressure case. 

As would be expected, the excitation curve for the 
rf-induced signal exhibits a sharp rise at 65 volts 
(Fig. 5). The small rf-induced signal below the threshold 
is due to metastable ions, formed in the region between 
the cavity and electron collector plate, moving into the 
rf field. The collector was maintained 45 v_ positive 
with respect to ground so that electrons need only be 
initially accelerated to 20 v to begin to produce meta 
stable ions. In order to maximize the rf-induced signal 
the bombarding voltage during all runs was chosen to 
be 300 v. 


C. Scaler Dead Time 


Counting rates are high and a correction is required 
due to scaler dead A discussion of dead-time 
losses is deferred to Appendix I. 


time. 


D. Stability of Data 


In the absence of contaminations and other sources 
of signal instability, one would expect the observed 
fluctuations in the percentage rf quenching, y, to be 
determined by counting statistics alone. In practice, 
however, y is a function of the following parameters 
which themselves are subject to fluctuation: 

CF j, 
(2) bombarding current, (2), 
(p), 
(fx), 
(H). 


(1) rf power, 


(3) helium pressure, 
(4) klystron frequency, 
(5) magnetic field, 

We have, therefore, 


V=W(V 1, p, fr A) 


fT /Ap(x,)\? } 
(AY) p=] ( ' ) (an)*] ' (3) 
1 OX; 


where (Ay), is the expected rms deviation in w due to 
fluctuations in the parameters. If (Ay)y be defined as 
the expected rms deviation due to the counting statistics 


¥(x;), 


and 


°G. L. Weissler and L. Z. Maudlin, Phys. Rev 


(1955). 


100, 1800(A) 
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Kic. 6. Observed(Ay)/theoretical(Ay) for useful runs. 
alone, then 


(AW) tort [ \ Ay) »” t ‘ Ay iN ’ }, (4) 


where (Ay)ioe is the expected total rms fluctuation in y¥ 

A study has been made of the dependence of ¥ upon 
the various parameters listed and the results, together 
with a reasonable estimate of the magnitudes of the 
Ax;, have been used to compute a (AW)ror for all 25 
runs that constitute the main body of experimental 
data. The results are summarized in Fig. 6 where the 
ordinate is the ratio of the observed rms fluctuation in 
YW to (AW)tor. A simple statistical test (Snedcor’s test) 
indicates that deviations in the ratio from unity are 
purely statistical with the exception of runs 7, 21, 22, 
and 27 
four runs is not known but may be attributable to sur 


The reason for the excess fluctuation in these 


face contamination of the cavity walls, or to a fault in 
the electronic system. 


IV. REMOVAL PROCESSES 


In order to discuss the experimental results ade 
quately and obtain measures of the corrections that 
must be applied to the observed value of the radiative 
shift (.S), it is necessary to have an understanding of the 
processes that govern the motion of ions within the 
cavity. It will be shown that the dominant ion removal 
process is due to the space-charge electric fields within 
the ion stream. As a preliminary to a discussion of the 
space-charge-dominated phenomena, less significant re 
moval processes will be treated first. Some of these 
depend upon a knowledge of the space-charge fields 
and the results of subsequent sections will be freely 
employed when necessary 


A. Natural Radiative Decay 


Direct transitions between the metastable 2 4S, state 
and the 1.8, ground state of ionized helium are forbidden 
by the Al 


states are allowed, but because of the small energy 


t1 selection rule. Transitions to the 27, 


separation, proceed slowly in the absence of an electric 
field. The most likely decay mechanism for the 245, 
state is believed to be two-quantum decay, for which 


the lifetime is 2.210 * sec." 


B. Ion Therma! and Recoil Motions 


The helium gas will be assumed to be in equilibrium 
at a temperature equal to that of the walls of the cavity 


 (G. Breit and EF. Teller, Astrophys. J. 91, 215 (1940). 





1440 E. LIPWORTH 
The cavity temperature is raised by its proximity to 
the filament. The equilibrium temperature has not been 
presently measured, but it was measured for HeII and 
found to be 130°C and this value will be assumed here, 
though it is probably a little high due to better cooling. 
Since the ions, when produced, spiral about the 
magnetic field lines, the thermal velocity appropriate 
to removal is the average thermal velocity along the 
0.92 10° cm 
sec. The maximum and minimum recoil velocities are 


field lines. In the present Case %hermat 


given by the expression! 


m 40 \4 
| tio (207 ) | (5) 
M m 


sign is taken for the maximum recoil 
velocity and the — sign for the minimum. The symbols 
are defined in reference 11. We have: 


Vrecoil 


where the 4 


3.16% 10° cm/sec, 
0.34% 10° cm/sec 


Vrecoi| (Max ) (¢ 
)) 


Vreeoi| (Min) 


The kinematics upon which Eq. (5) is based are of 
course not sufficient to determine the distribution of 
recoil velocities or the average recoil velocity. Mott and 
Massey, however, have made a calculation of the 
velocity distribution of electrons ejected in ionizing 
collisions with hydrogen atoms.'? They find that the 
average velocity of the ejected electrons, for 300-ev 
incident electrons, is about Zac, the mean velocity of an 
electron in a A shell; @ is the fine structure constant 
and ¢ the velocity of light. In the absence of further 
information, the average velocity of ejection in the 
present case will be taken as Z,,;ac, where Z,.¢,= 1.69, 
and the average recoil momentum of the resulting ion 
assumed to be equal to the average linear momentum 
of the ejected electron, 

Thus if M is the mass of the ion and d;,coi) its average 
velocity, we have 


Z.cac(m/M) 


Vrecoil 
- 


(7) 
0.51 10° cm/sec. 


In view of the crudeness of this estimate, the average 
recoil velocity and not its projection along the field lines 
will be assumed to be the effective velocity. The re 
sultant velocity vg which in part determines the ion 
removal time will be taken as | (0.51)?+ (0.92)? }'= 1.05 
10° cm/sec. The speed of spiral motion around the 
field lines is then 1.05 V2 10°= 1.48 10° cm/sec. 
The removal time due to thermal and recoil effects is 
given by 
T d UR, (8) 


" Hel, p. 546, Eq. (23). Note that this latter equation is in 
error 

'"N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), second edition, p. 236 
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where d is the height of the rf quenching region, d=0.46 
cm, and 7=4.4 usec. 


C. Stark Quenching 


In the presence of an electric field there is a mixing 
of the 2 %S, state of the ion with the adjacent short- 
lived 2 */y4 states, with a consequent reduction in the 
lifetime of the former. The decay constant of the mixed 
state has been evaluated by Lamb and is given by 
Eq. (76) of HI. 

The ions, in their passage through the cavity, are 
acted upon by space-charge and motional electric fields. 
An upper bound of 8 volt/cm for the space-charge field 
under normal operating conditions has been set in 
Sec. IVF. 

The motional field is given by E=vXH/c, where » is 
the velocity of the ions, H the magnetic field, and c the 
velocity of light. Since it is only the component of » 
perpendicular to H that is effective in producing a 
motional electric field, the high longitudinal velocity 
imparted to the ion by the space-charge field does not 
produce Stark quenching. There are two means whereby 
the ion attains a velocity component in a direction 
perpendicular to the field: 

(1) By thermal and recoil effects. This velocity has 
been estimated in Sec. IVB to be 1.48 10° cm/sec. 

(2) By moving under the influence of the crossed 
transverse space charge field and magnetic field. A value 
of 0.51 10° cm/sec for this velocity has been obtained 
in Sec. IVF. 

The motional field has been calculated at the mag- 
netic field appropriate to the resonance center using a 
velocity equal to the sum of the above two velocities 
and the lifetime of the @ state found in a field equal to 
the sum of the maximum space charge field and motional 
field. The lifetime is rT, It should be empha 
sized that the above lifetime is a lower bound to the 


45.2 usec. 
true lifetime. 


D. Collision Quenching 


Collisions between metastable helium ions and neutral 
helium atoms can cause quenching of the former in two 
ways: 

(1) The ion can return to its ground state and its 
excitation energy pass to an electron of the atom; the 
electron is ejected with an energy of 16.23 ev. 

(2) The ionic charge induces a dipole moment in a 
neighboring helium atom which remains in its ground 
state. The ion and atom are in relative motion, with 
the result that the dipole field sweeps over the ion and 
transfers it to either the 2?/P, or 2 ?)y states, whence 
there is radiative decay. 

The cross sections for these two processes have been 
estimated by using methods devised by Lamb and 
Sternberg; at a bombarding current of } ma and helium 


pressure of 4.6 microns, the cross sections and decay 
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times are approximately 


Oradiation = 94.4790’, T= 4.93 psec, 


ejection = 15.9rdo’, r.= 10.7 psec, 


Orotal 50. srry’, Ttotal 3.37 msec, 


The values of rtotai are not strongly dependent upon the 
bombarding current. However, when the pressure is 
reduced to 1.3 microns, Tyo) 1s Increased to 15 wsec due 
to the change in velocity with space-charge field, and 
collision quenching no longer is a significant removal 


proc Css. 
E. Electron Quenching 


Metastable ions can be quenched in a way similar to 
that described in Sec. IVD by the passage of an electron 
past the ion. The cross section has been estimated 
approximately, by using a method analogous to that 
from which the pressure-quenching cross sections were 
obtained. The cross section for 30-volt electrons is 
approximately 150ma9*. However, both the primary and 
secondary electron flux is so low that negligible quench 
ing results. 


F. Space-Charge Effects 


Prior to the admission of helium gas the electron 
beam, as it crosses the cavity, produces a potential well 
whose depth is 0.75 volt (beam current 0.5 ma). When 
gas is admitted, ions are produced uniformly along the 
beam. Since the mean translational energy of an ion, 
due to thermal and recoil effects, is only about 0.02 
electron volt, all ions produced within the cavity are 
initially trapped there; thus the potential depression is 
neutralized and a positive ionic space charge builds up 
until conditions are such that ions are removed from 
the cavity at the same rate as they are formed. 
Under the present experimental conditions, volume loss 
processes are negligible. The mean velocity of the 
secondary electrons is high, about 3.6 10° cm/sec; 
the equivalent energy is 36.8 ev. Thus the major 
fraction of the secondaries leave the cavity rapidly and 


Fic. 7. Approximate potential variation between electron 
collector and filament. 
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Fic. 8. Transverse space charge field and resulting ion motion 








make only a small contribution to the resuliant charge 
density of ions and electrons, and the possibility that a 
neutral plasma exists within the cavity can be excluded. 
Since the collector is held at a positive potential and 
the filament at a negative potential with respect to the 
cavity, lons can leave the cavity only at the filament 
end and electrons at the collector end. As a neutral 
cloud can be excluded as a possibility, the potential 
distribution between collector and filament must have 
the form shown in Fig. 7 and it can be seen that the 
potential distribution required to remove ions to the 
right is such as to remove any slow secondaries to the 
left, a fact which additionally helps reduce any tendency 
towards neutralization. 

An approximate solution for the electric fields inside 
the cavity has been obtained using a method devised 
by Helm, Spangenberg, and Field." A brief summary of 
their results is contained in Appendix II where it is 
that 
pressure (bombarding current = 4 
microns) the average removal time for ions produced 
When the bombarding 


shown under normal conditions of current and 


ma; pressure= 4.6 
within the cavity is 1.12 psec. 
current is raised to 2 ma, the removal time becomes 
0.72 usec. Ions produced between the electron collector 
plate and exit slot, in the main enter the cavity with 
high velocity. If the mean energy of these ions is taken 
to be 22.5 ev, the appropriate transit time is 0.18 psec. 

The charge cloud extending across the cavity gives 
rise to an electric field perpendicular to the applied 
magnetic field, Fig. &. 
situated with respect to the walls of the cavity so that 


The cloud is symmetrically 


if the whole cloud is assumed to be of uniform density 
and of infinite extent in two directions, the electric 
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' Helm, Spangenberg, and Commun 
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9 Cross 


field is zero along the plane of symmetry and rises 
linearly to a maximum value of 8 v/cm (Sec. VIIC) at 
the edge under normal conditions of current and 
pressure, 

The crossed electric and magnetic fields cause ions to 
move in cycloidal orbits perpendicularly to both fields 
with an average velocity v=cE,/H. With E,=8 volts 
cm and a magnetic field corresponding to the resonance 
center v=0.51 10° cm/sec. Apart from a small longi 
tudinal field required to remove ions from the cavity, 
ions on the symmetry plane of the cloud experience 
zero electric field. However, the transverse field in- 
creases linearly as one proceeds to the cloud surface so 
the cloud would seem to shear itself. But the transverse 
field changes direction at the edge in such a way that 
ions tend to be returned to the cloud; ions therefore are 
not lost to the beam by their transverse motion, but 
only by their longitudinal motion. In Fig. 9 a cross 
section of the interaction region is shown. The rf- 
induced signal comes in the main from the central 
area denoted “quenching region.” 

The width of the beam relative to the width of the 
quenching region depends upon the temperature dis 
tribution in the filament. This distribution is in fact 
not known, although precautions were taken to insure 
its symmetry with respect to the quenching regions. 
Therefore it is necessary to consider two cases: (1) The 
beam is entirely within the quenching region. In this 
case the signal is unaffected by the transverse motion. 


(2) The beam extends well beyond the edge of the 


quenching region. In this case it is necessary to take 
into account the fact that the actual total transverse 
motion is small compared to the beam width. The total! 
ion density is unaffected by the transverse motion but 
both the total number of ions exposed and the exposure 
This effect causes 


time of some of the ions is affected 
a small resonance shift 


V. LINE SHAPE 


If all the metastable ions were exposed to the rf 
field for the same time /, then aside from certain correc- 
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tions, the shape of the resulting rf quenching function 
would be given by 


o(u)=No(1—e™), (10) 


where No is proportional to the rate of production of 


="( ) ( yw ; 
’ r:é 2. 
hw (w—wo)? + (y/2)? 


Here 1/7 is the mean life of the P state, wy the resonant 
frequency and w the frequency of the rf, both in radians 

sec. So is the incident power in ergs/cm sec, r is a 
vector whose components are the matrix elements of r 
for the transition, and @ is a unit vector along the 


ions and 


e 
(11) 
he 


direction of rf polarization. 

In fact, the time that an ion spends in the rf field 
depends upon its position at formation and upon the 
potential distribution along the beam. A theory of the 
line shape would require detailed knowledge of this 
potential distribution. In principle this information is 
provided by the calculation in Appendix II, However, 
the theory employed there is at best only semiquantita- 
tive and is only intended to provide an order of magni- 
tude estimate of the space charge fields for the purpose 
of estimating certain corrections. Much of the informa 
tion that could be provided by a line shape theory is 
provided by the experimental quenching curves shown 
in Fig. 10. These curves show the dependence of the 
normalized rf signal on rf power at two values of the 
magnetic field. The agreement of the data at the two 
fields is indicative of the fact that the ion removal 
processes are not strongly field dependent and that 
there are no large asymmetries in the resonance curve. 
Unfortunately the precision with which this is estab 
lished is not sufficient for the present purposes and it is 
necessary to rely in part, on an experimental search 
for a dependence of the apparent value of the shift (5) 
on experimental parameters. 
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VI. PRECISION RESONANCE DATA 


Precision resonance data are obtained and treated by 
a method similar to that described in Hell, Sec. F. 

At the start of a run, the power level is adjusted so 
that the value of y at the resonance peak is approxi- 
mately 30%. A set of five one-minute observations is 
then made at the working-point fields. Each observa- 
tion consists of a count taken at low rf power followed 
by a count taken at high rf power. Three observations 
are then made at each slope point, the resonance being 
traversed in a zig-zag fashion to reduce instrumental 
drifts, and finally the observations at the working 
points are repeated. At frequent intervals, to check the 
counting system, a count is taken with the rf power set 
equal to zero. 

Though the total counting time is only about 14 
hours, because of the time required to effect a field 
change and the large number of instrumental checks 
that are made, a run lasts about eight hours. 

The theory of the Zeeman effect as given by Lamb" 
is used to determine the value of the radiative shift (S) 
from the observed value of the resonance center field 1; 
and the frequency of the rf source. The physical con- 
stants entering into the theory of the Zeeman effect are 
listed in Hell, Sec. F.§ 

If f, is the frequency of the rf source, fae the transi 
tion frequency appropriate to the field //) as calculated 
for an assumed value of the radiative shift Sy, then 


S= fi-—(fae— So): (12) 


VII. CORRECTIONS AND UNCERTAINTIES 


In addition to the uncertainties that arise from purely 
statistical fluctuations in the observed signal and instru- 
mental parameters, there are a number of effects which 
influence the final result and contribute slightly to its 
uncertainty. Table I summarizes these corrections and 


uncertainties. 


TABLE I. Corrections and uncertainties in Mc/se« 


Matrix element variation 
working point fields: 65.0 and 68.6 Mc, 
working point fields: 64.6 and 69.0 Mc, 
Zeeman curvature 
working point fields: 65.0 and 68.6 Me 
working point fields: 64.6 and 69.0 Mc 
Stark effect 
Overlap 
Field dependence of grid transmission 
Field dependence of space-charge removal 
Magnetic field inhomogeneity uncertainty 
Uncertainty in scaler dead time correction 
Uncertainty in Zeeman constants 


4.54+0.10 
4.46+0.10 


0.39 

0.58 
+-0.0440.02 
0.02+0.01 
+-0.03 
+-0.25+0.45 
+0.40 
+030 
+-0).20 


“HITT, p. 265 

§ Modification of these constants to account for the differences 
between the 1952 and 1955 atomic constants and the new theo 
retical value of the magnetic moment of the electron produces 
less than a 0.2 Mc/sec change in the present result. See C. M 
Sommerfield [Phys. Rev. 107, 328 (1957) ] 
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A. Matrix Element Variation 


Since the matrix element governing the transition 
depends upon the magnetic field, a significant change 
in the rf-induced signal between the two working points 
is introduced, which requires correction \ discussion 
of this correction and the way it is made may be found 


in Hell 


B. Zeeman Curvature Correction 


The relationship between transition frequency and 
magnetic field is not quite linear (HIT, Sec. 55). How 
ever, in the data reduction a linear relationship has 
been assumed; the resonance-center field //) has been 
taken to be equal to the average of the corrected work 
ing point fields where equal signals obtain. ‘The corre 
tion to be applied is the difference between the mean 
of the transition frequencies at the working-point fields 


and the transition frequency as obtained from //,, 


C. Stark Effect 


rhe presence of an electric field in the rf interaction 
region gives rise to a displacement of the fine structure 
level is 


energy levels. The Stark shift of an energy 


easily found by second-order perturbation theory 
Che requisite matrix elements can be obtained from 
Table VI of HILL with appropriate modification for the 
change of nuclear charge Z 

In the present instance there are two known stati 
electric perturbations, (1) the motional electric field, 
and (2) the field /, arising from the beam space charge 
Since both fields are known only approximately, it 
suffices to calculate the first at the magnetic field per 
taining to the resonance center, For an ion speed 
perpendicular to // of 1.48 10° cm/sec, E, 23.2 


can be estimated 


sotional 
volts/em. The space charge fields / 
from Appendix II. The & 


upon the conditions of bombarding current and pres 


sure, but for a current of 4 


differ somewhat depending 


ma and pressure of 4.6 


microns, #,=& volts/cm, at the outer edge of the 
charge cloud, Since the field varies linearly from the 
center to the edge of the charge cloud, the Stark shift 
has been calculated in a field equal to the sum of the 
motional field and half the value of the space-charge 


field at the edge of the cloud, i.e., in a field 


E mat E,/2 (13) 


Since the resultant field is mainly transverse to H/, the 
level a couples with level / but not e, and e couples only 
with 6. There are, of course, couplings to some sub 
levels of the 2 */P, state, but because of the large fine 
structure separation their effect upon the Stark shift 
can be neglected. The small longitudinal space-charge 
field that must be present to drive ions from the cavity 
does couple a with e but again the effect is negligible 
Both the a and ¢ levels are raised in energy by the 
electric perturbation, but e more than @ because of the 
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smaller separation between e and 8. Thus the value of 
the transition frequency for ae is lowered, implying a 
positive correction to S. Under normal conditions of 
pressure and current, 


Aa=0,02 Mc/sec, Ae=0.06 Mc/sec, AS=0.04 Mc/sec. 


These corrections are uncertain insofar as they depend 
upon the transverse ion velocity and space-charge 
density. Since the main contribution to the Stark shift 
arises from the motional rather than the space-charge 
electric field, the uncertainty in the correction is due 
principally to the uncertainty in the transverse velocity. 
If the latter uncertainty is assumed to be 20%, the 
shift AS is 0.04+-0.02 Mc/sec. In view of the fact that 
little or no evidence exists of signal instability due to 
wall charging, no Stark shift has been assigned as 
attributable to this cause, 

In addition to the de electric field, the ions are acted 
upon by the fluctuating Holtsmark!® field of the space 
charge cloud. At the ion densities present in the beam 
the Holtsmark field is about one hundred times less 
than the de electric field and produces a negligible 
Stark shift. Likewise, the small rf Stark shift discussed 
in HIT, Appendix IV, is quite negligible. 


D. Overlap Corrections 


In addition to the desired transition ae, the rf field 
may stimulate the transitions Bf and af and over- 
lapping of these latter resonances with ae may introduce 
a distortion. The transition @f is, like ae, a m transition 
and might generally be expected at high rf power to 
overlap significantly with ae. However, the radio fre- 


quency has been chosen so that the center of the ae 
resonance lies very close to the 6f crossing point. ‘Thus 
the overlap of ae by Bf is symmetrical because of the 
choice of frequency, and small because of the large 


separation in field between the two resonance centers, 
and no significant shift in the ae resonance center is 
produced. If the geometry of the cavity were perfect 
and if the cavity were perfectly aligned with the mag- 
netic field the o transitions af and Be would not be 
excited, In actual fact, the distortion of the cavity by 
the beam apertures introduces a small transverse com- 
ponent of rf electric field. A detailed estimate of the 
field distortion indicates that the effective value of the 
transverse rf field component is about 1/50 of the de 
sired parallel component. Considerable care was taken 
in the design of the apparatus to ensure that the rf 
electric field lay parallel to the magnetic field lines. 
The two fields should not be more than a fraction of a 
degree out of parallel, but to set an upper bound to the 
effect an angle of two degrees was used in estimating 
the overlap shift. The magnitude of the overlap cor- 
rection depends on the §-state population. If the a- and 
B-state population were equal the correction would be 

0.03 Mc/sec. If the 8-state population were zero, the 


16 Kivel, Bloom, and Margenau, Phys. Rev. 98, 495 (1955). 
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correction would be —0.001 Mc/sec. In point of fact, 
the 6-state population is not known. Since the experi- 
ment was performed at the 8f crossing point the Stark 
quenching of the @ state in certainly more rapid than 
that of the a state. However, the best estimates indicate 
a @-state Stark lifetirne of 2.7 usec. Since this time is 
considerably longer chan the time necessary for an ion 
to drift across the cavity it is likely that the a- and 
B-state populations are nearly equal. In view of the 
uncertainty in the B-state population, the overlap cor- 
rection is taken as —0.02+0.01 Mc/sec. 


E. Pressure Quenching 


The major fraction of the experimental runs was 
made at a helium pressure of 4.6 microns. At this 
pressure, quenching of metastable atoms by collision 
with neutral gas atoms is a significant removal process 
(see Sec, IVD) and it is of importance to examine the 
magnetic field dependence of the collision cross sections 
to determine if an appreciable distortion of the reso- 
nance could result. Since the cross section for radiative 
pressure quenching is the largest, a calculation has been 
made with first-order perturbation theory of this cross 
section at the two working points, which takes into 
account the change in the energy levels with magnetic 
field. The cross section calculated is within 10% of that 
obtained from the exact calculation of Lamb at zero 
field and changes by only one part in 10° between the 
two working points. The resonance shift produced by 
the change of cross section is negligible. However, the 
possibility exists that during an elastic collision the 
perturbation of the 2S—2P level system may be suffi- 
cient to produce a shift in the resonance center. The 
perturbing field is produced by the induced dipole 
moment in a neighboring neutral atom. The best avail- 
able estimate of this effect indicates that the resulting 
shift is negligible. 5 


F. Grid Transmission 


‘The primary electrons have a thermal velocity com- 
ponent perpendicular to the magnetic field and pass 
through the cavity in tight spirals around the field lines. 
Since the radius of curvature of these spirals depends 
upon the magnetic field, the fraction of the incident 
electrons intercepted by the vanes that divide the beam 
entrance and exit slots is field dependent and a larger 
fraction of the incident current passes through the 
cavity as the magnetic field is increased. However, 
during a run it is the current to the collector that is 
held constant and as a consequence, the electron density 
within the cavity is higher at the low-field working 
point than at the high. There is thus a small increase 
in R, the rate of production of ions, which produces a 
change in the equilibrium ion density and ion removal 
time. The change in equilibrium ion density is small 
amounting to about two parts in 10‘ and the resulting 
correction to S is +0.03 Mc/sec. 
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G. Field Dependence of Space Charge Removal 


It has been estimated that the transverse space 
charge motion discussed in Sec. IVF produces a shift 
of about +0.35+0.35 Mc/sec. In addition there is an 
estimated shift of —0.1+0.1 Mc/sec resulting from a 
change in the width of the ion cloud as the magnetic 
field is varied. There are other possible field dependent 
space charge effects which may give rise to shifts. It 
has not been possible to make reliable estimates of these 
effects and it is therefore necessary to rely on the ob- 
served values of the resonance center under different 
space charge conditions to establish that the resulting 
shifts are not large. 


H. Magnetic Field Inhomogeneity 


The magnetic field inhomogeneity correction (Sec. 
IID) was measured once during the course of the experi- 
ment. The uncertainty due to this measurement (-+-0.4 
Mc/sec) is thus contributed in its entirety to the final 
value of S. 


VIII. RESULTS AND DISCUSSION 


In all, 38 runs were made, 26 of which have yielded 
successful determinations of S. Instrumental and other 
difficulties led to the rejection of the remainder. 

The runs fall into five groups. Four groups contain 
runs taken under differing conditions of bombarding 
current or helium pressure to determine whether space- 
charge conditions within the are influential 
upon S; the remaining group is the result of an attempt 
to determine the presence of a resonance asymmetry. 
The results are contained in Table IT. 

The values of S in Column A are the weighted means 
of the several runs that comprise a group, corrected 
only for field inhomogeneity, matrix element variation 
and Zeeman curvature. The weighting factors are, with 
the exception of runs 7, 21, 22, and 27, taken to be pro 
portional to the reciprocal squares of the uncertainties 
in .S based on the theoretical counting statistics and the 
estimated instrumental fluctuations; in the exceptional 
cases the observed counting fluctuation is used in place 
of the theoretical fluctuation (see Section IIID). Except 
for Group 1, the uncertainties quoted in A are the ob- 


beam 


served standard deviations. In Group 1 the observed 
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S(Mc/sec s C/ 8e barding 
(Partiall Full current Pressure 


Group corrected corrected ma) (microns 


14. 039.34 


14 039.0 } 
8 14.042.24 
5 
} 
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' né 

14 037.94 
t 
t 


0.5 4.6 
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14. 038.44 
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® The runs comprising Group 1 were taken at working 
and 68.6 Mc/sec in terma of the proton resonance frequency 
were taken at 64.6 and 69.0 Mc/se« 
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Fic, 11. Graphic representation of the partially corrected results 
and their statistical uncertainties (Table If, column A) 


standard deviation is about half of that expected from 
the uncertainty in each of the several runs that consti 
tute the group. In this case the expected uncertainty is 
used in place of the observed standard deviation. The 
results with all of the corrections applied are listed in 
column B. Here the uncertainties in the corrections 
have been simply added to the uncertainties quoted in 
column A. For the purpose of disclosing resonance 
shifts the results of column A together with their sta 
tistical uncertainties are shown in Fig, 11. It can be 
seen that within the present statistical uncertainty 
there is no experimental evidence for either a current 
or pressure-induced shift or a resonance asymmetry. 
The final result is obtained by combining the fully cor 
rected results (Column B of Table IL) into a grand 
weighted mean with weighing factors obtained from the 
statistical uncertainties listed in column A of Table II. 
The standard deviation of this mean is 1.0 Mc/sec. In 
view of the uncertainties in the space charge corrections 
and accordance with the previous practice in the hy 
drogen experiments, we adopt as a measure of the 
overall reliability of the final results a “limit of error.” 
This is taken as three times the standard deviation 
(3.0 Mc/sec) plus the estimated uncertainty in the 


corrections (1.5 Mc/sec). The final result is 


S= 14 040,.2+4.5 Mc/sec 


This result is in good agreement with the value of § 
determined by Novick (14043+13 Me 
Skinner (14 0204100 Mc/sec). 

Using the value of the fourth order magnetic moment 
of the electron as recently computed by Sommertield, 
the theoretical value for the radiative shift in singly 
14 048.8 
sec, A correction must be added due to the 


sec) and 


ionized helium is,'® for a point nucleus, S, 
$2.1 Mc 
finite nuclear size, Using a recent value for the a particle 


16. M. Sommerfield, Phys. Rev. 107, 328 (1957). Dr 
field has kindly informed us that his value for the shift in helium 
(14055.94-2.1 Mc/sec 
Mc/sec. This correction is based on an early value of the a particle 
radius. [See Novick, Lipworth, and Yergin, Phys. Rev. 100 
1153 (1955) } 


Sommer 


includes a finite size correction of +7.1 
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radius,'’ the correction is +8.0+0.9 Mc/sec. The large 
uncertainty in the correction arises from the uncertainty 
in the determination of the radius. For a finite nucleus 
then Styeor™ 14 056.84+3.0 Mc/sec. This value differs 
significantly from the present experimental result. 

If we let 6(Z) be the difference between the experi 
mental and theoretical values of the Lamb shift in an 
atom of nuclear charge (Z), then for hydrogen'* 
6(1) 0.22+0.23 Mc/sec and for helium 6(2) 16.6 
+7.5 Mc/sec. In each case the uncertainty assigned to 
6 is the sum of the theoretical and experimental uncer 
tainties. The question now arises as to whether the large 
discrepancy in helium can be reconciled with the almost 
negligible discrepancy in hydrogen. A similar question 
was discussed at the conclusion of Hell, 
hypothesis, based on quantum electrodynamical con 


using the 


siderations, that the (Z) dependence of 6 should to a 
sufficient accuracy for the present purposes, be expres 
sible as a linear combination of terms of the form 7‘, 
Z*, and Z®ln(aZ). At that time the hydrogen dis 
crepancy 6(1)=+0.65+0.26 Mc/sec and the 
helium discrepancy was 6(2)=0+16.0 Mc/sec and it 
was concluded that these values could not be reconciled 
by a single term of order Z° In(@Z) though they could 
be reconciled by a single term of order Z* or Z° having 
+0.39 Mc/sec. At that time it 
appeared most unlikely that the theory would yield 
Recently 


was 


a coefficient of at least 


such a large coefficient for Z* or Z*° terms 
Sommertield'® has shown that a revised estimate of the 
fourth order magnetic moment of the electron yields a 
correction to the previous calculation of the form 
+-0.836Z' Mc/sec. It is principally this correction which 
reduced the hydrogen discrepancy to its present low 
value. A very attractive hypothesis regarding the 
present helium discrepancy is that it is due to a single 
term of order Z° In(aZ). Baranger, Bethe, and Feyn- 
man'* have suggested that a relativistic term of this 
form exists and that its magnitude for hydrogen might 
be as large as 0.25 Mc/sec. If this is indeed so and if 
the sign of the term is negative then it will produce 
essentially perfect agreement between theory and ex 
periment in both hydrogen and helium since the hy 
drogen discrepancy will be reduced to —0.03+0.23 
Mc /se« —2.6+7.5 
Mc/sec. The magnitude of this relativistic term could 


and the helium discrepancy to 


be as low as 0.16 Mc/sec for hydrogen and still be in 
agreement with the helium data. It is clearly desirable 


that this relativistic term be evaluated as soon as 


possible. It is also possible to reconcile the hydrogen 


and helium results with a single negative term of order 
Z*. However, the magnitude of the coefficient of such 
a term must be at least 0.28 Mc/sec. 
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‘7 R. W. McAllister and R 
(1956). 
1 Baranger, Bethe, Feynman, Phys. Rev. 92, 482 (1953) 
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APPENDIX I 


The counting rates are such that an appreciable dead- 
time correction must be applied to observed counts in 
order to obtain true counts. The dead-time correction 
required has been shown empirically to be of the 
“extended” type,’ where the relation between the 
observed counting rate N(o) and the true counting 
rate V(t) is 


N(0)=N(t)e-?8 7/7, (14) 


Here +r is the dead time and 7 the counting interval; 
the factor 2 is present since each scaler counts on a 50% 
duty cycle. The dead time 7 is measured by injecting 
into the input circuit of the first amplifier a signal 
derived from an RCA. 5819 photomultiplier tube in a 
light-tight box. A small lamp inside the box serves as 
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Curve A: Counts corrected 
Curve B: 


Fic. 12. 
extended theory 
loss—linear theory 


"%T). Halliday, /ntroductory Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1950), first edition, p. 209. 
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a signal source. The 5819 anode current is assumed to 
be proportional to the true counting rate. 

Curve A in Fig. 12 is a plot of photomultiplier anode 
current versus true counting rate as obtained from the 
above formula. It will be seen that the ‘‘extended” 
dead-time theory a¢counts excellently for the dead time 
losses, to counting rates far in excess of those met with 
in prac tice. 

Curve B is based on the simple linear or nonextended 
dead-time law 


27r.V (0) 
V(t) vio) / l ), 
r 


and it is evident that departures occur at Counting rates 
of the order of 10°/sec. 

However, the linear law is still useful at a counting 
rate below 5X10'/sec, and since data reduction is 
appreciably simplified by use of the linear correction, 
it has been the one almost exclusively employed 
During the series of runs taken at high bombarding 
current, the counting rate was reduced to a value where 
the linear correction could be applied by increasing the 
thickness of the Formvar film separating the main and 
detector regions of the apparatus 

The dead-time 7 has been measured before and after 
the main body of precision runs and is approximately 
0.15 wsec. Photomultiplier fatigue and the difficulty of 
maintaining the strength of the light source constant 
has limited the measurement of 7 to an accuracy of 
about 10°; ; fortunately, however, the precise value of 7 
need not be known as @, and @, are determined as the 
ratio of two approximately equal counts. The effect of 
the uncertainty in 7 upon the final result has been 
estimated by reducing three runs with 7 taken equal to 
zero. An additional uncertainty of about 0.2 Mec/sec is 
thereby introduced into the final value of (5) 

If the rf power is set equal to zero and the count in 
Channel I is compared with that in Channel II, it is 
found that they are not quite equal. A typical value for 
the ratio Ny;/Ny is 1.0007. Slight differences either in 
the widths of the two gate pulses or in the times required 
to switch on the gate circuits (due to differences in 
circuit constants) could be the cause of this effect. It 
might also be attributed to small differences in the 
dead times of the two scalers. The true cause could not 
be readily ascertained. The ratio Vyi/.Vy can be varied 
by varying the bias voltages on the scaler input tubes 
In practice the biases are adjusted until the ratio is as 
close to unity as possible; the settings once established 
are stable. During the course of a run several observa 
tions with zero rf power are made to obtain a value of 
the ratio for that run and a correction applied which 
consists of reducing the Vy, counts by that ratio prior 
to obtaining the @y, and @,_. All runs were reduced with 
and without this correction applied. The change in the 
value of the radiative shift produced by the inclusion 
of this correction is about 0.2 Mc/sec, and seems to 
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have no consistent sign; an additional uncertainty of 
this amount has been included in the final uncertainty 


APPENDIX II 


Consider for the moment only those ions produced 
within the cavity. It is shown in reference 13 that if 


thermal and recoil velocities and collisions are 


neglected, the ionic charge density o;(Z) at a point Z 


Has 


within the ion beam is given by the expression 


R f dZ' 
(Qer/m)§ J, [o,(Z") a,;(Z) |! 


where R is the rate of production of ions per unit volume 
by the electron beam, e/m is the charge-to-mass ratio 
of the ions, and \=dL/4eo, d being the thickness of the 
electron beam (assumed equal to the filament diameter 


a,(Z) (15) 


because of the presence of a strong magnetic field) and 
L being the cavity width in a direction perpendicular 
to the plane of the beam. 

The solution of the above integral equation is 


20(Z) a(Z) } 
1+ |: 


3rRZ 
(16) 


2[ (0) ]8(2ed/m)! a (0) a (0) 

A plot of this expression is shown in Fig. 13. The charge 
density and therefore the potential has infinite slope 
when a,(Z) 
equal to v2. If it is assumed that the high gradient of 


so,(0), when the left hand side of (16) is 


potential due to charge density must join smoothly 


2) \ 


«l 
J 


| 
| 


’ 
’ 
S INFINITE 





. 13. Theoretical variation of ionic charge densit 
with distance along the beam 


Vole added in proof.—This theory 
that the charges are distributed in a long thin beam and that the 
potential variation is mostly in the trans In the 
present instance the beam is in fact quite short and it may be 
objected that the theory is not applicable. An approximate calcu 
lation has been made which takes account of the finite length of 
the beam. The electric fields obtained in this calculation are com 
parable to but somewhat smaller than the fields obtained above 


is based on the assumption 


verse direction 


Since the results of the present calculation are only being used as 
a basis for estimating certain small corrections there is no need 
to refine the calculation 
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TABLE III. Ion and electron densities 


Bombarding 
current p llectrons ions /¢ Ions 
(ma) nicro ) electrone/ce “ jones /ce« 


7.34% 10" 1.61 10° 
3.67 K 10" 4.71 10* 
1.47 10" 11.9 108 
1,03 K 10" 2.03 K 10° 


1/10 0.25% 10° 
1/2 : 1.23% 10° 
2 4.92 10" 
1/2 1.23% 10° 


with the high gradient of the electron accelerating 
potential at the entrance to the cavity, where Z=h 
(the cavity length), then 


3a Rh 
v2 (17) 
2(2ed/m)'[a (0) }! 


a(Q) can be obtained from Eq. (17), o(Z) from Fig. 13. 
If the charge density is a slowly varying function of 
position along the beam, it can be shown that the 
potential within the beam is given by 


V(Z) =X cion(Z)+Getectron(Z) ]. (18) 


This relation is used in Appendix III, where the theory 
of the line shape is discussed 

Some relevant ion and electron densities are listed in 
Table II]. The value of R used is based on the value” 
of a/p=0.048 for 300-ev electrons; a is the number of 


*” International Critical Tables (McGraw-Hill Book Company, 
Inc., New York, 1929), Vol. 6, p. 120 
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ions produced per cm by a single electron and p is the 


pressure in mm of mercury. 

In order to define a mean life for ion removal by the 
space charge fields, consider the density o(m) at the 
center of the rf region. Then neglecting for the moment 
high-speed ions produced in the collector region, we 
must have by charge conservation 

SR (19) 


a(m)i, 


where R is the rate of production of ions/unit volume 
of the beam, 2.8 is the total length of the interaction 
region from entrance to exit slot and @ is the average 
velocity of the ions at the center of the cavity. Thus an 
average removal time 7 for ions produced within the 
cavity is given by 


r=da(m)/SR, (20) 


where d is the cavity height. Under normal condi- 
tions of current and pressure (bombarding current 


} ma, pressure=4.6 microns), 


r=1.12 usec, (21) 


when the bombarding current is raised to 2 ma, 


7r=().72 psec. (22) 


Ions produced between the electron collector and exit 
slots in the main enter the cavity with high velocity. 
If the mean energy of the collector ions is taken to be 
22) volts, the appropriate removal time for the col- 


lector ions is 0.18 psec. 
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Cross Sections for L-Shell Ionization of Ag by Protons, Deuterons, 
and Alpha Particles* 


B. Sincut 
Atomic Energy Establishment, Trombay, Bombay, India 


(Received August 26, 1957) 


A thin target of Ag is bombarded by protons, deuterons, and alpha particles of energies between 0.4 Mey 
and 1,0 Mev. The charged particles are accelérated by a Van de Graaff machine and the resulting L x-rays 
of Ag are detected by a proportional counter of good resolution and high efficiency. The pulses from the 
counter are analyzed by a fifty-channel pulse-height analyzer and the number of x-ray quanta produced is 
Auger 
The absolute cross section of L-shell ionization is larger 


determined by well-defined differential curves. After correcting for the transition the absolute 
cross section for L-shell ionization is measured 
than the K-shell ionization by a factor of 10‘ for the same proton energy 


treatment for L-shell ionization, an empirical formula similar to the A-shell ionization formula is suggested 


In the absence of a theoretical 


I, INTRODUCTION 


HEN an element is bombarded by accelerated 

positively charged particles, characteristic x-rays 
of the element are produced. These consist of K x-rays 
as well as L x-rays of the element bombarded. Bothe 
and Franz! detected / radiations from elements of 
atomic number higher than 34, in addition to the 
K-shell radiation, by the use of natural alpha particles, 
The x-rays were detected by a Geiger counter and iden- 
tified by the measurement of mass absorption coeffi- 
ficients in Al. In each case the excitation was found to 
increase with increasing energy of the alpha particles. 
Absolute measurements could not be made. Gerthsen 
and Reusse? compared the yield of A radiation of Al 
with LZ radiations of Se by accelerated protons. Living- 
ston, Genevese, and Konopinski’ studied qualitatively 
the production of such x-rays excited by cyclotron- 
accelerated protons of 1.79 Mev and obtained results 
similar to those of Bothe and Franz for protons of 
energy up to 1.76 Mev. They examined L x-rays for 
elements of atomic number higher than 40, 

In 1941, Cork’ made a similar investigation using 
10-Mev deuterons from a cyclotron and detected the 
radiations by a photographic technique. He studied the 
excitation of L x-rays from different 
elements, but no definite quantitative measurements 
could be made. 

The most recent investigation of L-shell ionization 
has been made by Bernstein and Lewis® using protons 
accelerated by a Van de Graaff generator. They have 
L-shell ionization in thick 


characteristic 


studied the excitation of 


targets of four heavy elements Ta, Au, Pb, and U by 
protons of energies between 1.5 Mev and 4.25 Mev 


* This work forms a part of the thesis submitted by the author 
for the degree of Doctor of Philosophy at the University of 
London 

+ Previously at the University of Patna, Bihar, India 

''W. Bothe and H. Franz, Z. Physik 52, 466 (1929) 

2(C. Gerthsen and W Physik. Z. 34, 478 (1933) 

4 Livingston, Genevese, and Konopinski, Phys. Rev. 51, 835 
(1937) 

4 J. M. Cork, Phys. Rev. 59, 957 (1941) 

5 E. M. Bernstein and H. W. Lewis, Phys. Rev. 95, 83 (1954) 
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using a photomultiplier tube as a detector. Absolute 
cross sections were found to increase with increasing 
proton energy. 

The present work consists of the measurement of the 
absolute cross sections for the production of L x-rays 
from a thin target of Ag by protons, deuterons, and 
alpha particles, of energies between 0.4 Mev and 1.0 
Mev. The charged particles are accelerated by a Van de 
Graaff machine and the resulting / x-rays are detected 
by a proportional counter of good resolution and high 
efficiency. The pulses from the counter are analyzed by 
a fifty-channel pulse-height analyzer and the number 
of x-ray quanta produced is determined by well-defined 
differential! After Auger 
transition the absolute cross section for L-shell ioniza 


curves. correcting for the 


tion is determined, 


Il. EXPERIMENTAL ARRANGEMENT 


The experimental arrangement and the counting 
circuits are exactly the same as those used in the study® 
of the excitation of characteristic A x-rays from ele 
ments by protons, deuterons, and alpha particles 
Similar precautions were also adopted for shielding and 
the suppression of secondary electrons. 


Ill. IDENTIFICATION OF L X-RAYS OF Ag 


The L x-rays of Ag consist of a very large number 
of lines. The average wavelength for the 1 x-rays of Ag 
is 3.84 A average 3.24 kev 
Compton and Allison’). The identification of 1 x-rays 
of Ag can be made by two methods: (1) by comparison 
of the pulse height of 1 x-rays of Ag with the pulse 
height of K x-rays of Cu, and (2) by measurement of 
the mass absorption coefficient in aluminum. 


and its energy is (see 


1. Comparison of the Pulse Height 


K x-rays of Cu have an energy of 8.1 kev and L x-rays 
of Ag have an energy of 3.24 kev. Thus, if the counting 
*B. Singh, Phys. Rev. 107, 711 (1957) 


7A. H. Compton and S$. K. Allison, X-rays in Theory and Ex 
periment (D. Van Nostrand Company, Princeton, 1935) 
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hic. 1, Spectrum of 8.1-kev Cu K x-rays by accelerated charged 
particles. Attenuation of linear amplifier=16 db. Pulse height 
analyzer bias* 12 volts 


voltage and the filling of the counter are kept the same 
in the two cases, the amplification of the linear amplifier 
is changed to 2.5 times that used in the case of Cu K 
x-rays, and the pulses are analyzed by a pulse height 
analyzer, then the pulses from both the sources should 
have their peaks approximately at the same place. The 
Cu A x-rays of 8.1 kev were analyzed by the fifty 
channel pulse-height analyzer with an attenuation of 
16 db, and the 3,.24-kev L x-rays of Ag were analyzed 
with an attenuation of 8 db. It is found that the peaks 
of the differential distribution in the two cases are at 
about the same place, This indicates clearly that the 
x-rays examined are L x-rays of Ag (see Figs. 1 and 2). 








rY) 
» svwoere or “anne 
Fic, 2. Spectrum of 3.24-kev Ag L x-rays by accelerated charged 


particles. Attenuation of linear amplifier=8 db. Pulse height 
analyzer bias = 12 volts 


The only difference is that the spread of the distribution 
of L x-rays of Ag is slightly more than that of K x-rays 
of Cu, which we should expect for lower energy. 


2. Measurement of Mass Absorption Coefficient 


In order to confirm the conclusion of the pulse-height 
comparison, a determination of the mass absorption 
coefficient of 1 x-rays of Ag in aluminum was made. 
The mass absorption coefficient of the x-rays examined 
was found to be 750 cm*/g, which agrees with the value 
of Siegbahn® within the limit of the experimental errors. 


IV. MEASUREMENT OF THE CROSS SECTIONS 

A thin target of Ag, 0.5 mg/cm? thick, evaporated on 
spectroscopically pure aluminum backing (purity of 
Ag and Al=99,99%), is bombarded by accelerated 


Ias_e I. Absolute cross section in cm? for L-shell ionization. 


Energy 
Target of L 
thickness x-rays 
mg/cm? kev 


Energy of lexperimental 
particles cross section 
in Mev cm? 


Incident 


Klement particles 


wAg 0.5 3.24 protons 0.4 0.7310"? 
0.5 1.38 10 
0.6 2.15 10 
0.7 3.62 10 
0.8 5.03 X 10 
0.9 6.59X 10% 


1.0 7.9110 


deuterons 0.4 1.1110 
0.5 2.6710 
0.6 5.15 10 
0.7 8.75 10-8 
0.8 13.8 «10 
alpha 
partic les 0.4 0.31 10 
0.5 2.2710 
0.6 3.59K 10°? 
0.7 6.59 10 
0.8 12.2510 
0.9 21.2 X10 
1.0 30.97 X 10 
1.1 50.58 10 


protons, deuterons, and alpha particles. Figure 2 shows 
a typical spectrum of / x-rays of Ag by accelerated 
particles. 

To determine the cross section for the production of 
L x-rays from the target, the calculations described in 
a previous paper® are made. The angular distribution is 
assumed to be isotropi 7 

The efficiency of the proportional counter filled with 
a mixture of 90% argon and 10% carbon dioxide to a 
pressure of 25 cm of Hg was 99.0+1% for the 3.24-kev 
x-rays. The cross section for the production of L x-rays 
of Ag, was finally corrected for the Auger transition, 
and the absolute cross section for /-shell ionization was 
determined. The fluorescent yield for L x-rays of Ag 


*M. Siegbahn, The Spectroscopy of 
Springer, Berlin, 1925) 


Y-rays (Verlag Julius 





CROSS SECTIONS FOR L 
is equal to 0.1 according to Burhop.’ The experimental 
results are given in Table I. Since L x-rays of Ag have 
an energy of 3.24 kev and as such a very large mass 
absorption coefficient, the largest source of error is the 
absorption in the target, in the chamber window, the 
counter window, etc. Careful analysis of these factors 
indicates that the accuracy of the measurements is 
+ 30%, 


V. DISCUSSION AND CONCLUSIONS 


The cross section for the L-shell ionization of Ag 
increases with increasing energy of the incident particles 
but the increase for protons is less rapid than that due 
to deuterons and alpha particles. Furthermore, for 
protons, the increase of the /-shell ionization cross 
section is less rapid than the A-shell ionization, and the 
cross section for the production of L x-rays is larger 
than that of K x-rays by a factor of 10‘. (For K x-rays, 
see Singh.*®) A large cross section can be expected in 
consequence of the loose binding energy of electrons 


in /-shells. 
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3. Cross sections for L-shell ionization of Ag by protons 


The L-shell ionization cross sections for thick targets 
of four’heavy elements, Ta, Au, Pb, and U have been 
measured by Bernstein and Lewis,® for protons of 
energy between 1.5 Mev and 4.25 Mev. In all cases, 
the cross section is found to increase with the increasing 
proton energy, but the increase is less rapid than the 
K-shell ionization measured by Lewis, Simmons, and 
Merzbacher."” 

It is clear in our measurement that the cross section 
for the L-shell ionization of an element is much larger 
than that of the A-shell ionization of the same element 
for the same energy of the positively charged particles 
It appears that the theory of Henneberg" for A-shell 
ionization can be used for /-shell ionization. Therefore, 
taking account of the excitation energy of the L ele 


°c. 4: § 
Transitions 
p 55 

” Lewis, Simmons, and Merzbacher, Phys. Rev. 91, 943 (1953) 

'W. Henneberg, Z. Physik 86, 592 (1933) 
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(Cambridge 


fuger Effect and Other Radiationles 


University Press, Cambridge, 1952) 
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Fic. 4. Cross sections for L-shell ionization of Ag by deuterons 
trons, the number of J electrons, and the radius of the 
L shell, the cross section for the L-shell ionization is 
given by 


Ni fne* 3.51K10~* 
(Z')*X x x Py (n’), 
Ve \ny (Z—2)'0 


a;(cm*) 


where o(n’) is the same as that for A-shell ionization 
used by Henneberg" except that the excitation energy 
of the L shell is used in place of the A-shell excitation 
energy. Here Z’ 
V,=the number of electrons in the 


incident parte les, 
L. shell, Ve =the 
shell, m.=the total 

the total quantum 
the outer screening 


the charge on the 
number of electrons in the A 
quantum number for the Z shell, , 


number for’ the A’ shell, and @ 
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Cross sections for L-shell ionization of Ag 
by alpha particles 
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factor, (Z—2) is used in place of Z (atomic number of 
target element) because of the inner screening effect of 
the K electrons. 

According to this formula, the cross section for the 
L-shell ionization depends upon two main factors. The 
first is an exponential function of the energy and the 
second is proportional to the fourth power of the 
energy. At lower energies the exponential factor is 
small and the cross section is proportional to the fourth 
power of energy. At higher energies the exponential 
factor becomes appreciable. The theoretical cross 
sections obtained by the use of this formula are com- 
pared with the experimental cross sections for L-shell 
ionization of Ag by protons, deuterons, and alpha par- 
ticles and are shown in Figs. 3, 4, and 5. Here we have 
used the value of @ applicable to K-shell ionization and 
there is a general agreement as far as an increase of 
the cross section with increasing energy of the incident 
particles is concerned, However, if @ is taken equal to 
unity, which means no outer screening, there is better 
agreement. For protons and deuterons the experi 
than the theoretical 


mental cross section is smaller 
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cross section by a factor of two to three, but in the 
case of alpha particles the discrepancy is much greater, 
as with K-shell ionization. Therefore the systematic dif- 
ference between the theoretical and experimental cross 
sections of K-shell and L-shell ionization of elements 
suggests that a more exact theoretical treatment at low 
energies might bring theory and experiment into closer 
agreement. 
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Atomic Orientation by Optical Pumping 


W. FRANZEN AND A. G. EMSLIE 
Arthur D. Little, Incor porated, Cambridge, Massachusetts 


(Received July 16, 1957) 


\ variation of the usual method of atomic orientation of alkali metal vapors by optical pumping is pro 
posed, This variation consists of employing a single circularly polarized D, line as pumping radiation, 
instead of a mixture of the two D lines. Under these conditions, one magnetic substate of the ground state 
is transparent to the pumping radiation, It is shown that for a sufficiently intense light source and relatively 
weak relaxation, the entire population of the vapor will tend to be pumped into this single state, resulting 
in nearly one-hundred percent atomic orientation. The pumping process is analyzed in detail for sodium 
vapor illuminated with 3P,—3.3, radiation, and the time dependence of the populations of the eight mag 
netic sublevels of the ground state is computed. It is shown that in the steady state, the light absorption by 
the vapor is linear rather than exponential with distance. A simple method of measuring relaxation times 
based on this observation is suggested. The conditions under which the imprisonment of resonance radiation 
limits the size of the oriented sample are discussed, and it is suggested that the proposed technique will 
allow the alignment of larger samples than is possible by the usual method of optical pumping. 


INTRODUCTION 


HE orientation of alkali metal atoms by optical 
pumping with circularly polarized resonance radi- 
ation has recently attracted wide attention.’-* The 
usual method consists of illuminating the vapor with 
circularly polarized resonance radiation consisting of a 
mixture of two D lines. Under these conditions, only a 
limited degree of orientation can be achieved, and the 
size of the vapor sample that can be aligned is small, 
as discussed by Hawkins.° 
It has recently been demonstrated by Dehmelt* that 
it is possible to attain relaxation times of the order of 
0.2 sec for optically pumped sodium vapor diffusing 
through an argon buffer gas atmosphere. Argon-sodium 
collisions are therefore relatively ineffective as far as 
disturbing the spin alignment of the sodium atom in its 
ground state is concerned, The influence of buffer gas 
collisions on the optical excited state has been investi- 
gated by Wood,'* “ Lochte-Holtgreven,'* Seiwert,'® and 
Bender.’ A review of this subject is to be found in 
Pringsheim’s book.'® In the earlier experiments in this 
field, sodium vapor in an argon buffer gas atmosphere 
was illuminated with resonance light consisting of one 


* This work was supported by the U. S. Army Signal Corps 

1A. Kastler, J. phys. radium 11, 255 (1950) 

? Brossel, Kastler, and Winter, J. phys. radium 13, 668 (1952) 

‘ Brossel, Cagnac, and Kastler, J. phys. radium 15, 6 (1954) 

‘A. Kastler, Proc. Phys. Soc. (London) A67, 853 (1954) 

*W. B. Hawkins, Phys. Rev. 98, 478 (1955) 

6A. Blandin and J. P. Barrat, Compt. rend, 243, 2041 (1956) 

7 P. L. Bender, Ph.D. thesis, Department of Physics, Princeton 
University, 1956 (unpublished) 

*H. G. Dehmelt, Phys. Rev. 105, 1487 (1957). 

*T. Carver and R. H. Dicke, Proceedings of the Eleventh 
Annual Symposium on Frequency Control, Signal Corps Engineer 
ing Laboratories, Fort Monmouth, New Jersey, May, 1957 

1 R. W. Wood and L. Dunoyer, Phil. Mag. 27, 1018 (1914) 

" R, W. Wood and L. Dunoyer, Compt. rend. 158, 1490 (1914) 

12R. W. Wood and L. Dunoyer, Radium I1, 119 (1914) 

49 R. W. Wood and F, L. Mahler, Phys. Rev. 11, 70 (1918) 

4 W. Lochte-Holtgreven, Z. Physik 47, 362 (1928) 

16 R. Seiwert, Ann. Physik 18, 54 (1956) 

16 P. Pringsheim, Fluorescence and Phos phorescence (Interscience 
Publishers, Inc., New York, 1949), pp. 96-102. 


of the two D lines. It was found that when the partial 
pressure of the buffer gas is increased to a few milli 
meters of mercury, the relative intensity of the two D 
lines in the scattered resonance radiation tends toward 
the equilibrium ratio 1:2, regardless of which of the 
two lines is used for excitation. Lochte-Holtgreven" 
obtained a cross section of 1.0% 10°" cm? for the trans 
fer of sodium atoms from the 3/7, to the 3/5 state in 
sodium-argon collisions, and a cross section of 0.6% 107" 
cm? for the inverse process at a temperature of 443°K. 
These cross sections are of the order of gas-kineti 
collision cross sections. One would therefore expect 
substantially complete mixing of the magnetic sublevels 
of the excited P states when the buffer gas pressure is 
raised to such a point that the mean time between 
collisions approaches the lifetime of the excited state 
(1.6K 10~* sec)."! 

Dehmelt* has pointed out that it is possible to obtain 
partial orientation of sodium vapor with optical pump- 
ing even when there is complete reorientation in the 
excited state, 1.e., complete mixing of the magnetic sub 
levels in this state, provided there is some difference in 
the peak intensities of the two D lines emitted by the 
light source, 

We would like to go a step further to suggest that it 
IS possible Lo approac h one-hundred percent orientation 
of alkali metal atoms by illuminating them with circu 
larly polarized resonance radiation containing only one 
of the two D lines, namely the one corresponding to an 
optical transition of the type 2P?;—mS,. This is true 
even when n>m, that is, when higher members of the 
principal series of the alkali spectra are employed 
Furthermore, the orientation mechanism should be 


effective regardless of the degree of reorientation that 
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‘ 
may take place in the excited state, or any intermediate 
excited state, as will be demonstrated. 

Consider the case where the direction of rotation of 
the magnetic vector of the circularly polarized reso- 
nance radiation used for pumping is such that the selec- 
tion rule Amy = +1 applies relative to an axis of quanti- 
zation defined by a weak longitudinal magnetic field as 
described by Hawkins.® For a nuclear spin /, the two 
hyperfine states in the ground state have spins /—} 
and /+-4, respectively. The highest my value in the 
ground state is therefore mpy=I14+-}. An identical situa- 
tion prevails in any of the P, excited states for which 
the two hyperfine states also have F = /—4 and F=1+4, 
the highest my value being my=J/+-4. It is clear that 
the my=1+4 substate of the ground state cannot 
undergo transitions subject to the rule 
Amy = +1 since no state having my larger than /+-} is 
available in the P, excited state. 

On the other hand, all the other 4/+1 substates of 
the ground state hyperfine doublet are able to absorb 


selection 


the circularly polarized resonance radiation, A certain 
proportion of the excited atoms thus produced will 
decay into the nonabsorbing me=1+-4 sublevel, where 
they will remain for a time of the order of the relaxation 
time, undisturbed by the pumping radiation, If the 
pumping radiation is sufficiently intense and the relaxa- 
tion time is sufficiently long, the entire population will 
I+-4 sub- 
level of the ground state, as we intend to show. This 


be thrown into the single nonabsorbing my 


condition corresponds to complete orientation of the 
alkali atoms, with the coupled nuclear and electron 
spins both aligned in the direction of the applied 
magnetic field 

In any actual experimental situation, the relaxation 
time of course cannot be made indefinitely long, as 
assumed above. The amount of orientation that can be 
achieved depends then on the quantity p= 1/897’, where 
1/7 is the relaxation probability per atom per unit 
time, and fo is the average light absorption probability 
per atom per unit time when the occupation prob- 
abilities of the magnetic substates of the ground state 
are assumed to be equal. The smaller the value of p, 
the nearer the approach of the system to one-hundred 
percent orientation. This situation is analyzed in detail 
below 


ANALYSIS OF PUMPING PROCESS 


To make the subsequent discussion quite definite, 
we shall analyze the pumping process as applied spe- 
cifically to sodium optically pumped with circularly 
polarized 3P4—35S, resonance radiation. The choice of 
this particular case, however, does not restrict the 
general validity of the method of analysis which can be 
applied equally well to any of the other alkali metals, 
or to optical pumping with one of the higher members 
of the principal series. 

Normal sodium consists of a single isotope having a 
nuclear spin of }. The hyperfine doublet in the ground 
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state therefore has F=1 and F=2, with a total of eight 
sublevels: (1, —1), (1,0), (1, +1); (2, —2), (2, —1), 
(2,0), (2, +1), (2, +2). The numbers in the paren- 
theses indicate F and mr, respectively. We shall dis- 
tinguish these sublevels by using subscripts 1 through 8, 
in the order stated. Let 6,; be the probability per unit 
time that an atom in the substate 7 of the ground state 
has undergone a transition to a substate j of the ground 
state by absorption and re-emission of a photon. Simi- 
larly, we denote by w,; the probability per unit time for 
the corresponding transition induced by relaxation. 
The occupation probability px(t) of the kth state can 
be obtained by a solution of the eight simultaneous 
differential equations 


” 8 
De=— DL" (dat wes) Pet Dd’ (dint wi) pi; 
j=l ol | 
k=1,2,---8. (1) 


Only seven of these equations are independent in view 
of the relation >>, px= 1. The dot denotes differentiation 
with respect to time, and the prime is used to indicate 
that the terms j= and i=k are to be omitted in the 
summations. 

The omission of the diagonal terms corresponds to 
the fact that a transition in which an atom in state k 
absorbs a photon and then returns to the same state 
does not affect the occupation probability of that state. 
However, such a transition does contribute to the ab- 
sorption coefficient of the vapor for the incident reso- 
nance radiation. Thus the probability per unit time 
that an atom in state & will absorb a photon is given by 
>. bs; and the probability per unit time that any atom 
will absorb a photon is B= )0x 30; bejpe. If we assume 
that the occupation probabilities are all equal at thermal 
equilibrium (in other words, if we neglect the small 
differences in the occupation probabilities at sodium 
vapor temperatures), the average light absorption prob- 
ability per atom per unit time is 


L 


B=1IT by, f ed, (2) 
, i 0 


where /, is the spectral density of the incident light in 


TABLE I. Relative absorption probabilities (1/69) 2, bs per 
unit time of the eight magnetic substates of the ground state of 
the sodium atom for circularly polarized resonance radiation con 
taining the 3P,—3., line only. 

(1/Bo) Lj bej 
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TABLE IT. Array of coefficients By, to be used in the simultaneous differential equations 
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5) for sodium optically 


pumped with circularly polarized D; radiation. No reorientation in the excited state 


photons per cm? per sec per unit frequency range, and 
a, is the cross section for absorption of a photon of fre- 
quency v by a sodium atom when the eight sublevels in 
the ground state are equally populated. If we take the 
oscillator strength of the circularly polarized D, line as 
4, we can employ the dispersion theory relation'?:?! 


f a lv =tacry= 4.40 10% cm?/sec, 


0 


where r)=e?/mce* is the classical radius of the electron 
and ¢ is the velocity of light, to obtain p= 4.40X 10/5 
for the layer of sodium vapor first struck by the incident 
resonance radiation. We have assumed here that the 
light source emits a spectral line that is considerably 
broader than the width at half-maximum of the 
Doppler-broadened absorption line,” so that we can set 
/,=1Jo=constant at the center of the line. 

The relative absorption probabilities (1/89) 30; by; of 
the eight substates k=1,2,---,8, for the circularly 
polarized D, line are listed in Table 1.4%. We note in 
the first place that the absorption probability of the 
eighth state (f= 2, mp=-+2) is zero. This is due to the 
fact that the transition 3$,—3P, is forbidden for this 
state by the selection rule Amp=+1. Secondly, we 
observe that the average absorption probability per 
atom for a condition where the p,’s are unequal is 
given by 


B=Bolhpit pots pst 2pst 3 pst potdp7). (3) 


It should be emphasized that these statements are valid 


2 W. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, New York, 1954), third edition, p. 180. 

™For sodium vapor at 400°K, the Doppler width at half 
maximum is Avyp=1500 Mc/sec, while a sodium spectral lamp 
under typical operating conditions emits a D, line of width 10‘ 
Mc/sec. (See reference 5.) These figures are to be compared with 
a zero-field hyperfine splitting in the ground state of 1770 Mc/se« 
and a natural width of 10 Mc/sec. The Lorentz width is negligible 
at moderate buffer gas pressures 

EF. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1935), Chaps 
IX and XII. 

* W. B. Hawkins, Ph.D. thesis, Department of Physics, Prince 
ton University, May, 1954 (unpublished), Appendix D. 


regardless of the amount of reorientation of the sodium 
atom in its excited state. 

The simplest assumption that one can make with 
regard to the relaxation probabilities w,; occurring in 
Eq. (1) is that all the w’s are equal to each other, This 
implies that in an individual relaxation event, such as 
an electron exchange collision between two sodium 


atoms,”*:6 or a wall collision, an atom in a given sub- 
state has an equal probability for making a transition 
to any of the other seven substates. If we set w= 1/87 
for all the w’s in Eq. (1), then the differential equation 
satisfied by px when no pumping radiation is present is 


Pi (1/7) (pr-4), (4) 


so that 7 has the significance of a spin-lattice relaxation 
time in the usual sense,’ 

The actual values of the individual transition prob 
abilities b,; of course do depend on the amount of re- 
orientation in the excited state. ‘Two extreme situations 
can be analyzed simply, namely the case of no reorienta 
tion in the excited state, and the case of complete 
reorientation in the excited state. Any actual physical 
system would be expected to be intermediate between 
these two extremes. 

In view of (4), the system of Eqs. (1) can be written 
in the form 


(5) 


The coefficients By are related to the transition prob- 
abilities defined previously by By = (8/Bo)bu for 1*k, 
and Bx, (8/Bo)[ 1/T)+3.,' bi; |, where the prime 
again denotes omission of the term 7=& in the summa 
tion. Normalization of the transition probabilities com 
puted by Hawkins” leads to the array of coefficients 
B, shown in Table II for the case of no reorientation 
in the excited state. 

For the case of complete reorientation in the excited 
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Array of coefficients By, to be used in the simultaneous differential Eqs. (5) for sodium optically 


pumped with circularly polarized D, radiation. Complete reorientation in the excited state. 
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state, we assume with Dehmelt® that the rates at which 
atoms return to the eight magnetic sublevels of the 
ground state are equal. Using the same normalization 
procedure applied above, we then get the array of 
coefficients shown in Table III 

Figure 1 displays graphically solutions of the two sets 
of simultaneous differential equations (5) that have 
been obtained by use of an electronic computer for the 
case p=1/BoT =0.01. We note the approach of the 
system to a steady state in which most of the popu 
lation is in the single substate 8 (fF =2, my=-+-2). It 
is also interesting to observe the rapid decrease of 
the absorption probability @=(o(4pit pot} pst 2pa 
+} pst pot} pr) as the steady state is approached. 

Of considerable practical interest are analytical solu 
tions of the two sets of equations for the steady state 
when p=1/(»9T is small. In that case, the steady-state 
occupation probabilities of the eight states have the 
approximate values listed in Table IV. We note that 
the light absorption probability 8 per unit time per 
atom approaches the value 7p8o=7/T in the case o 
complete reorientation in the excited state, and the 
value 3.63/7 
cited 


in the case of no reorientation in the ex 


state. Remarkably enough, the probability of 





(a) 


Fic, 1 
illuminated with circularly polarized D, radiation 
by means of an electronic computer for the case p 


probability per atom per unit time as a function of time. The time ¢ 
No reorientation in the excited state of the sodium atom. (b) Complete reorientation in the 


tion is suddenly turned on. (a 
excited state 
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light absorption per atom becomes independent of light 
intensity in the steady state. This follows from the fact 
that the number of atoms in the seven absorbing states 
in the steady state is inversely proportional to light 
intensity. (These statements are valid only when p is 
small compared to*unity, i.e., when the light source is 
sufficiently intense’and the relaxation time is long.) 

In the practical case where some reorientation in the 
excited state takes place, the absorption probability 8 
can be written 


1 0 . 
3 ( ) | J 1,(2)dv 
N OZ 0 


where 7 is a dimensionless constant having a value 
somewhere between 3.63 and 7.00, V is the number of 
sodium atoms per cm’, and z is a distance measured 
from the front of the vapor sample cell in the direction 
of light propagation. The integrated light intensity 
therefore decreases linearly with z in accordance with 


f T,(O)dv J 


Zz 


Nn 
I,(2)dv Z. (6) 
rT 





Predicted rate of change of the occupation probabilities of the eight magnetic sublevels of the sodium atom when 
rhe curves represent solutions of the simultaneous equations (5) obtained 
1/8)7 =0.01. The curve labeled 8/89 shows the relative light absorption 


0 corresponds to the instant at which the pumping radia 
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TABLE IV. Steady-state occupation probabilities of the eight magnetic sublevels of the ground state of the sodium atom optically 
pumped with circularly polarized D, radiation. The occupation probabilities are expressed in terms of p= 1/897 which is assumed to 
be small compared to unity. The last column gives the steady-state value of the ratio 8/8» of the average absorption probability per 


atom per unit time to its value at thermal equilibrium 


fi pr pi 


No reorientation 0.384 0.398p 0.94 1p 
Complete reorientation 2p p ip 


The amount of light absorbed by the vapor is thus 
inversely proportional to the relaxation time 7. This 
observation suggests a convenient method for measur- 
ing relaxation times. Evidently, in the steady state the 
number of photons Nn/T which are removed from unit 
area of the incident light beam in unit distance traveled 
through the vapor just suffices to counteract the effect 
of relaxation. For a sodium vapor pressure of 7.6 10~° 
mm Hg, »=7 (complete reorientation), and T7=0.2 sec 
(Dehmelt’s longest observed relaxation time*), we have 
Nn/T=64X10" photons/cm*-sec. The condition that 
p=1/80oT be small compared to unity requires that 
Bo=440XK10°*/)>>1/T. For T=0.2 sec, this leads to 
1)>>1000 photons/cm? sec sec! as a condition on the 
spectral density per unit frequency range at the center 
of the emitted D, line. 


RELAXATION PROCESSES 


The relaxation of a partially oriented alkali metal 
vapor in a buffer gas would be expected to take place 
by-electron exchange between colliding alkali atoms, 
as discussed by Dicke*® and Purcell,”* by collisions with 
buffer gas atoms, and by collisions with the cell walls. 
The frequency of electron exchange collisions is a func- 
tion of the alkali vapor pressure. The rates at which 
the other two types of relaxation events take place is 
affected by the pressure of the buffer gas, but in an 
opposite manner for the two cases. An increase in pres 
sure results in an enhanced collision rate with the buffer 
gas atoms, but it also serves to reduce the diffusion rate 
of the alkali atoms to the walls. An optimum buffer gas 
pressure should therefore exist at which the relaxation 
rate of the oriented alkali atoms is a minimum. 

In the case of optical pumping with a single D, line, 
this optimum pressure can be chosen more or less with 
out regard to the effect of disorienting collisions between 
excited alkali atoms and buffer gas atoms. We have 
shown that for sodium vapor optically pumped with 
3P,—3S, radiation, the pumping rate and the degree 
of orientation that can be achieved in the steady state, 
are at the most decreased by a factor of two as the 
buffer gas pressure is increased from a small value 
(practically no disorientation collisions) to a large value 
(complete disorientation in the excited state). On the 
other hand, in the ordinary method of optical pumping, 
that is, when a mixture of the two D lines of approxi- 
mately equal peak intensity is employed, the pumping 
efficiency goes to zero as the buffer gas pressure is 
increased, as has been shown by Bender.’ It is therefore 


pa p pe 


107p 0.194) 0.398) 
bp ip p 


necessary to use a value for the buffer gas pressure 
which is considerably lower than the optimum value 
discussed above in order to keep the frequency of dis 
orienting collisions between excited alkali atoms and 
buffer gas atoms to a minimum. Furthermore, a large 
gas container must be used in order to achieve a reason 
ably long diffusion time to the walls. Neither of these 
restrictions apply to the method of pumping § pro 
posed here. 

The different effect of excited state collisions on the 
pumping yrocess for the two methods can be explained 
as follows for the case of sodium. When the intensity of 
the two circularly-polarized D lines is equal, as would be 
true for the broad self-reversed lines from a_ high 
intensity spectral lamp, the absorption probabilities of 
the magnetic substates of the ground state are also 
equal. The rate at which the absorption of resonance 
radiation transfers a given atom from the ground state 
to the excited states is therefore the same for all the 
substates of the ground state. The pumping process 
then depends in an essential manner on the preserva 
tion, in the excited state, of the change in the z com 
ponent of the angular momentum brought about by 
the absorption of the circularly polarized quantum 
When the substates of the excited states are completely 
mixed by collisions with buffer gas atoms, the informa 
tion contributed by the absorption process is lost, and 
the pumping efficiency goes to zero 

On the other hand, when a single circularly polarized 
D, line is employed, the absorption probabilities of the 
substates are unequal. In particular, one of the sub 
states has zero absorption probability. For this reason, 
a redistribution of the populations of the hyperfine 
states of the ground state will take place even when the 
excited substates are completely mixed by collision 
The pumping process then depends not so much on the 
change in magnetic quantum number brought about by 
the absorption of the circularly polarized quantum, 
but more on the operation of selection rules on the 


absorption 


IMPRISONMENT OF RESONANCE RADIATION 


In the usual method of optical pumping, the partially 
oriented vapor remains highly absorbent to the incident 
radiation and therefore constitutes a strong source of un 
polarized scattered resonance radiation. This scattered 
resonance radiation has a depolarizing effect which 
makes it impossible to partially orient more than a very 
small number of atoms 
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On the other hand, when the D, line alone is used, 
the absorption probability of the nearly completely 
oriented vapor decreases to a small value, as we have 
shown. The vapor therefore represents a comparatively 
weak source of scattered light. Under these circum- 
stances, it should be possible to extend the aligned 
sample in the direction of propagation of the collimated 
pumping radiation, provided its dimensions are kept 
small in a transverse direction. Thus, a photon of the 
nearly isotropically emitted scattered light will have a 
much smaller probability of absorption before escaping 
from the system than would be the case for the pumping 
radiation. 

In our analysis of the pumping process, the influence 
of the scattered resonance radiation on the establish- 
ment of the steady state has not been taken into a 
count. This influence will depend on the geometry of 
the sample cell. If the reabsorption probability can be 
made small enough, we can regard the scattered photons 


as contributing simply to an effective shortening of the 


relaxation time. The use of the separated D, line gives 
us considerable freedom of choice as far as the geometry 
of the sample cell is concerned, as we saw in the previous 
section, so that this condition can always be fulfilled in 


a practical case 
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The influence of cooperative reradiation, as discussed 
by Dicke,”*” also has not been considered. In view of 
the present state of knowledge of this subject, it is not 
clear to what extent this effect will limit the total num- 
ber of atoms that can be aligned by optical pumping 
techniques. 
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Rev. 93, 99 (1954) 
Dicke, Rev 


eR. ee 
*™R. B 
(1957).4 4 


Dicke, Phys 


Griffiths and R. H Sci. Instr. 28, 646 





PHYSICAL REVIEW VOLUME 


108, 


NUMBER 6 DECEMBER 15, 1957 


Lifetime of the 247-kev Excited State of Cd!!'}* 


P. C. Somms AND R. M. STEFFEN 
Department of Physics, Purdue University, Lafayette, Indiana 
(Received August 30, 1957) 


It is shown that lifetime measurements of excited nuclear states may be influenced by extranuclear effects 
By a proper choice of the chemical and physical form of the radioactive source this effect can be practically 
eliminated. Considering this extranuclear perturbation the lifetime of the 247-kev state of Cd! has been 
determined as ry = (122.3_95*!*) millimicroseconds. Experimental evidence of the influence of extranuclear 


effects on lifetime measurements is presented. 


1, INTRODUCTION 


HE lifetime of the 247-kev excited state of Cd™ 

plays an important role in the evaluation and 
interpretation of directional correlation measurements 
on the Cd!" gamma cascade which involve this state as 
an intermediate step.' The first delayed-coincidence 
measurements indicated that the lifetime of this state 
must be between 110 mysec?* and 140 musec.4 No 
precise value of this lifetime, however, was available 
at the time this investigation was started (1953). The 
value of the mean life, ry=(124+-6) musec, which is 
generally quoted in the directional-correlation literature 
was extracted from unpublished measurements _per- 
formed in this laboratory in 1950.5 The accuracy of 
nuclear data obtained on the basis of observations of 
extranuclear effects on angular correlations is strongly 
affected by the large error of this early lifetime determi- 
nation. Thus it was decided to remeasure the lifetime 
of the first excited Cd"! state with improved techniques 
and apparatus. The investigation presented in this 
paper yields the following values for the mean life ry 
and the half-life 7, of the 247-kev excited state of Cd", 
tw = (122.3_09.5t!:?) musec and 7;= (84.8_0.5+°-8) musec, 
respectively. After completion of our investigation two 
other determinations of the lifetime of the Cd!" state 
were reported. Rietjens ef al.® found a value of ry 


=(123+3) mysec, whereas Maier and Meyer’ com-- 


puted the precise value of ry=(121.34-0.7) mysec 
from their delayed-coincidence experiments with the 
conversion electrons which are emitted in the de- 
excitation of the Cd!" state. The agreement of the two 


values with the result of our measurements is 


satisfactory. 


t A brief account of this work has been presented at the spring 
meeting of the American Physical Society at Washington, D. C., 
April 26-28, 1956 [P. C. Simms and R. M. Steffen, Bull. Am. 
Phys. Soc. Ser. II, 1, 207 (1956) } 

*Work supported in part by the U. §S 
Commission. 

1 For references see R. M. Steffen, Phil 
(1955). 

2M. Deutsch and W. E. Wright, Phys. Rev. 77, 139 (1950). 

7W.C. Barber, Phys. Rev. 80, 332 (1950) 

‘F. K. McGowan, Oak Ridge National Laboratory Report 
ORNL-952, 1951 (unpublished) 

5 See, e.g., H. Aeppli et al., Helv. Phys. Acta 25, 339 (1952) 

* Rietjens, Van den Bold, and Heyligers, Physica 21, 899 (1955). 

7A. Maier and K. P. Meyer, Helv. Phys. Acta (to be published). 
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2. EFFECTS OF PERTURBED DIRECTIONAL 
CORRELATIONS ON LIFETIME 
MEASUREMENTS 


lifetime measurements of excited 
states involve observations of delayed coincidences 
between the radiations preceding the formation of the 
excited state and the radiation emitted from this state. 


The propagation directions, however, of the two 


In most cases, 


radiations are, in general, not independent from each 
other, but exhibit a directional correlation, W (6). 
Furthermore, this directional may be 
influenced by the interactions of extranuclear fields with 
the nuclear moments of the state whose mean life ry 


correlation 


is to be measured. The degree to which this interaction 
affects the correlation is dependent upon the time ¢ 
during which the nuclear state is exposed to the inter 
action. Thus W(@) is also a function of /: W(0,t). An 
introduction of a delay ¢ into one channel of the coin- 
cidence arrangement affects the coincidence counting 
rate not only by virtue of the decay (e~"'™) of the 
excited state but also by virtue of the tire dependence 
of W(0,). As a matter of fact, just in those cases where 
tw is of such a magnitude that it can be measured by 
the delayed-coincidence method, the directional corre 
lation is expected to be disturbed. 


The unperturbed directional correlation is of the 
form*® 


knox 
i+ 2, 


k=l 


W (0) Ax? P,(cos8). (1) 


The presence of a perturbing interaction in a source, 
which as a whole has an isotropic structure, results 
in a simple modification of the directional correlation’: 


kroas 


> Gol) Aru? Px (cosd), (2) 


kml 


W (0,1) =14 


where the attenuation coefficients Ga(t) depend upon 
the parameters which describe the extranuclear inter 
action (|Go(t)| <1). For static interactions the Gy () 
are periodic functions of ¢ involving a “precession 
frequency” wo. Time-dependent interactions are charac- 


‘LC 
729 (1953) 
A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953) 


siedenharn and M. E. Rose, Revs. Modern Phys. 25, 


1459 





1460 SIMMS 


{oso | {semen | (3 


=) 


4 
LINEAR 
“LIER 


Pees | ee} 


{ scauen {426} 
[ scaven {3008} 


scasen | {60 } 


' rec " on T Rall 


= 
[owareer | 


Block diagram of coincidence analyzer 


scacen } {246} 


{ scaen | { 2897) 
ric. 1 


terized by exponential functions Go4(t)=e~**', where 
the A», are a kind of relaxation parameters. The number 
of “delayed coincidences” observed with a coincidence 
” resolution curve 
cap ' 

is given by P(t’) and whose channel detecting the first 
radiation incorporates a delay 7, can be expressed by 


analyzer whose “prompt coincidence 


the following integral: 


ad 


C'(0,T) const f P(T—t)e""" 


kKmax 


x1 + 2 OopGer(L)Axx’P (CoB) Idt. (3) 


k=l 


The factor Oy takes into account the corrections for 
finite angular resolution of the two detectors whose 
axes subtend an angle of @ at the source,'°" 

In order to simplify the discussion of this equation, 
let us assume a rectangular “prompt coincidence” 


resolution curve P((’): 
P(t)=1- for 
P(t')=0 for 


To > f' nd TO, 

, ’ (4) 
(’>ro and 
Equation (3) reduces then to 


T +10 


const f ern 
T+ 


0 


C(00,T) 


X[14+-Ga (DOA x Px (cos) |dt, 
or 


Kimax 


cons + > 


kel 


C(6,7) Gou(T) 


XK Ord on’ Pox (COS) orrn (6) 


. . a] a a 
for T’> ro. Due to the presence of the function G»,(7), 
whose form depends on the extranuclear interaction, 
the decrease of the coincidence counting rate as a 


 S. Frankel, Phys. Rev. 83, 673 
' M. E. Rose, Phys. Rev. 91, 610 
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1953 


AND 


R M STEFFEN 

function of the delay time 7 is not a simple exponential! 
function. In order to extract the value of ry from a 
delayed-coincidence curve, either the functions Gu (T) 
must be known from other experimental data or the 
experiment must be designed in such a way as to make 
the second term in the square bracket of Eq. (6) 
independent of 7. The latter is true if one or more of 
the following conditions are satisfied : 

1. A»,°=0 for all k, case of isotropic correlation. 

2. Gu(T)€1 for all values of T> 10, case of strong 
nonstatic interaction (rwA%>>1, ToA%>>1). 

3. Go.(T)o~const for all values of T> 10; (i) case of 
small interaction (TAx<1, Two1), (ii) case of strong 
static interaction (hard core) (rywo>>1, rowo>>1). 

4. O<«1, case of poor angular resolution. 

5. Px =0 for all k, possible only for Rinax=1; (P2=0 
for #9= 125° 40’). 


3. EXPERIMENTAL 


3.1 Measurements of the Lifetime of the 
247-kev State of Cd’! 


The electronic equipment used for these measure- 
ments was of the usual type. Its salient 
features are described elsewhere.” The block diagram 
is shown in Fig. 1. Because of the finite rise time of the 
pulses arriving at the fast discriminators, the time 
moment at which the discriminator fires depends upon 
the pulse size. Large pulses trigger the discriminator 
earlier than small ones for a given discriminator level 
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Fic. 2. Typical example of a decay curve of the 
247-kev excited state of Cd! 
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Fic. 3. Decay of the 247-kev excited state of Cd'™. The two 


delay curves were observed at different angles @ with identical 
viscous sources of In!!! 


setting. This effect introduces an undesirable additional! 
delay, if the pulses are attenuated in long preceding 
delay cables. To minimize this effect, the discrimi 
nators were set at a very low level and the pulses 
arriving at the discriminators were adjusted to be of 
constant amplitude. This was done in the following way: 
the window width of the single-channel analyzers was 
made as small as possible and kept at a constant level 
to accept the photopeak of the In™! 
without delay cable. The small attenuation (- 


Cd!" gamma rays 
3%) of 
the pulses if delay cables were inserted was then 


compensated by increasing the amplification in_ the 


cathode followers until the peak appeared again in the 
narrow pulse height analyzer window. By using a fast 
mercury switch pulser a careful check of this procedure 
revealed that the time uncertainty was less than 0,002 
microsecond for delays up to 1.5 microseconds (1200 
feet of RG 7/U cable). 

The delay cables were calibrated by determining the 
resonance frequencies with a high-frequency oscillator. 
It was noted that the couplings between two lengths 
of cables introduced a small delay, thus care was taken 
to have always the same number of couplings in both 
channels, The resolving time of the coincidence system 
was either 81 mysec (for 10 runs) or 129 mysec (for 14 


STATE OF 


Cd!!! 1461 
runs). The In'" sources, whose preparation is described 
in reference 12, were either in the form of very dilute 
aqueous solutions of InCl,; where the time-dependent 
interaction is very small (condition 3i) or in the form 
of very viscous glycerine solutions with large time 
dependent interactions (condition 2), The sources were 
placed at a distance of 0.5 cm from the detectors; thus 
condition 4 was also reasonably well satistied. 

A typical delay curve measured with one of these 
sources is shown in Fig. 2. Summarizing the results 
obtained with 24 measurements of this kind gives the 
following result: 


rv = (122.3_6.5*':?) myusec, 


T= (84.8_0.5°°°5) myusec. 


The error «quoted includes not only the. statistical 
errors, which are very small (0.2%), but also takes into 
account the error in the delay cable calibration, as well 
as the error in the timing of the discriminator firing. 
Thus the error can be considered as the maximum 
error 


3.2 Influence of Extranuclear Interactions 
on Lifetime Measurements 


In order to verify the existence of the influence of 
the directional-correlation perturbation on the lifetime 
measurement, an experimental arrangement of detectors 
and an In!" source were chosen which did not satisfy 
any of the requirements mentioned in Sec, 2. A viscous 
solution of InCl, in water and glycerine, which displayed 
an undelayed directional correlation of 


W (6) = 1+ (0.12+0,01) Ps (cos), 


was found to be very satisfactory for this purpose 
Figure 3 shows the delay curves determined at two 
90° and 6y)= 180°. The “apparent lifetimes”, 
determined from the slopes of the two curves are also 


angles 4 
indicated. The difference between the two “apparent 
values” of rw is considerable and indicates that care 


must be exercised in measurements of lifetimes of 
excited states if the directional correlation between the 
preceding and following radiation is perturbed by 


extranuclear effects 
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Configuration mixing between the odd particle and the core is formulated to account for the weak col- 
lective quadrupole effects near closed shells. The configuration mixing sum is evaluated formally for the 
general case and applied to O'7, An equivalent formalism in which closure is done over the configuration 
mixing sum is developed and applied to O'’, giving good agreement with experiment. The closure result 
is found to be very insensitive to variation of parameters. The closure formalism is also applied near the 
lead closed shell, using a nuclear charge density distribution for the core instead of a sum over particle 
states. The collective effects in this region are well accounted for, and the formalism is compared with that 


for weak surface coupling 


I, INTRODUCTION 


ERHAPS the most fertile model of the nucleus 

introduced in recent years is the shell model of 
Mayer and Jensen.’ In this model, eigenstates are 
generated by considering the independent motion of 
nucleons in a potential well with a large spin-orbit- 
coupling, and it is assumed that a good approximation 
can be obtained for the ground state and low-energy 
properties of the nucleus by considering only a few of 
these states. The assumption of independent motion is 
ostensibly a very surprising one in view of the very 
short range and great strength of nuclear forces, but 
the nuclear shell model has proved extremely rewarding 
and thus gained strong pragmatic justification. Recently 
the work of Brueckner ef al.? has indicated the way to 
a sound theoretical justification as well. 

If the initial generating potential is considered to be 
spherically symmetric, then in the region of the doubly 
closed shells the nuclear wave functions should be 
particularly simple, and for a doubly closed shell plus 
or minus one particle the nuclear wave function should 
reduce to a single antisymmetric term, i.e., for this 
case the j—j coupling independent-particle model 
should reduce to the single-particle model. In gross 
properties this seems in fact to be the case, but in most 
cases where detailed information is available, there 
seem to be residual collective effects that cannot be 
easily attributed to the odd particle in the pure single- 
particle model. Attempts to explain these weak collec- 
tive effects within the framework of the collective 
model of Bohr and Mottelson® using the so-called surface 
coupling approach have been only moderately successful 
and have not as yet been put on any fundamental 
footing. The subject of this paper is the treatment of 
these collective effects within the framework of the 
independent-particle model.‘ 

* Now at Department of Physics, University of Pennsylvania, 
Philadelphia, Pennsylvania. 

1M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955) 

* For references see H, A. Bethe [Phys. Rev. 103, 1353 (1956) ]. 

*A. Bohr and B. R. Mottelson, Kel. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953) 


‘A preliminary note on this work-has appeared. R. D. Amado 


and R. J. Blin-Stoyle [Proc. Phys. Soc. (London) A70, 532 (1957) ]. 


In the nuclear shell model the generating potential, 
U, must arise from some sort of averaging of the two- 
body interactions,® V, between the nucleons. But even 
if this average has been performed in an optimum, 
self-consistent manner, the shell-model states will not 
be diagonal in the residual interaction, V—U. Since 
the shell-model states generally used are chosen for 
their analytic rather than self-consistent properties we 
should not be surprised if the residual interaction has a 
large perturbing effect. The mixing of zero-order shell- 
model states by the residual interaction is known as 
configuration mixing, and calculations of this mixing 
have considerably extended the range of success of the 
shell model.® But calculations with the residual inter- 
action are extremely complex and have in general only 
been carried out among particles outside L—S closed 
shells, and then except for the light nuclei, only near 
closed shells. Limited calculations in which any number 
of particles outside closed shells have been considered 
have also been done for ground-state magnetic mo- 
ments,’ ground-state electric quadrupole moments,* and 
comparative half-lives in beta decay.’ The calculations 
for magnetic moments and log /t values give quite good 
agreement with experiment, whereas the agreement for 
quadrupole moments is not nearly so good far from 
closed shells, but this can be understood in terms of the 
sensitivity of the quadrupole moment to shape defor- 
mations of the nucleus.’ 

Just as the residual interaction mixes different zero- 
order shell-model configurations of particles outside 
closed shells, so the interaction of an odd particle with 
the closed-shell core will mix in excited configurations 
of the core, even for a nucleus with only one particle 
outside the closed shell. Because of the great stability 
of the closed shell, the admixtures of these excited 
states will be small. But because there are many core 
protons, even very small admixtures can give fairly 


® Only two-body interactions are considered. 
*A complete account of this and other aspects of the shell 
model and a complete list of references are given by J. P. Elliott 


and A. M. Lane, ‘The Nuclear Shell Model,” in Handbuch der 
Physik (Springer-Verlag, Berlin (to be published) ]. 

7A. Arima and H. Horie, Progr. Theoret. Phys. (Japan) 11, 
509 (1954). 

*H. Horie and A. Arima, Phys. Rev. 99, 778 (1955). 

*R. J. Blin-Stoyle and C. A. Caine, Phys. Rev. 105, 1810 (1957). 
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large collective contributions, particularly for electric 
moment operators like the quadrupole operator. From 
this configuration mixing point of view, then, collective 
effects are due to mixtures of excited states of the core 
caused by interaction with the odd particle. 

In Sec. Il the general procedure for the direct 
evaluation of the configuration mixing sum in the case 
of electric quadrupole effects is outlined and applied 
to the two weak collective effects in O", 

In Sec. III an alternative formulation for the weak 
collective effects is presented in which closure is done 
over the configuration mixing sum. For O! this pro- 
cedure is exactly equivalent to the one in Sec. II, and 
has the advantage of being a formalism in which 
parameters are easily varied. ‘The calculation gives a 
good account of the weak collective effects in O'’, and 
further, variations of the parameters will change the 
results by a factor of two, but no reasonable set of 
parameters will account for the old, small value for the 
ground-state quadrupole moment."® A brief discussion 
is also given of other calculations of the weak collective 
effects in O", 

In the heavy nuclei direct evaluation of the con- 
figuration mixing sum for weak electric quadrupole 
effects becomes excessively difficult, but the closure 
formalism developed in Sec. III can be effectively 
applied. In Sec. IV the closure formalism is discussed 
further and applied to weak collective effects in the 
region of the lead doubly closed shell. It is seen that the 
calculation can be carried out in terms of a nuclear 
charge density distribution without having to specify 
single particle states for particles in the core. ‘The 
formalism gives a consistent account of the weak 
collective effects in this region, and also provides a 
general framework for the discussion of these effects. 
A discussion is given of other calculations of the weak 
collective effects in the region of lead, and in particular 
the configuration mixing formalism with closure is 
compared with the weak surface coupling formalism of 
Bohr and Mottelson.’ 


Il. THE CONFIGURATION MIXING SUM 


For a nucleus differing by only one neutron from a 
doubly closed shell, there will be no zero-order shell- 
model contribution to quadrupole effects. 
The entire effect must then arise from excitations of 
the core. Since the core initially has spin zero and 
positive parity, and since the quadrupole operator is a 
one-body operator transforming under rotations like 
an eigenstate of angular momentum 2 with positive 
parity, the relevant core excitations in first order must 
be 2+ states of the core differing from the doubly 
closed shell in the state of one proton only. Since the 
generating potential, U/, is a one-body scalar operator, 
it cannot produce core excitations of this type and 


electric 


%” Geschwind, Gunther-Mohr, and Townes, Phys. Rev. 83, 209 
(1951). 
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thus for the odd-neutron case we need only consider 
the effect of the two-body interaction, V. The first- 
order collective contribution to the matrix element of 
the nuclear electric quadrupole operator between two 


states J and J; can then be written: 
(I) V | (2+, IDI)((2+, Ji)J|Q|0I1) 
Fay + Avs, 


. (OJ |Q| (2+, DJi(2+, )Ii| V}OS1) 


ey 

Eu — Ass, 
where the sum extends over all 2+ states of the core 
formed by excitation of a single proton, and where E2, 
represents the energy for this excitation and Avs, the 
difference in energy between the odd neutron states 
and J;. By (2+, J)J; is meant the core in a 2+ state 
and the odd particle in the state J, coupled together to 
form a state of angular momentum /;. Since we shall 
only be concerned with low-lying states J and J, or 
with J=J,, Avs, is always negligible compared with 
FE», by virtue of the energy stability of the closed-shell 
core. 


A. Evaluation of the Mixing Sum 
In order to evaluate the sum in (1) we take single 


particle eigenstates of the form 


PisM Gini > 4mM m\l\JM)V,, mX4, M—my (2) 


where (wy, is the radial function, xj, a spin function, 
The 
addition or Wigner coefficient and the spherical har 


and VY; the usual spherical harmonic. vector 
monics are chosen to agree in phase and normalization 
with Condon and Shortley." It ts convenient in (1) to 
consider separately the matrix elements of V and of Q. 
We take for V an arbitrary exchange mixture of the 
form 


V (ria) = — Bly tePutBPat6P Pm) f(r), (3) 
where the P’s are the exchange operators, Py space 
exchange, and Pg spin exchange, as defined in Blatt 
and Weisskopf.” B is the strength of the interaction 
and the constants ¥, e, 6, 6 are defined so that y+e+8 
+ 
elements of V in (1), one gets four terms and thus may 
write 


1. Putting this exchange mixture into the matrix 


(OJ| V} (2*,J3)J) yMw { eM xy + BM y { 6M (4) 


We can now proceed to evaluate each of these terms 


by first expanding the interaction function, f(r,), in 


uN KE I Condon and G.H Shortley, 7 heory of Atomic S pec tra 
(Cambridge University Press, Cambridge, 1935) 

#27. M. Blatt and V. PF. Weisskopf, Theoretical Nuclear Physics 
(J. Wiley and Sons, Inc., New York, 1952) 
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spherical harmonics 


(ry) bn > fi(rire)>. V x, m(91:91) Vz, m*(O2,¢2). (5) 


k=O m 


Writing in the couplings in terms of Wigner coeffi 


cients in the usual way and using the elegant formalism ~ 


for manipulating holes and particles in terms of creation 
and annihilation operators developed by Brink and 
Satchler,” one can reduce the general matrix element 
of V in (4) from a matrix element between nuclear 
states to a sum of matrix elements of the interaction 
between single-particle states. These are then most 
easily evaluated by transforming from a j—j to LS 
coupling scheme and using the usual techniques for 
manipulation of angular momenta." 

Considering the core 2+ state formed by exciting a 
proton from the core state 7 to the excited state /, 


and using 
J=|l+}, 


one gets for the four matrix elements corresponding to 


the four exchange possibilities 


M 1) tO BRUT L')Q,00 | 21,10 
X(2'00) QUO) SQ7+-)QANi+ADQAA+D 
Xx (2, +1) (21 +-1) PW LSS; 24) 
KW (1) 717; 24), 


Ljareirtis 


BY {(2k+1)F (ULL) 


«(R100 Rhy 10) RUOO RUT OVS (2) +- 1) (20 + 1 
K (QI +1) (2741) 2,41) PWS; 25) 
KW 77; BWW; k2)}, 
My (— 1) t CS BEAUTL (21,00 2110 
x (200) 2110) 5 (27 +1) 27,41) (2714+1) 
* (214-1) (2 +1) |! L4+-M wy, 


My (— 1) TOU BY QR+D FE UTL) 


(kL y'OO) R110) CRUOO | RUT ODS (24) + 1) 21+ 1) 
~ (20, 4+1)(2 7,41) (2741) PW pp; 2k) 


XW LIL! 5 ARW LI 7; ARDY 


W(abed; ef) is the usual Racah coefficient,'® and the 


1956 
We 


Nuovo cimento 4, 549 
Vomentum in Quantum 


41). M. Brink and G. R. Satchler 

“See A. R. Edmonds, Angular 
chanics, CERN 55-26 (1955) 

1*(;, Racah, Phys. Rev. 62, 438 (1942); L. C. Biedenharn, 
Oak Ridge National Laboratory Report ORNL-1098, 1952 (un 
published) 
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F’,’s are the radial integrals given by 


F’,(abcd) f J Ralr1) Ry (re) Re(71) Rare) 
0 6 


K filnire)rvredridr,. (6) 
In the case of Mz, that is the Bartlett or spin-exchange 
case, it has not been possible to evaluate all the sums 
analytically. Nevertheless it is possible to reduce the 
expression so that only the sum £ need be done numeri- 
cally. This is 


L=>(2L4+1I)W (77S; AW UL; 2L) 
XW (ly jl; AL)W OU jl; AL). 


The matrix elements of the quadrupole operator 
appearing in (1) can be evaluated in a similar manner 
and for the case of a core proton excited from the core 
state 7 to the state 7\, one gets 


((2+,J,)JM \Q,'0J,M’ 


——v— ' 
(—1)s 8-3 
far ) 


XW (jal! jl; 42)(J:2I MJ \2M "yp 


s 


(210 1200) | Ryt*rRedr, (7) 


( 


where we have taken the quadrupole operator to have 
the form 
0) 


om 


TE © én 


B. Application to O" 


In the shell model, O'” has one neutron outside the 
extremely stable O' (Z=8, \ =8) doubly closed shell. 
One is therefore not surprised to find that the low- 
lying positive parity levels'® as well as the ground-state 
magnetic dipole moment'’ are very well accounted for 
in the extreme single-particle model. However, two 
electric quadrupole effects are known that, from our 
point of view, must be attributed to configuration 
mixing. The first excited state, 0.872 Mev above the 
ground state and assigned the single-particle configur- 
ation 2s,, decays to the ground state by £2 radiation 
with a mean lifetime of (2.5+1)10-™ sec,'® corre- 
sponding to a reduced matrix element'® for the decay 
of 0.027+0.006 barn. The ground state, which on the 
shell model has the odd neutron in a 1d, state has a 


is F Lauritsen, Revs. Modern Phys. 27 
(1955) 

'7R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956) 

'* We use the normalization convention for the reduced matrix 
element (or double-bar matrix element) of some tensor operator 
T (Au) between angular momentum eigenstates jm and JM of 

IM \T(d\p)| pm) = JT OA) f) GATM | jAmp). This is related to 
the lifetime following G. R. Satchler [ Proc. Phys. Soc. (London 
A67, 1024 (1954) } 


Ajzenberg and ‘T 





WEAK COLLECTIVE EFFECTS 
small static electric quadrupole moment of —0.0265 
+0,.003 barn." 

In order to evaluate the radial integrals in (6) for 
the case of O'’, we must specify the form of the inter- 
action as well as the form for the radial functions. For 
light nuclei it is usual to take the single-particle func- 
tions as eigenstates in a three-dimensional isotropic 
harmonic-oscillator well. This gives for the radial 
function” 


» 


Kyi Nwiexp( or 2)p'Lni(p*), (8) 


where Ny, is a normalization constant, Ly, is the 
associated Laguerre r/b- with 
b=(h/Mk)' if the generating potential L’ is given by 
U=3$Mbk’r*. For ease of calculation we take /(rj,) to 
have'a Gaussian form 


polynomial, and p 


J (fi2) = exp(—r12°/a*). (9) 


‘The method for getting the /,’s in this case and for 
doing the radial integrals has been given by Swiatecki.”! 
A generalization of his procedure and an expression in 
closed form for the integrals is given in the Appendix. 

The choice of harmonic-oscillator radial functions of 
the form (8) severely limits the possible excitations 
that give nonvanishing contributions to the configur 
ation mixing sum. ‘The combination of angular mo 
mentum selection rules and selection rules for matrix 
elements of r’ between harmonic-oscillator radial func 
tions” limit the possible excitations of protons from the 
O" core that will contribute to (7) to 1s; to 1dy, 1sy to 
Ids, Ip, to 2p3, Ip; to 2p, Ip; to 2p, 1p, to 1 fs, 1p; 
to 1fy, and 1p, to 1/;. 

We are interested in three types of terms in the 
combination of the interaction and quadrupole matrix 
elements—those for which J=J, , those for which 
J=$ and J, J,=§ and J=}. 
These three correspond to diagonal mixing for the 


$, and those for which 


ground-state quadrupole moment, and the two cases 
for the #2, mixing into the ground state and the excited 
state respectively. For each of these three cases we must 
evaluate the contribution of each of the four types of 
exchange interaction, and this must be done for the 
eight possible excitations enumerated above. The re 
sults will depend on the exchange character of the force. 
We take for this a Rosenfeld mixture” for which 
y= —0.13, «=0.93, B=0.46, and 6 0.26. The radial 
function parameter, 6, can be obtained by relating the 
density distribution of the wave functions to the nuclear 
radius” and this gives for O!? b=1.610~" cm. In the 
1 A> 4 10 13 


interaction we take a cm.” The contribu 


 Kamper, Lea, and Lustig, Proc. Phys. Soc. (London) (to be 
published); see also M. J. Stevenson and C. H. Townes [Phys 
Rev. 107, 635 (1957) } 

”]. Talmi, Helv. Phys. Acta 25, 185 (1952) 

21 W. J. Swiatecki, Proc. Roy. Soc. (London) A205, 238 (1951) 

#2 W.H. Shaffer, Revs. Modern Phys. 16, 245 (1944) 

7%. Rosenfeld, Nuclear Forces (North Holland 
Company, Amsterdam, 1948 


Publishing 


IN NUCLEAR SHELL MODEI 1465 


TABLE I. The contribution is listed for each of the possible 
excitations in O' to each of the three terms; Q for the quadrupole 
moment, /p for the £2 reduced matrix element with admixtures 
into the ground state, and /y for the £2 reduced matrix element 
with admixtures into the excited state. The contributions are 
given in units of Bbtadl/[ By(a+2)"*] where a= (a/b)? =1.4 and 
where £; is the appropriate excitation energy for each contri 
bution 


} 

46 +8 
§7 10 
2.8 2.8 


Vv 3.6 
Es j : 12 


Ep < 5 a 


tion of each of the excitations is given in ‘Table 1. We 
notice that in general the relative contribution of each 
excitation, or group ol excitations to V, Ep, and Es is 
roughly of the same order in each case, and thus we 
cannot change the results drastically by simply dis 
allowing some particular excitation, or by giving it an 
anomalously low or high energy. 

Since we have no clear-cut experimental evidence 
on which to base a choice, we must pick the energy 
denominators for the excitations from the model. Neg 
lecting spin-orbit splitting, all the excitations we are 
considering have the same energy. ‘This is a consequence 
of the selection rules for matrix elements of r° between 
harmonic-oscillator radial functions, Since for light 
nuclei spin-orbit splittings are small compared with 
shell splittings, we expect that all the excitation energics 
will still be of the same order when we include spin-orbit 
splittings. This suggests that the configuration mixing 
sum in this case could be evaluated using closure with 
a mean excitation energy equal to twice the oscillator 
shell splitting. The closure formulation for the problem 
allows one to take into account the effect of variation 
of parameters, and forms a more convenient basis for 


\s the 


next section, the results are in good agreement with the 


comparison with experiment we shall see in 
experimental /:2 and ground-state quadrupole moment 


in OQ! 
Ill. THE CLOSURE FORMALISM 


One can always treat the sums in (1) by replacing 
the energy by 
energy, /, and then doing closure over the excitation 


denominators some mean excitation 


This gives for (1) 


(1/E)OJ| VO+OV OJ, (10) 


This expression can be treated as a definition of the 
mean excitation energies, and has the advantage of 
averaging the information about the excited configur 
ations into the mean energy so that one need not specify 
any but the zero-order The 
expression is particularly useful if one can assume that 


configuration, closure 
the mean excitation energy is a property that can be 
assigned to the core, independent of the odd-particle 
state. If this can be done then (10) can be used to give 
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a one-parameter fit for the weak collective quadrupole 
efiects in a given nucleus or for a given closed shell core. 

Since we are interested in obtaining just such a fit 
of the weak quadrupole effects near closed shells, it is 
of interest to see in what cases the closure assumption, 
that is the assumption that the mean excitation energy 
is independent of the single-particle states for a given 
core, will be valid. Clearly the assumption will be 
trivially true if all the excited core states contributing 
to the sum have the same excitation energy. It will still 
remain a good approximation if the major contribution 
to the sum comes from a spread of excitations small 
compared with the mean excitation energy. As we have 
seen this is the case for the harmonic-oscillator shell 
model of O' with small spin-orbit splitting. For the 
closure assumption to be valid, however, it is not 
necessary that the important contribution to the sum 
comes from a small energy range. The closur «pression 
(10) defines E as the harmonic mean of the excitation 
energies over the configuration mixing sum. And hence 
the closure assumption is valid so long as the odd 
particle state does not affect the harmonic mean of the 
excitation energies. Thus, for example, if the relative 
contribution of each excitation is always the same, and 
the only effect of the odd-particle state is to provide a 
scale for the contributions, then the assumption will be 
valid. We shall return to the closure assumption in the 
discussion of lead in Sec. 1V 


A. Application to O” 


One can apply the closure form of (10) to the ground- 
state quadrupole moment and the £2 transition prob- 
ability in O" either by simply adding up the results of 
the direct configuration mixing calculation, or by a 
straightforward evaluation of the matrix elements 
appearing in (10). ‘This latter procedure is relatively 
simple for the closure case since the nuclear states 
appearing in the matrix element are all states for one 
particle outside a closed shell and thus the matrix 
element between nuclear states is easily converted into 
a sum of matrix elements between particle states." 
Since the closed shell is an L—S closed shell, there is 
no need to couple up the angular momentum of the 
states of the core as is done in (2). Furthermore, for 
matrix elements between states differing in only one 
particle from a closed shell, it is easily verified that the 
only effect of the spin-exchange operator, Px, in the 
interaction is to reduce by one the number of spin 
sums that are free, Since each of these sums contributes 
a factor of two to the matrix element, one can simply 
replace P, by a factor of one half. ‘Thus the interaction 


in (3) can be rewritten 


V (ro) = Bl y+ 4B (e+ 45) Pa |f (ri), 


and the expression for the quadrupole moment or the 


F2 transition matrix element splits up into a direct 


4 
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part and a space-exchange part. One can write 
(VY) . (y+ 4B)(Q) direc tt (e+ 45)(Q) exchange 


for the quadrupole moment and there is clearly a 
similar expression for the £2. 

Using the Gaussian form for the interaction as before, 
and harmonic-oscillator radial functions, the evaluation 
of the matrix elements follows in a straightforward 
manner. The techniques described in the Appendix are 
used to evaluate the radial integrals. One finds 


8Bb'a! 
(Q) direct ior (6a? + lla +7), 
E(a+ 4 ate 


SBb*a! 
(a+ 3a’+ 10a+7), 


(VQ) exchange 


Ela + 2)'/2 


where, as before, a=(a/b)*. Similarly, for the reduced 
matrix element for the £2 transition, 


Bhai 15\3 
— ( ) (24a’+ 26a+-19), 
E(a+2)"/?*\ 29 


Beal 15\! 
me ( ) (11la’ + 15a’ t O8a-+- 38). 
2E (a+2)"/?\ 29 


(E2) dire: t 
and 


( k2 /exchange 


Putting in the values for a, 6, and @ as before, one 
finds 
() direct = —1.2( B/E) X10-** cm?; 


1 
(exchange O)airect °0.9, a 


for the quadrupole moment, and similarly for the £2: 


(E2)airect = 0.85 (B/E) X10~% cm’, (12) 
(702) exchanne (E2) direct _ Ss 


It is striking to note that both for the quadrupole 
moment and for the £2, for reasonable values of the 
parameters, the direct and exchange contributions are 
about the same. ‘This means that in both cases we can 
write the results in the form 


(V or E2) =(y4 38+ e+ 55)(O or Ah 


and hence that the relative value of the quadrupole 
and £2 are independent of the choice of exchange 
mixture, Using the Rosenfeld mixture to evaluate the 
exchange factors, one finds 


(Q)= —1.0(B/E)X10-* cm?, 


for the quadrupole moment, and for the reduced matrix 
element for the transition 


(E2)=0.78( B/E) X10-*6 em*, 


Comparing these results with the experimental values 
we find that B/E =3.4+0.8 fits the £2 transition rate 
and B/E =2.65+0.3 fits the quadrupole moment. There 
is a satisfactory region of overlap between these two 
values. 
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In order to compare these values with other results 
for the strength of the interaction we must pick EB. 
The most reasonable procedure seems to be to pick 
the excitation energy semiempirically. The first excited 
state of O'* occurs at 6 Mev, and in O" there is a group 
of negative-parity states at about 4 Mev.'* These must 
correspond to excitations of the same order as those 
involving a change in the oscillator principal quantum 
number. Taking 6 Mev as a mean value for this shell 
separation energy and taking B/E to be about 3 gives 
B=40 Mev. This is a reasonable value for the inter- 
action strength and fits well with other work that has 
been done with configuration mixing around A =19." 


B. Variation of Parameters 


It is interesting that both for the quadrupole moment 
and the £2, the direct and exchange parts are essentially 
the same. We can investigate how this result changes 
with variations in the range of the force or the shape 
of the nuclear wave functions by varying a. The ratio 
in (11) only changes by 10% as a is varied from zero 
to 3.5. For the £2 the ratio in (12) is even less sensitive 
to variation of a. Thus the insensitivity of the results 
to the exchange character of the force holds for all 
reasonable values of the ratio of the range to nuclear 
radius. The ratio of the total £2 matrix element to the 
ground-state quadrupole moment shows a_ similar 
insensitivity to variations in a. It is gratifying that the 
results are insensitive to variations in the exchange 
character or range of the force. This means that no 
set of experimental results greatly different from the 
present values could be accounted for by the theory. 

For reasons of simplicity, the calculations thus far 
have been done with a Gaussian radial dependence for 
the force, but they can also be done with a Yukawa 
dependence for f(r;). Evaluation of the radial integrals 
for this case is very much more complicated, and 


therefore we have only investigated the direct part of 


the quadrupole moment and of the £2. It is probably 


safe to assume, nevertheless, that the exchange parts 
will not be very different from the direct parts since in 
©" the range of the force is of the same order as the 
nuclear radius, and the matrix elements of the inter- 
action should not be very sensitive to what is essentially 
the fine structure of the interaction. For the Yukawa 
case the direct contribution to the quadrupole moment 
is a factor of two smaller relative to the £2 than is the 
case for the Gaussian interaction. This result is also 
fairly insensitive to variations of the range of the force 
relative to the range of the particle functions. No exact 
conclusions can be reached from this calculation but 
the experimental results do seem to’ indicate a slightly 


smaller quadrupole moment than is given by the 


Flowers, Proc. Roy. Soc. (London) 


“J. P. Elliott and B. H 
A229, 536 (1955 
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calculations with the Gaussian interaction, and this 
might be accounted for by taking a Yukawa interaction. 

Since it is probable that in a proper self-consistent 
independent-particle-model formulation for O' the odd 
neutron states will be more loosely bound than is the 
case in the harmonic-oscillator model, it is of interest 
to investigate the effect of the radial 
functions for the 1d and 2s states relative to the core 
states. This can be done in a reasonable way by taking 
a smaller 6 for the odd-particle states than for the core 
states, that is to say, by taking the core states as 


4 


pushing out”’ 


eigenfunctions in a narrower well than the odd-particle 
states. This variation will only affect the radial integrals 
and as before we have only investigated the effect on 
the direct parts with a Gaussian dependence for the 
interaction. The evaluation of the radial integrals can 
be carried out in a generalization of the procedure of 
the Appendix, and one finds that even when large 
variations of the odd-particle radial-function range 
relative to the core states are considered the ratio of 
the direct part of the £2 to the quadrupole moment 
remains essentially unaltered 

We have seen that reasonable variations within the 
framework of first-order configuration mixing with 
closure will change the relative results for the #2 and 
the quadrupole moment by factors of order unity, but 
no more. ‘Thus, these calculations are in agreement 
with the recent value for the ground-state quadrupole 
moment,’ but could not, by any stretch, be put into 
agreement with the old, very much smaller, value," 
We have also seen in Sec. II that the results for direct 
evaluation of the configuration mixing sum are not 
very sensitive to assumptions about the excitations. 
We have not investigated the effect of variation of 
parameters in the direct configuration mixing calcu 
lation, but in view of the closure calculation it seems 
reasonable to assume that they will be insensitive to 


these variations as well, 


C. Other Calculations 
Other attempts have been made to explain the weak 
collective effects in O' from different points of view 
looked at the 


In particular 


Perks*® and Horie and Arima® have 


configuration mixing without closure 
Horie and Arima have evaluated the first-order con 
figuration mixing contribution to the ground-state 
quadrupole moment for a large number of nuclei. They 
make the two simplifying assumptions of zero-range 


Al 


though one would not a priori expect zero-range forces 


forces and harmonic-oscillator radial functions. 


to be a good approximation in O'7 we have seen that in 
fact the calculations are extremely insensitive to the 


range of the force so that their calculations should be 


good for oxygen. They find a ground-state moment of 


7° M. A. Perks, Proc. Phys. Soc. (London) A68, 1083 (1955) 
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0.04 barn, which is the correct order of magnitude 
but somewhat larger than the experimental results or 
the results of our calculations. They do not calculate 
transition probabilities, but in view of our calculation, 
one would guess that their method would give reason- 
ably good agreement with the £2 in O", 

The two weak collective effects have been investi- 
gated by Barker” from the point of view of weak 
surface coupling.’ He finds that consistent with the £2 
transition probability the ground-state quadrupole 
moment comes out about a factor of two larger than 
the experimental value. But we might expect surface 
coupling to be a bad approximation in a light nucleus 
like oxygen. A semiempirical calculation of the two 
effects has also been carried out that seems to give a 
consistent account of the order of magnitude of the two 
effects.”’ 


IV. THE LEAD CLOSED SHELL 


For heavy nuclei the nuclear density distribution is 
more “square” than in oxygen and hence harmoni 
oscillator radial functions are no longer a good approxi 
mation. We are thus no longer helped by the strong 
selection rules imposed on the configuration mixing sum 
by these functions, and the evaluation of the proper 
(1) taking all 
very 


first-order configuration mixing sum 
possible contributions into account 
difficult indeed, On the other hand, application of the 


closure formalism (10) is relatively simple. However, 


would be 


since we are using closure in this case out of ignorance, 
we cannot begin with a justification of the closure 
assumption, that is the assumption that the mean 
excitation energy will be a property of the core inde 
pendent of the odd-particle state, but as we shall see 


this assumption seems in fact to be corroborated 


A. Development of the Formalism 


In expanding the matrix element in (10) into a sum 


1 
' one 


of matrix elements between single-particle states, 
encounters two types of terms, two-body terms in 
which only the odd-particle state and one core state 
appears, and three-body terms in which there are two 
core states. In O' the three-body terms contribute 
slightly less than 20% of the two-body terms, and one 
expects that of the of 
oscillator selection rules, the relative contribution in the 


because absence harmoni 
case of heavy nuclei will be even less. Further it is 
expected that the three-body terms will have roughly 
the same dependence on odd-particle states as do the 
two-body terms, and thus from the point of view of the 
closure assumption we make a negligible error in 
neglecting these terms. 

If we neglect the three-body terms, then for the 


1. 329 (1956 
Bull. Am 


Mag 


Ferrell 


26F CC. Barker, Phil 
77S. Fallieros and R. A 
2, 26 (1957) 


Phys. Soc. Ser. IT, 


AMADO 


odd-neutron case we can write 


I 
OJ) VO!0J;) 
EK 
l . 
= L(bi(1)pr(2) | V(12)0(1) | (1) 1(2)), 


iD 


(13) 


where the sum goes over all core proton states. 

In lead the range of the force is much less than the 
nuclear radius so we can treat the interaction in a 
range expansion and keep only the first couple of terms. 
lor the first term in the expansion (zero range) Py, 
the space exchange operator, simply gives unity. In 
this case the sum over core proton states reduces to 
the charge density distribution, after suitable care has 
been taken over the spin parts of the matrix element. 
Thus (13) can be rewritten 


Zt Zz 7a 
“f fo." 2)6.1(2)0(1)V 12,00) rer, (14) 
EK J, “6 


where p is the charge density normalized to unity, and 
¢ is a numerical factor depending on the exchange 
mixture, and hence on the spin matrix elements. 

The introduction of a density distribution is a 
considerable computational simplification. Further, it 
reduces the physically difficult problem of having to 
choose single-particle eigenfunctions for the protons to 
the problem of choosing a density distribution, and the 
recent high-energy electron scattering experiments at 
Stanford have yielded much information about this 
distribution.** We take a simpler density than the one 
obtained in these experiments, but one that still retains 
the gross features of the Stanford distribution. We take 
the spherically symmetric distribution 


0<r<R(1—12), 
R(A—b)<r<R, 
r>R. 


p(r,l) = po for 


p(r,l)=pol (R—r)/Rt| for 


p(r,l)=0 for 


The normalization is 44 fo“p(r)rdr=1, giving 
3 
Po . 
R®(4—61+4P —P)r 
This density has been used by Blin-Stoyle* but with a 
slightly different normalization. If one treats Ro=ro 
A! as the radius of the square density distribution 
that has the same mean square radius as p, then Rg is 
related to R by 
R’ Ro*B*(t), 
where 
3(4—61+-4F — #*) 
B*(t) ; 
: 2(6— 151+ 20f — 15+ 6f— 1°) 
28 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956) 
* RK. J. Blin-Stoyle, Phil. Mag. 46, 973 (1955) 
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In order to evaluate the integral in (14), we expand 
the integrand in a power series in the range of the 
force.” Going to the first nonvanishing term beyond 
zero range, and putting Py equal to unity for this term 


as well, gives 


Zt x x 
— J erenmersc f oy*onV*(pV)d*r }, (15) 
5 


4 ( 0 


where 


4 


(ft bar f f(s)s*ds, 


( 


¥ J jisysds [6 f f(s)s*ds 


The integral can be evaluated in a straightforward 
manner by using single-particle eigenstates for the odd 
particle of the form (2). For the case of lead, however, 
we take the radial functions as solutions of the radial 
equation for eigenstates in an infinite square well. We 
assume that the radius of the generating potential is 
the same as the R that appears in the density distri 
bution; this is a reasonable assumption since it makes 
the density and the single-particle functions go to zero 
at the same radius. The angular integrals appearing in 
(15) are easily evaluated in the usual way and the 
remaining radial integrals are done graphically. 

The formalism presented above is for the case of an 
odd neutron or odd neutron hole nucleus and is easily 
extended to the case of two odd neutrons or neutron 
holes. Some change arises in considering odd protons. 
Firstly there is a zero-order contribution to the electric 
quadrupole effects so that the configuration mixing 
only provides an additional collective part. Further, 
care must be taken in the closure sum to subtract the 
diagonal term since to do closure one must sum over 
all states. This diagonal term vanishes for the odd 
neutron since the zero-order matrix element of the 
quadrupole operator vanishes. In addition the anti 
symmetry of the odd particle with the core will make 
the spin matrix element somewhat different. In the 
case of a diagonal matrix element of the quadrupole 


operator, that is, a ground-state moment, the collective 


contribution for the odd-proton case corresponding to 
(14) is 


/n Zs s 
5 J f b5(2))*p(MOU)V(12)d57\d*r, 
EK 0 
1 Zn Z s Z 
*f ou ‘adr f J V(12)p(1) 
2E 0 Yo 


K  by(2) | *d*r1d* ro, 
(London) A67, 757 (1954 


(16) 


“TD. M. Brink, Proc. Phys. Soc 
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where 7 is a factor depending on the exchange character 
of the force. 

In the approximation of zero-range forces that we are 
using, the exchange factors, ¢ and », are easily expressed 
in terms of the exchange character of (3), P47 is equiva 
lent to unity for zero range and for the odd neutron 


P» gives a factor of 4. Thus we get 
t= yt et }(B+-5). 


In the odd-proton case, Px gives minus the direct part, 
and we get 
n=y+te— (B+54) 

For a Rosenfeld mixture we tind ¢=0.90 and = 0.600 

For ro we take 1.2107" cm,” which corresponds to 
an Ro for lead of 7.1107" cm. For the interaction 
parameters (@ and C”, we take the values given by 
Brink.” @=1.3K10-" Mev 
way is independent of the precise radial form of the 
interaction; and C’=0.92K10°* which is 
average for the Yukawa and square well interaction 
The precise choice of C’ is not very important since the 


cm’, which in the usual 


cm’ an 


’ 


range expansion seems to be quite good, the term in C’ 
being only 10% of the first term 


B. Comparison with Experiment 


The energy levels and spin assignments for Pb”, 
one neutron hole in the doubly closed shell, are given 
by Alburger and Sunyar.” The #2—M1 mixing ratio 
for the 1.78-Mev transition between the fy. and / 
state is known and Satchler® has calculated the £. 
for 
mixing ratio assuming a single-particle value for the 
M1. He yets for the reduced matrix element corre 
sponding to the £2 part of the transition 0.15 barn 
The assumption that the M1 part of the transition is 
well given by the single-particle value has been investi 


) 


reduced matrix element the transition from this 


gated and corroborated by Caine.” He has calculated 
the first-order configuration mixing contribution to 
matrix elements of the magnetic dipole operator and 
finds that the mixing reduces the M1 matrix element 


for the transition by only about 76 


> of the single 
particle value, 

The reduced matrix element for the 0.569-Mev /2 
transition from the first excited state (fs) to the p, 
ground state has been measured by Stelson and M: 
Gowan" using Coulomb excitation and they get 0.096 
barn. These two £2 transitions in Pb”? must clearly be 
collective and we can try to fit them with the formalism 
developed above. If we equate the experimental results 
to (15) in each case, we get an expression for FE as a 
function of the density parameter, /, needed to fit the 
experimental results. It is convenient to treat / as a 
parameter even though it is given by the electron 

“1. E. Alburger and A. W. Sunyar, Phys. Rev. 99, 695 (1955 
™ (5. R. Satchler (private communication) 

*C. A. Caine (private communication) 


“PH. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955 
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hic. 1. The mean excitation energies, EL, are plotted as a 
function of the surface thickness parameter, t, for the ground 
state quadrupole moment in Bi*®, hr. the 0.569-Mev £2 transi 
tion to the ground state of Pb®7, Ho9,, the 1.78-Mev E2 in Pb®’ 
F’'s;, and the E2 to the ground state of Pb®*, Bog 


scattering experiments since it is interesting to see the 
effect of variation in density distribution. The mean 
excitation energies as a function of / are plotted in 
Fig. 1. 

In the two-neutron-hole Pb”*, the 
excited state, 24+, decays to the 0+ ground state by a 
().803-Mev £2 gamma ray. The reduced matrix element 
for the transition, measured by Stelson and McGowan, 
is 0.158 barn. The formalism of configuration mixing 
with closure extended to the case of two neutrons can 
be applied to this case, after single-particle configura- 
tions have been chosen for the two neutrons. To do this 
we have taken the particle configurations calculated by 
Kearsley®® taking into account configurations mixing 
between the two holes. Once again the F as a function 
of ¢ needed to fit the experimental result is given in 


nucleus, first 


Fig. 1. 

The only measured electric quadrupole effect in the 
odd-proton nucleus Bi™ is the ground-state quadrupole 
moment of —0.4 barn."” The contribution of the odd 
proton, in the /g;, state, to this moment is —0.28 barn 
calculated by using single-particle eigenstates in an 
infinite square well. It is better to use these functions 
to get the mean value of r* than the usual procedure 
involving } the square of the nuclear radius!’ since the 
hy. state is strongly “pushed out.” Assuming the 
remaining —0.12 barn to be of collective origin, one 
can use the formalism of (16) and once again plot the 
mean excitation energy required as a function of ¢ in 
Fig. 1. 

In Fig. 1 we see that there is surprisingly good 
agreement between F297, B’s07, and E99. This agreement 
occurs for t=0.3, a value consistent with the results 
of the electron scattering experiments,” and, it is 
interesting to note, not for values of ¢ very different 


%* M. Kearsley (to be published) 
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from 0.3. For t=0.3 the three mean excitation energies 
are about 40 Mev. Hoo. comes out some 25% smaller 
but we might expect this since, differing by two particles 
from a closed shell, Pb”® should have a “softer” core 
than those nuclei differing by only one. In addition 
there is an uncertainty of about 15% in all the results 
due to the neglect of the three-body terms. One expects 
the mean excitation energy to be somewhat greater 
than twice the shell splitting in the heavy nuclei and 
this is in fact the case if one takes the average shell 
splitting to be given by the maximum of the giant 
dipole photoelectric cross section.** 

The question remains of why there should be a 
unique mean excitation energy at all, that is, why we 
should expect the closure assumption to be valid. To 
give a complete justification for this assumption, apart 
from the empirical justification, would, of course, entail 
being able to do the configurations mixing sum exactly, 
or, at least, knowing a good deal about the contribution 
of each term in that sum, Since it is precisely the lack 
of this information that led us to the closure formalism, 
we cannot hope to give the results anything but a 
certain plausibility. 

We have already seen that if the relative contribution 
of each excitation is independent of the odd-particle 
state except for an over-all scale factor, then the 
closure assumption is fully justified. The closure 
assumption will still be a good approximation if the 
relative contribution from groups of excitations is the 
same, so long as we consider groups with an energy 
spread small compared with the mean excitation energy. 
This is likely to be the case if in the range of important 
contributions there are a large number of excitations 
of different types in each small energy interval. If the 
number in each interval is large enough and diverse 
enough, then we can perform an average over the 
contributions in each interval, and assume that the 
relative values of each average does not depend on the 
odd-particle state. This is a kind of statistical approach 
to the problem, and it is likely to be fairly good in 
heavy nuclei like lead because the large number of 
particles in the nucleus will make for a large number of 
diverse possible excitations in each small energy inter- 
val. In addition it is probable that the total width of 
the distribution of excitations giving the major contri- 
bution is small compared with the mean excitation 
energy since the combined effect of the large energy 
denominator, the selection of states by the quadrupole 
operator, and the potential coupling will all contribute 
to cutting off the configuration-mixing sum quickly. 


C. Comparison with the Weak Surface 
Coupling Method 


It is of interest to compare the formalism for weak 
collective effects using configuration mixing and closure 
with the quasi-hydrodynamical method of Bohr and 


6 S. Rand, Phys. Rev. 99, 1620 (1955) 
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Mottelson.* They assume that near closed shells the 
nucleus may be represented by a spherical core with 
small compressibility, in which case the collective 
degrees of freedom which have the lowest energy will 
be shape deformations with approximate preservation 
of volume. The normal coordinates of these oscillations 
will be the expansion parameters, a,, of the nuclear 
surface given by 


R’=R(1+D,a,¥2,), 


where R is the equilibrium radius, and where we have 
restricted ourselves to deformations of the quadrupole 
type. Bohr*’ and Bohr and. Mottelson’ have developed 
an elegant quantum field-theoretical formalism for 
treating these deformations. They quantize the surface 
oscillations, or phonons, and find that a, essentially 
contains the creation and annihilation operators for 
these phonons. In the hydrodynamical approximation 
the phonon energy is easily expressed in terms of the 
surface tension and mass transport parameters for the 
nuclear “fluid” of the core, and, as one would expect 
from the quadrupole nature of the deformation, the 
phonons have angular momentum 2 and positive parity. 
The zero-order shell-model core state is then considered 
to be a state with no phonons present, and the effect 
of the interaction between the odd particle and the core 
is to mix in states with one phonon (in lowest order). 
In such a formalism the only mechanism for the inter- 
action is the model generating potential U, 

Following the field-theoretical formalism, one can 
write both the interaction and the quadrupole operator 
in terms of the creation and annihilation operators, and 
thus one gets for the weak surface coupling contribution 
to the ground-state quadrupole moment of a nucleus 
with one particle in a state J outside the closed-shell 
core 


k 


(Op) Ys ZR’, (17) 
C 


(5m) 


where ‘Y,, is an angular matrix element of V2 9 between 
the angular and spin parts of the single particle func- 
tions, C is the surface-tension energy, and k is essentially 
a measure of the interaction strength between the odd 
particle and the core, and is related to the radial 
derivative of the generating potential. In the case that 
U is a square well, then the derivative is a delta function 
at the surface and k can be expressed in terms of the 
value of the odd-particle radial function evaluated at 
the surface. But in general this specialization is not 
made and k is treated as a constant. The surface-tension 
energy, C, is normally treated as a fitting parameter, 
and like E is expected to be a constant for a given core. 

It is instructive to compare (17) with the corre- 
sponding expression in the configuration mixing formal- 
ism with closure. The comparison is most easily made 

47 A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
26, No. 14 (1952) 
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by considering the case of /=0 and taking only the 
first term in the range expansion. We then get for the 
quadrupole moment of some odd-neutron nucleus 


6QZ R 
(Q)= a | | Ry|*rdr, 
(5m) 'ROB 


0 


where ®y is the odd-particle radial function. 

It is interesting to note that this is just the expression 
we would get if we assigned to the neutron an effective 
charge of magnitude 3@Z/2rR*E so long as the single 
particle functions vanish at the core radius. It seems 
then that the effect of the perturbation has been to add 
to the uniform charge density of the zero-order core, 
a density just proportional to the odd-particle density. 
One of the essential differences between this and the 
weak-coupling formalism being that we no longer 
consider the core as incompressible and hence the odd 
particle can affect the core throughout rather than only 
at the surface. The surface part is still present as can 
be seen by doing a partial integration in (18). 


6aGZR* 
(O -Yyz| Ry(R) 
5(5r)'K 

6aZ 
= Uss 
5(Sm)' R'E 

The first term is a surface term of the type one would 
have for a square-well generating potential in the weak 
surface coupling formalism. The second term, the bulk 
term, is, in fact, larger than the first for all the cases 
we have considered, 

The expression for the quadrupole moment would in 
the formalism of configuration mixing with closure seem 
to depend in a more natural way on the odd-particle 
function than does the weak surface coupling result, 
particularly since the former allows one to take into 
account the odd-particle function overlap with the core 
density. It is this overlap that gives the curves in Fig. 1 
their characteristic shape. For example, in Bi® the 
single-particle function is strongly ‘pushed out” and 
thus the collective contribution for small ¢ is very large 
since the core density in the region of the peak in the 
particle function is large. As we increase ¢ the charge 
density in the region of the odd particle goes down and 
so does the collective contribution to the quadrupole 
moment. Similarly the rise in the collective contribution 
in Pb”? for large ¢ can be attributed to a node in the 
radial function. 

The weak surface coupling formalism is easily general 
ized to £2 transitions as well as ground-state moments 
and has been applied by ‘True® to the transitions to the 
ground state in Pb”? and Pb””* and to the ground-state 
moment of Bi”. He finds a surface-tension parameter, 
C, of 1100 Mev for the transition in Pb” but only 


520 Mev for the transition in Pb”*, Using the wave 


True, Phys. Rev. 101. 1342 (1956) 
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functions with configuration mixing between the holes 
for Pb™ this can be raised to 715 Mev, but this is still 
too large a discrepancy to be explained on the surface 
coupling formalism. The better fit obtained with the 
configuration mixing and closure approach can be 
explained in that it allows one to take into account 
the particle overlap in Pb”, and further since in the 
configuration mixing formalism one is dealing with a 
more familiar mechanism than surface coupling, the 
remaining discrepancies can be more easily accounted 
for. Calculations on the 1.78-Mev transition in Pb™’ 
indicate that very different parameters would be 
necessary to fit the transition on the surface coupling 
model from those used by True for the transition to the 
ground state. Once more this is largely due to radial 
integrals. 

For the ground-state quadrupole moment of Bi™, 
True finds a collective contribution of —0.25 barn 
using C=1100 Mev. This is much larger than one 
expects if one estimates the single-particle part of the 
moment taking into account the odd-proton wave 
function. In this case an important contribution to the 
configuration mixing approach is the introduction of 
anti-symmetry between the odd proton and the core. 
Chis cannot be conveniently done in the weak surface 
coupling formalism. 
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APPENDIX 


If we expand the radial dependence of the interaction 
as in (5), then 


Si (ri,r2) = if I (112) P4( COSA») $iNO dO», 


where P, is the usual Legendre polynomial. 

For a Gaussian form as in (9), one gets for the gen- 
eral fi; 
a)" or (k—1) (2k—2r)!(—1)” 


Selina) =4 exp(- 
2*r!\(k—r)! 


9 


“a 


k—21 1 (—1)*e7— (—1)*e-* 
x 2— ( ), (Al) 
s— (kR—2r—s)! gett 


where x= 2rr2/a’. 

Evaluation of radial integrals with harmonic oscil- 
lator functions of the form (8) always reduces to the 
evaluation of radial integrals of the form 


x x 
al wn® f J fa(rijro)rire” 
0 0 


rr? 
xexp/ art (A2) 
i 


where from parity considerations if k is even, m and n 
are even, and if k is odd, m and n are odd. In view of 
this the general integrals can be generated from the 
integral with m=n by repeated differentiation with 
respect to 1/D*. 

Putting (A1) into (A2) with m 
generalization of the procedure used by Swiatecki® for 
the evaluation of these integrals, we get 
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Thin targets of Ni®*, Ni®, and Co” were bombarded with 
protons from 700 to 1900 kev. Seventeen radiative capture 
resonances were observed for Ni®*; fifty-four resonances were 
observed for Ni®; and about 150 resonances were observed for 
Co”, Precise bombarding energies were determined for the 
nickel resonances, and are listed in tabular form. All resonances 
were narrower than 1 kev. The fo(/)dE was measured for each 
of the nickel resonances. The following Q values were determined 
Ni*®*(p,y)Cu™, 3.4240.02 Mev; Ni®(p,y)\Cu®, 4.8140.03 Mev 
The following low-energy cascade gamma rays were observed 
Ni®*, 0.492+0.005, 0.908+0.020, 1.3840.03, 1.7840.02, 2.00 
+0.04, and 2.32+0.04 Mev; Ni®, 0.468+0.010, 0.96+0.02, 
1.3040.02, 1.38+0.02, 1.634+0.03, and 1.9140.03 Mev; Co™, 
0.47+0.02, 0.8440.02, 0.954-0.02, 1.0740.02, 1.1740.02, 1.33 
+0.02, 1.64+0.03, and 1.7740.03 Mey. Branching ratios to all 
states below 2 Mev were measured from several of the intense 


I. INTRODUCTION 


HE existence of sharp, well-defined resonances in 
the yield of proton-capture gamma rays from 
the bombardment of nickel was discovered in this 
laboratory in the course of an investigation of reso- 
nances in the O'*(p,y)F" reaction.’ For that experiment, 
the targets were prepared by oxidizing thin (5-micro- 
inch) nickel foils with a concentrated beam of light in 
a partial atmosphere of enriched O'*. For comparison 
purposes, ©'* targets were prepared in a similar manner 
using normal oxygen. In the resulting excitation curves, 
certain resonances were found which were common to 
both targets but were not ascribable to either oxygen 
isotope. They were therefore believed to be due to the 
nickel of the foil. To investigate this possibility, a 
program herein described was started using separated 
isotopic targets of the two most abundant isotopes of 
nickel: Ni (68%) and Ni® (26%). 

The primary motivation for beginning the experiment 
was the potential usefulness of the information to the 
low-energy experimentalist, since nickel foils are widely 
used as backings for thin solid targets and as windows 
for gas targets and gas detectors. The original plan was 
to determine the proton-capture excitation curve for 
each of the two isotopes mentioned, and to obtain some 
indication of the absolute cross sections and gamma-ray 
energies involved. However, as the work progressed, 
many discrepancies were found between our work and 
the literature (e.g., see Sec. IVB). For this reason and 
also because some of the preliminary results gave 
information of potential interest to the shell model, the 
scope of the experiments expanded manyfold, until in 
their present and final form, they include the integrated 
cross sections of each individual resonance observed, 


! J. W. Butler and H. D. Holmgren, Phys. Rev. 99, 1649(A) 
(1955) 


resonances in the nickel isotopes. The branching ratio measure 
ments indicated that the low-energy member of each cascade in 
the nickel reactions, except possibly the 1.30-Mev gamma ray 
from protons on Ni™, represented an excited state of the same 
energy; but indications for a 1.38-Mev state in Cu” and a 1.63 
Mev state in Cu™ were weak. Angular distribution measurements 
were made on some of the more intense resonances in the nickel 
isotopes, and unique spins were determined for those resonant 


* For the states whose 


states and for the first excited state of Cu” 
spins were measured, probable parity assignments have been 
Reduced proton widths have been determined for the 


The matrix 


made 
resonances below a bombarding energy of 1300 kev 
elements for the several #1 and M1 transitions are compared 
with previous tabulations, Several new experimental techniques 


are cise ussed 


( values, cascade gamma rays to low-lying states of 
the final nucleus, the gamma-ray branching ratios to 
these low-lying states for certain of the more intense 
resonances, angular distributions of the highest energy 
gamma ray from some of the resonances, the assignment 
of angular momentum quantum numbers and probable 
parity values to these states, partial and reduced proton 
widths, and partial and “reduced” gamma-ray widths 

The two nickel isotopes studied exhibited two for 
tuitous characteristics that were favorable 
experimental point of view; namely, they had ab 
normally low proton-capture (Q values, and the spins 
and parities of initial and final nuclei were such as to 
favor ground-state gamma-ray transitions (see Sec. 
IVA). It was therefore decided to include in the investi 
gation a study of the reaction, Co”(p,y)Ni®, because 
(1) it had neither of the above-mentioned favorable 
characteristics, (2) it had a mass intermediate between 
the two nickel isotopes, and (3) the target nucleus was 
readily available as a naturally occurring 100% isotope. 

Preliminary accounts of a part of the present work 
have been presented at meetings’* of the American 
Physical Society. 


from an 


Il. EXCITATION CURVES 


The NRL Nucleonics Division 2-Mv Van de Graaff 
accelerator was used as a source of protons. ‘This 
accelerator will provide up to 10 or more microamperes 
of protons over the energy range from 300 kev to 2 
Mev, with an energy spread as low as 0.03%. A 90° 
magnetic beam analyzer, controlled by proton magnetic 
moment resonance equipment, is used to define and 
control the proton energy. 


2 Gossett, Butler, and Holmgren, Bull. Am. Phys. Soc. Ser. IT, 
1, 40 (1956) 
+ Gossett, Butler, and Holmgren, Bull. Am 


1, 223 (1956) 
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A. Detecting Equipment 


To obtain the excitation curves, a 3-in. diam. by 3-in. 
long NalI(Tl) crystal was placed at 0° with respect to 
the beam and at a distance to subtend at the target 
about 40% of the total solid angle. A type 6363 multi- 
plier phototube and conventional electronic circuits 
were used with a 20-channel differentia] pulse-height 
analyzer to record a profile of the pulse output of the 
crystal. The 20 channels were set to cover approxi- 
mately the upper half of the energy spectrum of the 
gamma rays from the reaction under consideration. In 
this way, the energies of the gamma rays giving rise to 
each resonance were immediately apparent, and identi- 
fication of gamma rays from target contaminants, such 
as the ubiquitous I’, could usually be made. 


B. Target Preparation 


At first, targets were prepared by evaporation of 
metallic nickel onto silver disks. These proved unsatis- 
factory for two reasons: (1) molten nickel reacts with 
practically every material that would normally be 
used te heat it to the melting point, including carbon 
and iridium, and (2) a very slight amount of fluorine 
contamination, acquired during the evaporation process 
in the vacuum system, was sufficient to mask much of 
the gamma-ray yield from the nickel, by means of the 
intense well-known resonances in the F'*(pyay)O"* 
reaction, ° 

In order to produce fluorine-free targets, the nickel 
was electroplated onto silver disks using a technique 
developed especially for the purpose, Ordinary nickel 
plating baths were impractical for the separated isotopes 
because of the amounts required, Quantitative chemical 
electrodeposition techniques using ammonium hy- 
droxide were unsatisfactory also because of the amount 
of nickel left in solution when equilibrium was reached. 
Briefly, the procedure was to dissolve about 2 mg of 
the isotopic NiO in a concentrated solution of HCl, 
which was then evaporated to dryness. The residue was 
then redissolved in 30 ml of distilled water, and about 
20 mg of boric acid added as a buffer. Deposition onto 
1}-in, diam. Ag disks was then carried out using about 
20 ma of current and a platinum anode. Under these 
conditions, the thickness of the target, measured in 
kev for 1.5-Mev incident protons, was equal to the 
number of minutes the current flowed. The silver disks 
were electropolished using a cyanide bath prior to the 
deposition of the nickel. 


C. Target Protection 


Even these “clean” targets did not remain uncon- 
taminated long once they were placed inside the Van 
de Graaff vacuum system and bombarded. A rather 
rapid buildup of fluorine was observed on a fresh nickel 
target during the first few minutes of bombardment. In 
order to obviate this second source of fluorine contami- 
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nation, the target was practically surrounded with 
surfaces at liquid-nitrogen temperature. A cylindrical 
copper tube 14-in. diameter was placed coaxial with the 
beam and positioned to extend beyond the target, but 
not touch it, as shown in Fig. 1. This copper tube was 
in thermal contact with a liquid-nitrogen reservoir. At 
the end opposite the target were placed two diaphragms, 
two inches apart, each having a }-in. aperture to pass 
the proton beam. Thus the only surfaces not at liquid- 
nitrogen temperature which the target could “see” 
were those within the solid angle subtended by the }-in. 
diam aperture 12 in. from the target. The probability 
of an entering gas molecule striking the target without 
first making a cold surface collision was therefore quite 
small. The main body of the cold trap was not designed 
for the present experiments. It was used because it was 
immediately available, and was easily modified to the 
present purposes. 

In addition to providing protection against fluorine 
contamination, this technique effectively prevented 
any other type of contamination, such as the formation 
of oil films over the target, with subsequent molecular 
cracking by the beam. In many reactions, such as (d,n) 
and (He’*,p), carbon is a source of troublesome back- 
ground, Targets which had been bombarded with 
several microamperes of protons for several hours 
showed no visible traces of carbon. This technique can 
thus be of great usefulness in measuring resonance and 
threshold bombarding energies with extreme precision 
where thin films of pump oil or other surface contami- 
nants would change the incident proton energy appreci- 
ably. 

Using the procedures discussed above, fresh targets 
usually showed no evidence of fluorine. However, after 
prolonged bombardment, the stronger fluorine reso- 
nances would sometimes be in evidence, as will be noted 
later in connection with some of the excitation curves. 


D. Use of Radioactivity 


In cases where the residual nucleus is unstable to 
positron emission with a convenient half-life, the obser- 
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Fic. 1. Geometrical arrangement of target and crystal for 
excitation-curve data, showing method of protecting target from 
contaminants of the vacuum system. Position shown for crystal 
is for the crystal itself, not the sealed crystal container 





RADIATIVE 


PROTON 


CAPTURE 





Ni28 (p,y) Cu°9(64 Ni°? 


Fic, 2. Excitation 
function for the yield 
of positrons from the 
decay of Cu® formed 
in the Ni*(p,7y)Cu® 
reaction. The Ni* 
target was about 2- 
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figure showed no ap- 
preciable yield with a 
15-kev target. Back- 
ground counts have 
not been subtracted. 
The statistical uncer 
tainty in the number 
of counts is of the 
order of the diameter 
of the solid circles. 
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vation of this activity provides a means of excluding 
the effects of fluorine or most other contamination from 
the excitation curves. Measurements of the half-life 
also aid in the interpretation of the observations be- 
cause, by such measurements the target nuclide pro- 
ducing such radioactive product could be identified. 
A further advantage in the radioactivity measurements 
lies in the fact that all angular dependence of the yield 
is eliminated, so that the total integrated yield is 
proportional to the counting rate at any arbitrary angle. 

The 81-sec half-life of Cu” was quite satisfactory for 
this purpose, and excitation curves for the Ni*(p,y)Cu™ 
reaction were obtained in this manner, in addition to 
the direct observation of the gamma rays. The 3.3-hr 
half-life of Cu” from the Ni®(p,7)Cu™ reaction was 
inconveniently long for this technique, and the 
Co™(p,y)Ni® reaction yields a stable end product. 

In order to achieve a reasonably small statistical 
uncertainty in the positron counting rate for the 
Ni*(p,y)Cu®(8t)Ni® reaction, several bombard-count 
cycles at each bombarding energy were necessary in 
general. For this reason, an automatic cycling device 
was constructed to provide a 2-min bombard-count 
cycle. An electromagnetically driven shutter stopped 
the beam about 10 ft from the target. 

The positrons were detected with a 1}-in. diameter 
by 0.012-in. thick Pilot-B phosphor mounted on a type 
6292 multiplier phototube. The experimental geometry 
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(not shown) differed from that shown in Fig. 1 for 
gamma-ray detection in that the positrons were not 
required to pass through the brass end plate shown in 


but instead, they passed through only the 
in. of Al 


Fig. 1, 
0.010-in. Ag target backing and about +y 


> 


before reaching the phosphor. 


E. Results 
Ni (py) Cu 


The excitation function for the Ni®*(p,y)Cu™ (gt) Ni” 
reaction is shown in Fig. 2. The excitation curve was 
first taken in 10-kev steps with a target about 15 kev 
thick to 1.5-Mev incident protons (not shown). Then 
the curve was retaken in 2-kev steps with a 3-kev 
target, with data being taken at all regions showing 
counting rates appreciably higher than background 
Hence the regions left blank in 


the 


with the thicker target 
) 


2 showed no evidence of resonances with 


lig. 
thicker target. The data points of Fig. 2 have been 
corrected for the effects of residual activity from the 
preceding bombardment and for changes in beam 
intensity, but no background has been subtracted. 
The gamma-ray excitation curve at 0° (not shown) 
showed the same resonances as the positron curve of 
) 


ee 


with roughly the same relative intensities 
the 


Fig. 
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W. BUTLER 


ano; &. 


GOSSETT 








ne? (p,7) Cu" 











[ f 


| h || 
oa J KUN , 


3 4 be 
PROTON ENERGY 








methods of taking the data are attributed to asym 
metries in the gamma-ray yield, 


Seventeen resonances were found in the region 


studied, the lowest appearing at 855 kev. ‘The bombard 
ing energy at which each resonance was observed can 
be found by referring to Table I, discussed in Sec. ITT. 


Pasir I, For the Ni*(p,y)Cu® reaction : resonance bombarding 
energies (,), compound-nucleus excitation energies (/,), the 
“thick-target” yields (for 4m steradians) of primary gamma rays, 
and the integrated cross sections (fod) 
indicated below the dimension headings. The last digit of F, 
has relative significance only 


Yield 
(y rays/pcoul 
(factor of 2 


3 0.007 
0.14 

0.007 
0.050 


fodk 
(ev barns 
(factor of 2 


hy ka 
(kev (Mev 
(42) (40.02 


55 4.200 
947 4.351 71 
1010 4413 4 
1100 4.501 28 
1227 4.626 26 0.045 
1308 4.706 67 O11 

1316 4.714 49 0.080 
1376 4.773 120 0.19 

1424 4.820 1090 1.7 
1522 4.916 & 0.012 
1540 4.934 14 0.020 
1582 4.975 46 0.006 
1653 5.045 30 0.045 
1663 5.055 120 0.16 

1716 5.107 260 0.35 

1833 §.222 50 0.063 
1844 §.233 1650 2.1 


Uncertainties are 





Fic. 3. Excitation 
function for the yield 
of gamma rays with 
energy greater than 
2.7 Mev in the Ni® 
(p,y)Cu® — reaction. 
Background counts 
have not been sub- 
tracted. The statis- 
tical uncertainty is 
smaller than the di- 
ameter of the solid 
circles. 
































The uncertainty in bombarding energies was about 
t 2 kev. 

The proton energies at the two most intense reso- 
nances were measured very carefully by Dr. R. O. 
Bondelid, using a 2-meter-radius 90° electrostatic beam 
analyzer‘ and the large NRL Van de Graaff accelerator. 
His values are 1424.1+0.7 kev, and 1843.7+0.9 kev, 
respectively. 


Ni™(pyy)Cu® 


The excitation curve for the Ni®(p,y)Cu" reaction 
is shown in Fig. 3, where the number of gamma-ray 
counts between 2.7 and 7 Mev is plotted against proton 
bombarding energy. Several different targets were used 
ranging in thickness from 2 kev to 7 kev. The region 
between 1000 kev and 1230 kev was covered with a 
7-kev thick target. Some of the wider resonances con- 
ceivably could be doublets, especially the one at 1167 
kev. The well-known 873-kev resonance from fF" 
contamination can be seen in Fig. 3. 

Fifty-four resonances were observed in the region 
investigated between 0.7 and 1.8 Mev of proton energy. 
The resonance energies can be found listed in Table IT, 
IIT. 


discussed in Sec. 


*R. O. Bondelid, Naval Research Laboratory Quarterly Report 
on Nuclear Science and Technology, January 1, 1957 (unpub- 
lished), p. 1 
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Fic. 4. Excitation 
function for the yield 
of gamma rays with 
energy greater than 
4.5 Mev in the Co 
(p,7 )Ni@ reaction 
Background counts 
have not been sub 
tracted. The peaks 
marked “‘F'*”’ are due 
to the F®(p,ay)jO" 
reaction. The discon 
tinuity at about 1.68 
Mev corresponds to 
a change toa thinner 
(1 kev) target. Sta 
tistical uncertainties 
are of the order of 
the diameter of the 
solid circles 
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Co™(pyy) Ni® 


Figure 4 shows a plot of the excitation curve of the 
Co™(pyy)Ni® reaction. Resonances due to I’ are so 
labeled. It is apparent that many resonances remain 
unresolved, despite the fact that over much of the 
region investigated, a 1-kev thick target was bombarded 
at 1-kev intervals of bombarding energy. Because of 
the large number of resonances observed, about 150, 
no compilation of bombarding energies at which indi- 
vidual resonances appear is given. It should be remarked 
here that the yield function cannot be considered a 
smoothly rising one with a rather bad scatter of the 
points as might be suspected from a first look at the 
points of Fig. 4, because the points shown were readily 
repeatable within the normal statistical deviation, 
which for much of Fig. 4 is about the diameter of the 
circles representing the data points. 

Since numerous breaks occur in Fig. 4, occasioned by 
changes of scale and different targets with varying 
degrees of fluorine contamination and different thick- 
nesses, the gross features of the curve are not readily 
apparent. For this reason the curve of Fig. 5 was 
obtained using a 0,52-mg/cm* target (50 kev thick to 
1.5-Mev protons). The integrated effect of the reso- 
nances contained in the 50-kev interval is sufficiently 
great to make negligible the effects of the radiation due 
to the fluorine, because the fluorine from the vacuum 
system appears only as a thin surface contaminant on 
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the electroplated targets. The ordinate is in millibarns 
(total capture cross section integrated over the entire 
solid angle) and represents the average cross section 
over the region of the target thickness. The absolute 


II. 


cross section was determined as described in Sec. 


Ill. CROSS SECTIONS 
A. Procedure 
To determine absolute gamma-ray yields using Nal 
crystals, the following factors must be taken into 


1.0 ——_——_— 
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Section mb 


Cross 








Proton Energy Mev 


Kc. 5. Excitation function for proton capture by Co¥, Ordinate 
represents the total integrated capture cross section in units of 
millibarns. The target was 50 kev thick for 1.5-Mev protons, 
Background was negligible. Statistical uncertainties are smaller 
than the diameter of the solid circles. 
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Tape II. For the Ni®(p,7)Cu® reaction: resonance bombard 
ing energies (£,), compound-nucleus excitation energies (£,), 
the “thick-target” yields (for 4 steradians) of primary gamma 
rays, and the integrated cross sections (fodE). Uncertainties 
are indicated below the dimension headings. The last digit of E, 


has relative significance only 


Ky 
(kev) 
(42) 


725 

95 
1029 
1066 
1078 
1142 
1167 
1197 
1209 
1239 
1247 
1414 
1319 
1323 
1331 
1343 
1347 
1371 
1.4%] 
1415 
1431 
1451 
1461 
1465 
1483 
149] 
1515 
1519 
1529 
1538 
1566 
1577 
1588 
1599 
16005 
1620 
1639 
1643 
1649 
1656 
1669 
1674 
1679 
1094 
1698 
1711 
1721 
1734 
1739 
1757 
1764 
1770 
1783 
1793 


Ky 
(Mev) 
(40.03) 


§.523 
5.690 
5.822 
5.859 
5.870 
5.923 
5.95% 
5.987 
5.999 
6.029 
6.037 
6.102 
6.107 
6.111 
6.119 
6.131 
6.135 
6.159 
6.108 
6.202 
6.218 


6 

64 

6 

6439 
6452 
6.457 
6.462 
6.476 
6.480 
6.493 
6,503 
6.5160 
6.521 
6.538 
6 545 
6.551 
6.504 
6.574 


Yield 


JSodk 


(y rays/pcoul) (ev barns) 


(factor of 2) 


6 
5 
11 


25 


25 
5 


(factor of 2) 


0.01 
0.01 
0.02 
0.05 
0.03 
0.04 
0.15 
0.13 
0.14 
0.13 
0.10 
0.21 
0.25 
0.29 
0.06 
0.45 
0.40 
0.15 
0.20 
0.35 
0.18 
0.75 
0.14 
011 
0.14 
0.14 
0.40 
0.70 
0.06 
0.35 
0,22 
0.35 
0.9 

2.3 

2.0 

1.8 

0.14 
0.35 
0.29 
1.0 

0.40 
1.0 

0.50 
1.0 

0.30 
0.23 
0.11 
0.70 
0.30 
0.50 
0.60 
0.75 
0.55 
0.45 


account: (1) the attenuation of the gamma rays by 
materials between the target and the crystal, (2) the 
intrinsic efficiency of the crystal, and (3) the “bias 
efficiency” of the counting arrangement. The manner 
in which each factor was handled is described in 
succeeding paragraphs, 

The calculation of the attenuation of the gamma rays 


by the intervening materials was carried out. by a 
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numerical integration of the individual attenuations by 
each material for each incremental gamma-ray direc- 
tion. All dimensions entering into this calculation were 
directly measurable, except the distance from the face 
of the crystal to the face of the containing can. Since 
the 3-in.X3-in. NaI crystal used for the cross section 
measurements was obtained already potted by the 
manufacturer, Harshaw Chemical Company, the crystal 
assembly was “gamma rayed”’ in the following manner. 

The assembly was illuminated by Co gamma rays 
collimated by 8 in. of Pb. The crystal was translated 
across the collimator on a track having a micrometer 
traveling screw. The micrometer setting at which the 
face of the aluminum can was visually aligned with the 
center of the collimating slit was recorded. The crystal 
counting rate was also recorded as a function of mi- 
crometer setting. The midpoint of the rise in the 
counting-rate curve was taken as the point at which 
the face of the crystal itself was at the center of the slit. 
It was thus determined that the face of the crystal was 
6.6 mm from the face of the Al can. 

The intrinsic efficiency of the crystal may be found 
in the tables of Wolicki et al. in terms of the crystal- 
face-to-source distance and the energy of the gamma 
ray. The over-all efficiency of the counting arrangement 
may then be determined as the product of the intrinsic 
efficiency and the “bias efficiency.” We define bias 
efficiency as the number of pulses, of sufficient height 
to trigger the discriminator, divided by the total number 
of pulses in the crystal due to that particular gamma 
ray. The bias efficiency was determined experimentally 
for several monoenergetic gamma rays of different 
energies, using the same geometry as was used in 
observing the resonances. 

The beam intensity was determined using a current 
integrator of the Higinbotham type® with the usual 
precautions being taken, such as the use of an electron 
repeller in front of the target Faraday cage. 

As a check on the reliability of this method of 
determining gamma-ray yields, a measurement was 
made of the thick-target yield of the F'(p,vy)O" 
reaction at the 873-kev resonance, and the result was 
compared with that of Chao ef al.’ Our result of 3.3 
quanta per 10’ protons was 11% lower than their result, 
which may be considered a standard since it was in 
agreement with their measurement of the coincident 
a-particle yield. We therefore conclude that the calcu- 
lated intensity of a monoenergetic gamma ray should 
have an uncertainty no greater than 20%. For multiple 
gamma rays, where the determination of the bias 
efficiency is less accurate, the uncertainty might be as 
high as 50%. 


® Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report 4833, 1956 (unpublished). 

®W. A. Higinbotham and S. Rankowitz, Rev. Sci. Instr. 22, 
688 (1951). 

7 Chao, Tollestrup, Fowler, and Lauritsen, Phys. Rev. 79, 108 
(1950). 
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For resonances observed at only one angle, a further 
uncertainty arises due to possible asymmetries in the 
gamma-ray emission. But since a rather large fraction 
of the total solid angle (40%) was subtended by the 
crystal, and since the multiplicity of gamma rays 
emitted from a resonant state tends to cancel part of 
the anisotropy of any one of the gamma rays, the 
integrated yield will normally be within a factor of two 
of that calculated assuming isotropy. 

The bias was never set below one-half of the energy 
of the direct ground-state transition in order not to 
count more than one member of a cascade, in those 
instances where de-excitation occurred predominantly 
through stop-over transitions. This procedure could 
miss some counts where three or more gamma rays were 
involved in the cascade, and none of them had more 
than one-half of the total energy. However, after 
examination of detailed spectra from several resonances, 
as discussed and shown in Secs. V and VI, we believe 
that such cascades are negligible in number. 

Since the resonant yields usually rose to the maximum 
in one interval of bombarding energy, the resonance 
shapes could not be determined. The observed yields 
were therefore the ‘‘thick-target resonance yield,” 
JSodE, determined using formula (1), which was 
derived from familiar relationships. 


fear (A-S/O-N)Y, (1) 


where A= mass number of the target nucleus, S=stop- 
ping power of target material in units of ev cm*/g, 
Q=number of protons that struck the target, V = Avo- 


gadro’s number, and Y = number of gamma rays emitted, 


B. Results 
Ni**(p,y)Cu® 


Since the relative intensities of capture gamma-ray 
yields from different resonances depend in general upon 
the angle of observation, a better measure of the 
relative integrated cross sections of the different reso- 
nances in the Ni®*(p,y)Cu™ reaction comes from the 
observations of the positron decay of the residual Cu” 
nuclei. But an accurate determination of the absolute 
cross section from positron counting is difficult because 
of the unknown over-all detector efficiency. Therefore 
the absolute integrated cross section of the 1424-kev 
resonance was determined by detecting the gamma rays 
using the 3-in.X3-in. Nal crystal. The yields of the 
other resonances were then computed from their posi- 
tron counting rates relative to that of the 1424-kev 
resonance. 

The yields in captures per microcoulomb of incident 
protons are given in Table I for each resonance at 
proton energy “E,.” The integrated cross sections 
(integrated over both angle and energy) are given in 
the column under the heading “fodE.” The excitation 


” 
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energies in the compound nucleus are given under the 
heading “F,.”’ Since the Q-value measurements (Sec, 
IV) involved uncertainties of at least 0.02 Mev, the 
last digit in the £, column has relative significance only. 


Ni®(p,y)Cu® 


For most of the resonances in the Ni®(p,y)Cu® 
reaction, the yields were calculated assuming gamma 
ray isotropy, the number coming from the excitation- 
curve data giving the relative yields in the forward 
1.6m steradians. 

For some of the more intense resonances for which 
angular distributions and branching ratios were meas- 
ured, as described and listed in Secs. VI and VII, a 
more accurate determination of the capture yields was 
made by taking into account angular asymmetries. 

Table II gives the resonance bombarding energies, 
excitation energies, yields, and integrated cross sections 
in the same manner as ‘Table I does for the Ni®* reaction, 


( ‘0 (pyy) vy; 


As was mentioned in Sec. ITE, the resonances in the 
Co™(p,y)Ni® reaction were too close together to be 
clearly resolved. Therefore, no attempt was made to 
determine the numbers pertaining to any particular 
resonance, Instead the excitation function for a weighed 
intermediate-thickness target (0.52 mg/cm*) was deter 
mined, the absolute yield being calculated as in the 
nickel cases. The average cross section over each 50-kev 
interval of bombarding energy is shown in Fig. 5. 
Here we are dealing with o instead of fodh 


IV. Q-VALUE MEASUREMENTS 


In order to determine the Q values of the three 
reactions studied, it the 
energy of the ground-state gamma-ray transition or to 
measure the energy of each gamma ray in a cascade 
sequence to the ground state. 


was necessary to measure 


A. Procedure 


Coincidence techniques were used to identify ground 
state transitions. If rays in 
coincidence with the highest energy gamma ray in the 
spectrum, then it was assumed to be the ground-state 


there were no gamma 


transition. Conventional electronic coincidence circuits 
were employed. 

For coincidence purposes, only the “total capture 
peak” of the high-energy gamma ray was used. We 
shall define the three peaks customarily seen in the 
Nal spectrum of a high-energy gamma ray as the “‘total 
capture peak,” “single-escape peak,” and ‘double 
escape peak,” respectively, in order of descending pulse 
height. 

According to shell-model predictions, Cu” and Cu# 
have 3~ ground states which would allow /1 or M1 
transitions from excited states formed from Ni®* or Ni® 
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(both even, even) and s-wave or p-wave protons. 
Therefore, one would expect that some of the resonances 
would exhibit ground-state transitions. 

In measuring the ground-state gamma-ray energies, 
the same 3-in.X3-in. Nal crystal and associated ele 
tronic equipment were used as were used for the 
excitation curves and cross sections. The spectrometer 
was Calibrated with two well-known gamma rays, the 
1.43-Mev gamma ray from a Po-Be source, and the 
6.14-Mev gamma ray from the F"(p,ay)O"* reaction 
at the 1372-kev resonance. Thus for both the Ni°* and 
Ni® measurements the energy of the unknown gamma 
ray was within 0.5 Mev of the energy of the calibrating 
gamma ray, and the difference in energy of the two 
gamma rays was measured in terms of the 0.511-Mev 
separation of the total-capture and single-escape peaks 
of the calibrating gamma ray. This procedure eliminated 
practically all of the uncertainty in calibration due to 
nonlinearity in the spectrometer, 

Another bothersome source of possible error in cali 
bration was the shift in gain with phototube current. 
In order to eliminate this gain shift between calibration 
and measurement, the intensity of the calibrating 
gamma ray was adjusted to give the same phototube 
current as the unknown gamma ray. The phototube 
current output was measured by integrating the linear 
amplifier output pulses. Several runs were made alter 
nating between known and unknown gamma rays, in 
order to eliminate any gradual shifts in gain such as 
would be caused by a drifting high-voltage supply. 

The Doppler shift of the gamma-ray energy due to 
the motion of the emitting nucleus was much smaller 
than the experimental uncertainties and was therefore 
ignored 

Since the uncertainty due to the standard statistical 
deviation of the counts per channel is greatest at the 
top of the peaks, and since the relative flatness at this 
point makes these uncertainties very critical in deter 
mining the exact position of the center of the peak, the 
center was determined by taking the midpoints between 
the steep sides at several places on the upper half of 
the peak. The position of the center could thus be found 
£0.1 channel. At most, the 
of the full 


repeatedly within about 


uncertainty was less than 0.1 width at 
half-maximum, 
The resolution of the complete spectrometer was 


about 3°, for a 6-Mev gamma ray. 


B. Results 

Vi*(p,y)Cu™ 
The Q value of the Ni®*(p,y)Cu” reaction was 
measured for five different 
Table III, and found to be 3.42+0.02 Mev. The 4.43- 


Mev gamma ray from a Po-Be source served as the 


resonances as shown in 


energy standard. The fact that all the resonances gave 
the same (Q value within a small uncertainty strengthens 


pC. 
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the assumption, based on coincidence studies, that the 
ground-state transition was being observed. 

Figure 6 shows both the Cu” gamma ray and the 
Po-Be gamma ray plotted on the same graph, taken at 
the 1424-kev resonance. The internal consistency as 
demonstrated in Table III suggests a 0.01-Mev uncer- 
tainty, but we prefer to assign an over-all uncertainty 
of about 0.02 Mev, which allows for some error in the 
energy standard, and some systematic error in the 
procedure, 

This Q-value measurement closes the mass-excess 
cycle among the nuclides, Ni°*, Ni**, and Cu®. The 
mass-excess difference Ni®*-Ni® has been determined 
by Harvey,* using the (d,p) reaction, to be 0.64+0.10 
Mev, and by Kinsey and Bartholomew,’ using the (n,7) 
reaction, to be 0.633+0.006 Mev. The mass-excess 
difference Cu®-Ni® can be calculated from the Cu 
positron end point of Yuasa ef al.'° to be 2.87+0.05 
Mev. The mass-excess difference Cu’-Ni®™ may there- 
fore be computed to be 2.24+0.05 Mev, which is in 
marked disagreement with our result of 4.16+0.02 Mev, 
computed from our Ni°*(p,y)Cu® Q value given in 
Table III. Concurrent with the present experiment, 
Prosser ef al.'' measured the positron end point of Cu®, 
and if we use their value, the Cu®’-Ni” mass-excess 
difference is computed to be 4.13+0.10 Mev, which is 
in excellent agreement with our value of 4.16+0.02 
Mev. 


Vi(py)Cu® 


The VY value of the Ni®(p,y)Cu® reaction was 
measured at seven different resonances yielding the 
average value of 4.81+0.03 Mev. Figure 7 shows the 
spectra of the 6.14-Mev calibrating gamma ray from 
the F'"(pyy)O" reaction and the Cu® gamma ray from 
the 1620-kev resonance. 

This Q value completes the mass-excess cycle, 
Ni®-Ni®-Cu®, The Cu®-Ni® difference 
can be determined from the Cu®(3*)Ni® positron end 
point, measured by Owen ef al.,”’ to be 2.22740.005 


mass-€xXcess 


PasLe III. Summary of ground-state transition energy 
measurements for the Ni®*(p,7)Cu™ reaction 


Ky 
(Mev 


4.49 
4.70 
4.82 
5.10 
5.24 


av 0=3.424+0.02 


* J. A. Harvey, Phys. Rev. $1, 353 (1951) 

*B. B. Kinsey and G,. A. Bartholomew, Phys. Rev 
(1953). 

Yuasa, Nahmias, and Vivargent, J 
(1955) 

"Prosser, Moore, and Schiffer, Bull. Am. Phys. Soc 
1, 163 (1956) 

' Owen, Cook, and Owen, Phys. Rev. 78, 686 (1950), 


89, 375 


phys. radium 16, 654 
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Mev. The Ni®'-Ni® mass-excess difference was measured 
by Collins et al., using a mass spectrometer, to be 
0.06+0.34 Mev, and by Hoesterey,"* using the (d,p) 
reaction, to be —0.16+0.04 Mev, and by Kinsey and 
Bartholomew,’ using the (,y) reaction, to be —0.168 
+0,009 Mev. Using these values, the mass-excess 


difference Cu®-Ni® may be computed to be 2.059 
+0.010 Mev, which may be compared with our result 
of 2.77+0.03 Mev. This discrepancy of 0.71 Mev is 
more than 20 times the square root of the sum of the 
squares of the individual uncertainties, and therefore 


cannot be tolerated. 

In order to clarify this situation, and to bring order 
to the considerable confusion surrounding the level 
structures of the nuclides involved, two additional 
studies were carried out in this laboratory.'®:'® From 
the results of these studies and from a detailed exami 
nation of Hoesterey’s thesis," it appears that Hoesterey 
assigned some proton groups from the (d,p) reactions 
to the wrong isotopes. When we made isotopic reassign 
ments of Hoesterey’s proton groups, and made corre 
sponding reassignments of the gamma rays of Kinsey 
and Bartholomew,’ their gamma-ray D became the 
ground-state transition from neutron capture by Ni®™. 
Using this new value of the (7,7) Q value, the computed 
Cu®-Ni™® mass-excess difference becomes 2.774+0.010 
Mev, which is in excellent agreement with our value 
of 2.77+0.03 Mev. 

After the present experiment was finished, a new 
table of mass-spectrometer masses was published by 
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lic. 6. High-energy portion of spectrum of gamma rays from 
the 1424-kev resonance in the Ni*(p,7)Cu® reaction (open 
circles) and the Po-Be gamma ray (solid circles). The Q value of 
the reaction was determined from the measurement of the 
ground-state gamma ray (highest energy peak )3 


8 Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952) 

“T). C. Hoesterey, Ph.D. thesis, Yale University, 1952 (unpub 
Rev. 87, 216(A) (1952); quoted in 
19 and 50 (1952) 

Phys. Soc. Ser 


lished); verbal report, Phys 
Nuclear Science Abstracts 6, No. 24B 
'® Butler, Dunning, and Bondelid, Bull. Am 
II, 1, 327 (1956) 
'6 Butler, Gossett, and Holmgren, Bull. Am. Phys. Soc. Ser. II 
1, 163 (1956). 
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Fic. 7, High-energy portion of spectrum of gamma rays from 
the 1620-kev resonance in the Ni®(p,y)Cu® reaction (open circles ) 
and the gamma ray from the F''*(p,ey)O"* reaction at the 1372-kev 
resonance (solid circles). The Q value of the reaction was deter 
mined from the measurement of the ground-state gamma ray 
(highest energy peak ) 


(Juisenberry ef al.'’ Their masses for the nickel isotopes 
are in considerable disagreement with the older mass 
spectrometer values," but are in good agreement with 
the present (p,y) 0 values 


Co™(pyy) Ni 


As was mentioned in Sec. I, the Co™(p,y) Ni™ reaction 
was unlike the two nickel reactions in several respects 
From a consideration of spins and parities, it was not 
surprising that the direct ground-state transition was 
not observed, Because of this fact, and because the 0 
value of this reaction could be accurately calculated 
from reliable information from other experiments, 
a precise measurement was not attempted. However, 
the measurements were accurate enough to allow posi 
tive identification of the higher energy peaks with 
certain well-known low-lying levels in Ni®, as will be 


14,19 


seen later in Sec. V. 
V. CASCADE GAMMA RAYS 


In general, excited states formed by resonant proton 
capture may be expected to decay sometimes to lower 
excited states as well as to the ground state of the 
residual nucleus. Thus it is possible to detect low-lying 
excited states of the compound nucleus by observing 
either of the following: (1) high-energy gamma rays 
with less energy than the ground-state transition, and 
(2) low-energy gamma rays in coincidence with the 
higher energy counterparts 


A. Procedure 


Secause of other low-energy radiation present, such 
as the nuclear gamma rays following positron decay, 


104, 461 (1956) 


7 (Juisenberry, Scolman, and Nier, Phys. Rev 
Rev. 96, 1001 


'*G. M. Foglesong and D. G. Foxwell, Phys 
(1954) 
KR, W. King, Revs. Modern Phys. 26, 327 (1954) 
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CHANNEL 
Fic. 8. Portion of spectrum of gamma rays in coincidence with 

other gamma rays from 2.0 to 5.5 Mev from the Ni®*(p,yy’)Cu® 
reaction (open circles) and the corresponding ungated spectrum 
(solid circles). The two peaks in the ungated spectrum correspond 
to positron annihilation radiation and Coulomb-excitation gamma 
rays from the silver target backing. The ordinate scales are 
different for the two curves. 


the annihilation radiation, and the Coulomb-excitation 
gamma rays from the silver target backing, direct 
measurements on the low-energy cascade gamma rays 
were not possible. It was necessary to “gate” the low- 
energy spectrometer with a pulse from another spec- 
trometer set to be triggered by the corresponding high 
energy transition. For these measurements the high 
energy spectrometer included a 3-in.X3-in. crystal, 
and the low-energy spectrometer included either a 
3-in.X3-in. crystal or a 14-in. diameterX1-in. long 
crystal. In order to avoid radiation scattered from one 
crystal to the other, a 1-in. thick Pb block was placed 
between the two crystals. 

In a number of cases, it was possible to find a high- 
energy gamma ray and a low-energy gamma ray whose 
sum equaled to the ground-state transition. In general, 
one would expect that the high-energy member of the 
pair was emitted first because of the energy dependence 
of partial gamma-ray widths, and that therefore the 
low-energy gamma ray was emitted by an excited state 
of the same energy. This rule is not always valid; 
however, in the experiments described herein, the high- 
energy member was emitted first in all cases where both 
members of a pair were identified. This is evident 
because the low-energy member retained the same 
energy for the different resonances, whereas the high- 
energy member changed its energy directly with the 
resonance energy in the center-of-mass system. There- 
fore, we have assigned an excited state to each low- 
energy member of all such pairs identified. 

The identification of the high-energy member of a 
cascade was complicated by the intrinsic response of 
Nal crystal spectrometers to such gamma rays, because 
each high-energy gamma ray gives rise to three peaks. 
In analyzing the high-energy part of a complicated 
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spectrum, it is sometimes helpful to take the spectrum 
using two crystals of different size. The response of a 
3-in. X 3-in. crystal emphasizes the single-escape peak, 
and depresses the double-escape peak, while the 1}-in. 
X1-in. crystal emphasizes the double-escape peak, and 
has almost no total-capture peak. Thus by comparing 
the same spectrum of gamma rays using the two 
crystals, certain peaks in a complicated spectrum could 
be labeled as double-escape or total-capture. 


B. Results 
Ni®®(pyyy')Cu® 


The low-energy gamma rays in coincidence with 
gamma rays from 2.0 to 5.5 Mev are listed in Table IV, 
with their respective uncertainties in energy measure- 
ment. To conserve space, only one of the low-energy 
gamma-ray peaks is illustrated. The one picked for 
illustration, 0.492 Mev, was so chosen because it was 
the most difficult to isolate and identify for two reasons. 
(1) Its energy is very close to that of the annihilation 
radiation from the positron decay of the Cu formed 
in the reaction, and this annihilation radiation is 
known!''® to be in coincidence with nuclear gamma rays 
up to about 2 Mev from the Ni following beta decay. 
(2) Its energy is very close to that of the annihilation 
radiation formed by the decay of the positron of the 
pair created by the high-energy gamma ray in the 
“gate” crystal, and which might have scattered into 
the low-energy crystal, and would of course be in true 
coincidence. 

The open circles of Fig. 8 give the coincidence 
spectrum in the low-energy crystal. The closed circles 
show the ungated spectrum, including the 0.511-Mev 
peak from the annihilation radiation, and the 0.415-Mev 
peak from the Coulomb excitation of the silver target 
backing. The data for Fig. 8 were taken at the 1424-kev 
resonance, with the coincidence gate set from 2.0 to 
5.0 Mev. 
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Fic. 9, Portion of spectrum of gamma rays in coincidence with 
other gamma rays from 4.5 to 6.5 Mev from the Ni®(p,yy’)Cu® 
reaction (open circles) and the Co source spectrum used for 
calibration purposes (closed circles), 
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Ni® (pyyy’)Cu™ 


The low-energy gamma rays in coincidence with 
radiation from 4.5 to 6.5 Mev are also listed in Table 
IV. Again, in order to conserve space, only a part of the 
coincidence spectrum is shown, and that is the part 
most difficult to interpret. The 0.96-Mev gamma ray 
shown in Fig. 9 is straightforward, but the doublet, 
1.30 and 1.38-Mev, suggests the possibility of a state 
80 kev above the ground state. A search for an 80-kev 
gamma ray in coincidence with the high-energy radi- 
ation yielded inconclusive results. So the suggestion 
remains only a possibility. 


( “9° ( poy’ )N 7% 


The low-energy cascade gamma rays, also listed in 
Table IV, are not illustrated in order to conserve space, 
but the high-energy portion of the gamma-ray spectrum 
is shown in Fig. 10. In order to identify the spectrum 
peaks in terms of gamma-ray energies, two crystals of 
different size were used, 3-in.X3-in. and 1}-in.X1-in., 


TABLE IV. Low-energy cascade gamma rays found in coinci 
dence with capture radiation between the energy limits listed as 
the “gate.” 


Ni®@(p,yy’)CuM 
Gate: 4.5-6.5 Mev 
(Mev) 


Co™(p,yy’)Ni® 
Gate: 6-11 Mev 
(Mev) 


Ni*8(p,yy)Cu 
Gate: 2-5.5 Mev 
(Mev) 


0.4740.02 
0.844.0.02 
0.95+0.02 
1.07+0.02 
1.17 cal. 

1.33 cal. 

1.64+-0.03 
1.774-0.03 


0.468+0.01 
0.96 +0.02 
1.30 +-0.02 
1.38 +0.02 
1.63 +0.03 
1.91 +0.03 


0.492 4-0.005 
0.908+0.02 
1.38 +0.03 
1.78 +0.02 
2.00 +-0.04 
2.32 +0.04 


as discussed in Sec. VA. The response of the two crystals 
to the monoenergetic 4.43-Mev radiation from a Po-Be 
source is shown in channels 31 to 50. The spectrum 
from the Co” reaction using a 2-kev thick target and 
a bombarding energy of 1.9 Mev is shown in channels 
70 to 115. From the response of the two crystals, the 
peaks were assigned to gamma-ray energies, and hence 
to particular cascades, and are so labeled. The abbrevi- 
ations stand for total-capture, single-escape, and double 
escape. The numbers represent the energy of the state 
through which the particular cascade occurs. Spectra 
obtained at other bombarding energies (not illustrated) 
showed evidence of decay to the 2.16-, 3.59-, and 3.9- 
Mev states of Ni® as well as to those which appear in 
the spectra of Fig. 10. 

The low-energy coincident gamma rays have been 
assigned to particular levels of Ni®. It was not possible 
to fit all of the gamma rays to the level scheme” that 


*” Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U.S. Government Printing Office, Washington, 
D. C., 1955). 
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Fic. 10. Spectra of gamma rays from the Co™(p,y)Ni® reaction 
using two crystals of different size. Channels 31 to 50 illustrate 
the response of the two crystals to the 4.43-Mev gamma ray from 
a Po-Be source. Channels 70 to 115 show the spectra of high-energy 
capture gamma rays. The three peaks associated with each 
gamma-ray energy are labeled TC, SE, and DE to represent 
total-capture, single-escape, and double-escape, respectively 
Each peak is also marked with the energy of the excited state 
involved in the cascade. 


was known at the time the data were taken. However, 
with the additional levels in Ni® found by Paris and 
Buechner,” it has been possible to fit all of the observed 
low-energy cascade gamma rays to particular levels as 
shown in Fig. 11. In making these assignments, both 
the high-energy primary gamma ray and its low-energy 
counterpart were reasonably well identified. Because 
of the close spacing of levels in the vicinity of 4 Mev, 
some ambiguity does exist in the assignment of the 
1.64-Mev secondary gamma ray. The assignment shown 
gives an excellent fit with respect to the difference in 
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Fic. 11. The assignment of 
gamma rays from the 
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reaction to levels in Ni 
of the upper levels are so closely 
spaced that only the ones of 
interest are labeled. The energy 
values shown for the transitions 
are the direct measurements of 
the present experiment, The 
levels of Ni® are those of Paris 
and Buechner 
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12. The geometrical arrangement of the two crystals used 
branching ratios. The absorbers attenuated 
the silver x-rays and Coulomb-excitation gamma rays. The 
attenuation, by the target backing and holder, of the gamma 
rays emitted in the direction of the 90 about 1% 


hic 


in determining the 
crystal wa 


energy between the two levels, and a_ high-energy 
primary gamma ray feeding a level in the vicinity of 
3.9 4.0 Mev was observed. The energy values shown 
on the transitions are the direct measurements of the 
present experiment. 

The decay scheme of Fig. 11 is not complete because 
no search was made for cascade gamma rays above 2 
Mev. ‘Thus the absence of ground-state-transition indi 
Mev does not mean that 


cations for states above 2 


such transitions do not occur 


VI. BRANCHING RATIOS 


The purpose of obtaining branching ratios was two 
fold 
which of the low-energy cascade gamma rays corre 
sponded to states of the same energy. (2) It would 
enable one to obtain the relative transition probabilities 
of the gamma rays to the several low-lying states 


(1) It would establish with reasonable certainty 


A. Procedure 


igure 12 shows the geometrical arrangement of the 
detectors used to determine the branching ratios of the 
gamma-ray transitions from some of the more intense 
resonances. It is not Customary in suc h measurements 
to have the plane of the target backing material at 
90° with respect to the beam. However, for the high 
energy gamma rays under investigation, and for the 
relatively large crystal solid angle, the attenuation of 
the gamma rays emitted in the direction of the 90° 
crystal was at most 1%, and correction was made for 
this effect. The absorbers consisted of a sandwich of 
0.005 in. of molybdenum to absorb the silver x-rays, 
and 0.020 in. of gold to attenuate the intense Coulomb 
excitation gamma rays from the silver backing. 

Phe light outputs of the two crystals were sorted by 
two 20-channel analyzers. The yield of each particular 


gamma ray was obtained by taking the yields at 0° 
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and 90° obtained by the two crystals of Fig. 12, and 
integrating this yield over 4m solid angle assuming a 
straight-line angular distribution between the two 
values at 0° and 90°. Because of the relatively large 
solid angle subtended by each crystal, this straight-line 
assumption introduces an error of less than 5%. The 
limit of error introduced was determined by integrating 
over 4m solid angle using some of the actual angular 
distributions obtained for the ground-state transitions 
from some of the resonances (see Sec. VII). 

In order to determine the yield of the gamma ray of 
each particular energy, it was necessary to subtract 
the spectrum of the highest energy gamma ray from 
the total spectrum, then subtract the spectrum of the 
next highest energy gamma ray, etc. Before this could 
be done, however, it was necessary to determine the 
response of the crystal to monoenergetic gamma rays 
of several energies, using the same geometry as that of 
Fig. 12. This was done by determining the spectrum of 
several monoenergetic gamma-ray sources from about 
3 Mev to about 6 Mev. 

The same corrections were applied to the branching- 
ratio spectra as were applied to the cross-section 
measurements. The over-all uncertainties in the branch 
ing ratios are about 10% of the total yield from the 


resonance 


B. Results 
Vi (py)Cu™ 


The branching ratios from five different resonances 
were determined and are in Table V. The 
spectra from the 0° crystal are shown in Fig. 13. The 
information in Table V establishes reasonably well that 
all of the low-energy cascade gamma rays correspond 
to states of the same energy, with the exception of the 
1.38-Mev gamma ray, whose branching ratio in any of 
the listed cascade schemes did not exceed 10%, which 
is equal to the uncertainty involved. Since its energy 
is apparently not equal to the difference in energy 
between any other two gamma rays, it is tentatively 
listed as a state. It could conceivably be relatively 


shown 


intense in the cascade schemes for some of the weaker 
resonances. 

The measurements of transitions to states at 2.00 
and 2.32 Mev were not so reliable as for the lower 


TABLE V. Branching ratios (%) from certain resonances in the 
Ni®*(p,y)Cu™ reaction at proton energies EL, (kev) to the excited 
states Fk, (Mev). Uncertainties are +10% of the total gamma-ray 
intensity 


0.908 
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Fic 13. The 
tra observed in the 
0° crystal from five 
of the most- intense 
resonances in the 
Ni™*(p,y)Cu® rea 
tion. The proton 
energies at resonance 
are shown. 


spec 


states. However, in several instances involving these 
states, the other member of the pair could be found as 
illustrated in the spectra of Vig. 13. 


Vi™(p,y)Cu® 


Ten different resonances were investigated giving the 
results shown in Table VI. The spectra from the 0° 
crystal are shown in Fig. 14, Only one resonance showed 
a definite transition to the 0.468-Mev state (the 1656 
kev resonance), but several resonances gave indications 
of about 10% yield to the 0.468-Mev state. Likewise, 
transitions to the 0.96-Mev state were relatively weak 
Since only one of the ten resonances studied in detail 
showed any indication of a transition to a 1.63-Mev 
state, and that indication is very weak (within the 
experimental error), it is possible that the 1.63-Mev 
gamma ray is a member of a triple cascade. However, 
since the ten resonances studied in detail were not 
chosen at random, but were the most intense of the 


resonances, they have a certain amount of homogeneity, 
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and therefore might as a group discriminate against a 
particular transition. The 1.63-Mev gamma ray appar 
ently does not equal the difference in energy between 
any other two gamma rays and is therefore tentatively 
assumed to come from a state of the same energy. 

As in the Ni®® case, transitions to states above about 
1.9 Mev could not be reliably measured. However, there 
were fairly definite indications of states at about 2.4 
and 2.9 Mev, since both members of a pair could 
sometimes be identified from the spectra of Fig. 14. 


Vil. ANGULAR DISTRIBUTIONS 


In order to determine the angular momenta of the 
compound states giving rise to several of the most 
intense resonances, angular distribution measurements 
were taken on the most energetic gamma ray emitted 
in each of these cases. In all cases except one (the 
1376-kev resonance of Ni®’) this was the ground-state 


transition 


A. Experimental Procedure 


were used in 
Che 
geometry was conventional, and is therefore not illus 


Two Nal crystals, each 3 in.&3 in. 
determining the angular distributions detector 
trated. One crystal was fixed at 90° at a distance of 
1} in. from the target. The other crystal was rotated 
on an arc of radius 58 in. about a vertical axis through 
the target. We choose as the criteron of angular reso 


lution the angle between the central ray (axis of the 


crystal) and a ray to the centroid of the volume of the 


crys tal on each side of the central ray. This angle was 


5°. No correction was made for the angular resolution 
of the detector because in all cases, the error introduced 
by the finite size of the detector was less than the 
Cor 


rections were made, however, for the unequal absorption 


statistical uncertainty in the number of counts 


of the gamma rays by the material around the target, 
including 0.010-in. Ag backing. ‘These 


corrections were at most 2% 


the target 

The fixed crystal was used as a monitor. Since the 
data for each angle sometimes required up to one hour, 
making a run of six angles about six hours, the stability 


Pance VI. Branching ratios (%) from certain resonances in 


the Ni®(p,y)Cu™ reaction at proton energies Ey (kev) to the 
states KH, (Mev). t 10%, of the total 
intensity. 


excited Uncertainties are 


Zamiina-ray 
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of the gain of the monitor, as well as the movable 
detector, was very critical, and we 
achieve complete gain stability. Of the factors which 
determine gain stability voltage, 
dynode efliciency, preamplifier gain, linear amplifier 


gain, and analyzer calibration) the most serious trouble 


were unable to 


(phototube high 


seemed to come from the phototube dynode efficiency. 
The gain shift with counting rate seemed to approach 
equilibrium as if it had several different ‘‘half-lives,” 
ranging from a few seconds to several hours 

If a narrow window were used for the monitor counts, 
a small percentage change in gain would cause a higher 
percentage change in the counting rate because more 
counts would be pushed out of the window than were 
pushed into it, or vice versa, A glance at the spectra 
of Figs. 13 and 14 this. A window 
decreases the relative effect of gain shifts, and a wide 
window be used even though it includes other 
gamma rays than the one whose angular distribution 


indicates wide 


can 


is being determined, because the monitor crystal’s 
position was fixed. But even a wide window allowed 
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Kic. 14 The spectra observed in the 0° 
crystal from ten of the most intense resonances 
in the Ni®(p,y)Cu® reaction. The proton 
energies at resonance are shown. 


appreciable errors (sometimes 59%) or more, depending 
upon the spectral shape) for small gain shifts (1% or 


less). 

In order to overcome the difficulties caused by gain 
instability, the monitor crystal output was analyzed 
with a 20-channel analyzer. Shifts in positions of the 
peaks could then be utilized to correct the data for 
gain changes. 

The movable crystal output was likewise analyzed 
with another 20-channel analyzer, the only the area 
under the total-capture peak was used to determine 
the intensity of the most energetic gamma ray. Since 
the first excited state of both the residual nuclides, Cu” 
and Cu®, was about 500 kev (see Sec. V), the total- 
capture peak for a cascade to this state was included 
in the single-escape peak for the ground-state transition. 

At each angle, counts were taken ‘‘on” resonance 
and “off” resonance. The off-resonance counts were 
subtracted from the on-resonance counts to determine 
the net resonance yield. Since the proton energy was 
changed only 2 kev from “off” to ‘“‘on” resonance, 
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background effects were assumed to be the same for the 
two different energies. The off-resonance yield was 
usually quite small, ranging from less than 1% for the 
most intense resonances to a few percent for the 
weaker ones. 

Since each resonance chosen for angular distribution 
measurements was well separated from the others, only 
one state of the compound nucleus was excited each 
time, and therefore the distributions should be sym- 
metrical about 90°. The yield at 120° was obtained in 
each case primarily as a test of the equipment and 
procedure, 

Interference between adjacent resonances was neg 
lected because of the narrowness of the resonances. 
Resonance widths will be discussed in Sec. VIII. 


B. Analysis Procedure 


In comparing the experimental curves with the 
theory, the zero spins of the two target nuclides, Ni®* 
and Ni®, allowed two simplifications. (1) Only one 
entrance channel spin was possible, namely that of the 
proton, 4. Thus the arbitrary parameter introduced in 
the general case by the mixing of incoming channel 
spins did not occur. (2) Only one value of the orbital 
angular momentum, /, could contribute to any one 
resonance because adjacent / values have opposite 
parity, and / values differing by 2 or more units cannot 
give the same J value for the compound state. Thus 
another arbitrary parameter which enters in the 
general case, did not occur. 

The maximum proton angular momentum to be 
considered is limited by the multipolarity of the 


24, £1, M1, 


and £2 transitions to the ground state are not possible, 


emitted gamma ray.l’or protons with / 


It is very unlikely that the resonances chosen for angular 
distribution the 
should be forbidden to emit /:1, 41, or /:2 radiation. 


lor pure lowest-multipole transitions, only 4 different 


measurements, more intense ones, 


distributions, W, are possible. Using the tables of 
Biedenharn and Rose,” they are as follows, in terms of 


the Legendre polynomials 7, with cos@ as argument 
Po, 
Po +-0.40P 
Po —0.40P2, 


Pot+0.510P.—0.368P, 


1.6-Mev the barrier 


mission coethcients, 7), are as follows. (lor information 


VIII 


lor a proton, relative trans 


concerning the computation of 7), see Sec. 


To=1.7X10~, Ts 
T,=0.7X10 


0.12 X10 


0.01210 


mL ¢ 
729 (1953 


Biedenharn and M. FE. Re Revs. Modern Phys. 25 
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The symbol 7, for transmission coefficient is used 

instead of P; for penetration coefficient in order to 

avoid confusion with the Legendre polynomials, Py. 

It will be shown later, in Sec. VIII, that the partial 
proton widths are probably less than the partial gamma 
ray widths for proton energies less than about 1.3 Mev. 
Therefore, the observed intensities of the resonances 
below 1.3 Mev are proportional to the partial proton 
widths, which are in turn proportional to the barrier 
transmission coefficients. Since 7’; for a 1.9-Mev proton 
(6X 10~®) is less than 7p for a 1.3-Mev proton (2X 10°°), 
it is unlikely that any of the most intense resonances 
chosen for angular distribution measurements were 
formed with 1 
to the first three angular distributions listed above 


3 protons, We are therefore restricted 


Some mixing of the next higher multipole is to be 
expected, especially when the lowest possible multipole 
is the magnetic type. Thus we do have one arbitrary 
parameter (the percentage of the next higher multipole) 
for fitting theoretical curves to the data. The inter- 
ference phase angles were chosen following the same 
convention as Biedenharn and Rose.” 

In principle, one cannot determine parity from an 
angular distribution, except when both target nucleus 
and projectile have zero spin and known parity. How 
ever in practice, one can sometimes obtain indications 
of parity from angular distributions involving protons 
and a zero-spin target nucleus. In particular, one expects 
that if the lowest allowed gamma-ray multipolarity is 
Sut if 


it is of the magnetic type, observable mixing with the 


of the electric type, it will be essentially pure 


next higher electric multipole will sometimes occur 
Thus if the experimental data can be fitted only by 
assuming significant admixtures (several percent o1 
more) of the next higher multipole, there is some 
indication that the lowest allowed multipole is magnetic, 
which is in turn an indication of the parity of the 
emitting state 
Cascade schemes also give clues to the parity of a 
state. It should be empha ized that these indications 
should be used with because 


of parity yreat 


exceptions to these rules do occur, especially transitions 


care 


explained by the collective model, But 
Xe 


mce we are 


near the shell-closure number shell model phe 
nomena are expected to prevail. These considerations 
have been used together with arguments based on /¢1 
M1 rates (see Se VIII) to assign 


probable parities to some of the resonant compound 


state 


and transition 


C. Results 
V 755 pyyjCu” 


Angular distribution measurements were made on 


the four most intense resonances in the Ni®*(p,y)Cu™ 
reaction, and are shown in Fig. 15. The uncertainty 
bars on the data points indicate only the standard 
counts. Other 


statistical deviation in the number of 
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hic. I 
the resonances in the Ni®*(p,y)Cu®™ reaction. The curves represent 
the equation shown in each plot. Note the displaced zero for the 
in the case of the 1844-kev resonance. The proton 
and gamma-ray transitions are labeled 


The angular distributions of gamma rays from four of 


ol scale 


inate 


encrgies 


errors are believed to be smaller than the statistical 
uncertainty. The solid curves shown in Fig. 15, are the 
best visual fit to the data using the zero-order and 
second-order Legendre polynomials. 

Since the of the 1376-kev 


depends on the prior discussion of the 1424-kev reso 


discussion resonance 
nance, the individual resonances will be discussed from 
the highest energy down, Only one of the resonances 
(1844 kev) allowed the possibility of being excited by 
s-wave protons, Even it could have been excited by 
p-wave protons because its isotropic angular distribu- 
tion indicates a spin of i for the compound state, but 
gives no indication of the parity. The maximum 
deviation from a horizontal straight line was 1%, and 
the standard the of 
counts at each point was about 1%). The ground-state 
transition is either M1 | 
amount of /2 or M2. 


An isotropic distribution could be the result of inter 


statistical deviation in number 


or with an indeterminate 


ference between different multipoles even if the com 


}. For the present 
$ 


-) 


pound state had a spin greater than 
situation, the distribution would be isotropic if J 
and the intensity of the quadrupole radiation was 6.7% 
of the dipole radiation with a phase angle of 0°. It is 
unlikely that such a particular set of circumstances 
would be encountered. 

In some of the cases involving interference between 
dipole and quadrupole radiation, a given angular distri- 
bution can be obtained by assuming either a small 


amount (~ 1%) of quadrupole radiation mixing with 


predominantly dipole radiation or vice versa. In general, 


the small amount of dipole admixture necessary to 


account for the given distribution is different from 
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(usually more than) the small amount of quadrupole 
admixture assumed in the former case, and the phase 
angles usually are different by 180°. Because of the 
greater emission probability of dipole radiation than 
quadrupole radiation for nuclides in the region which 
includes the ones investigated in the present experiment, 
the assumption of a small amount of dipole radiation 
will not be made. 

The 1716-kev resonance showed a distribution repre- 
sented by W = Py+ (0.40+0.04) P2, which is character- 
istic of a spin of $ for the compound state, and pure 
dipole radiation to the ground state (<2.6% quadru- 
pole radiation with either phase angle). 

‘The 1424-kev resonance showed a distribution repre- 
Po + (0.60+0.04) Ps, which also indicates 
a spin of 3 for the compound state, but with an admix- 
ture of 1.74+-0.7% quadrupole radiation with a phase 
angle of 180°. 

Since the 1424-kev resonance showed approximately 
equal transition probabilities to the ground state and 
first excited state at 0.492 Mev, it was possible to 
determine the angular distribution of the gamma ray 
to the first excited state as well as to the ground state. 
Since the ground-state angular distribution yielded a 
unique determination of the spin of the compound state, 


sented by W 


the angular distribution of the gamma ray to the 
0.492-Mev state yielded a unique determination of the 
first excited state spin. The distribution to the 0,492- 
Mev state shown in Fig. 15 is represented by W= Po 

(0.504-0.05)P> which indicates a spin of } for the 
().492-Mev state and pure dipole radiation 0.1% 
quadrupole admixture). 

Since the 1376-kev resonance showed only about 5% 
transition probability to the ground state, a determi- 
nation of the ground-state distribution was impractical. 
It was determined, however, during the branching ratio 
measurements that the yield at 90° was less than at 0° 
by roughly a factor of 2. Such a distribution is con- 
sistent with a spin of $ for the compound state. 

Since the spin of the 0.492-Mev state was determined 
the 1376-kev 
resonance had a transition probability of about 35% 


from the 1424-kev resonance, and since 


to the first excited state, the spin of the compound 
state could be uniquely determined from the distribu- 
tion of the gamma rays to the first excited state. This 
distribution W = Po— (0.74 
+-0.06)P2 as shown in Fig. 15, indicating a spin of 3 


can be represented by 
for the compound state and an admixture of 2.3+-0.7% 
quadrupole radiation with a phase angle of 0°. 
Angular distribution measurements were also made 
for the 1663-kev resonance (not shown), but with a 
fairly large standard statistical deviation, +15%. The 
distribution was isotropic within the uncertainty indi- 
cating a probable spin of } for the compound state. 


Vi" (py) Cu 


Fight angular distributions were made and are shown 
in Fig. 16. Three of the distributions, at 1451, 1538, 
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and 1656 kev, were isotropic and therefore indicate a 
spin of 4 for the compound states. Note the displaced 
zeros on the ordinate scale for these distributions as 
shown in Fig. 16. 

The 1656-kev resonance could also be represented by 
W = P)+0.06P.2 which is consistent with J 
admixture of quadrupole radiation with a phase angle 


Sg S07 
s and 5% 


of 0°. The more reasonable interpretation is however 
an isotropic distribution indicating J = 4. 

Three other resonances at 1588, 1605, and 1694 kev, 
Pot+0.40P.2 with 


uncertainties in the P» coefficient of +0.08, +0.04, and 


had distributions represented by HJ 


+(0).06, respectively. The compound states have a spin 
of 3 and emit essentially pure dipole radiation with 
upper limits on the quadrupole admixture of 0.30% 
(0.1%, and 0.2%, 

Ihe 1599-kev resonance had a distribution 
sented by W= Po+ (0.30+0.05) P» 
spin of § and 0.1% to 1% admixture of quadrupole 


respectively. 
repre 
which indicates a 
radiation with a phase angle of 0°. 

The 1620-kev 
sented by V 


resonance had a distribution 
Py + (0,250.05) Ps 
> and an admixture of 1+0.6% quadrupole 


repre- 
which indicates a 
spin of 


radiation with a phase angle of 0°. 
VIII. RESONANCE WIDTHS 


A. Direct Measurement 


()ver most of the energy region covered, the excitation 
curves were taken in steps of 2 kev. Practically all of 


round-state gamma rays 
reaction. The 


Fic. 16. The angular distributions 
from eight of the 
were plotted from the illust 
displaced zero for the ordinate 


resonances in the Ni®(p,y)Cu* 


curves 


ated equations. Note the 


in the three isotropic distri 


butions 


PROTON 


CAPTURE 


hic. 17 


at which twe 


he measurement of the precise bombarding energies 
of the Ni®*(p,y)Cu™ re 
vidth 4 2-meter-radiu 
Absolute 


Inhhome 


onances occurred, and their 
analyzer was 
energy calibration uncertainty was +0.05% 


tween 0.016% and 0.022% 


respective electrostatu 


used and 


beam weneily was be 


the back 


between successive points. On a few of the 


resonances rose trom vyround to full hemht 
strongest 
resonances, data were taken at bombarding intervals 
of 50 ev with the result that the experimentally ob 
served widths were equal to the energy spread of the 
beam, about 0.03% of /,, or about ! kev. Since most 
of the targets were 2 kev thick or thicker, they all gave 


the “‘thick-target” resonance shape. The cross section 
at resonance could not be determined from the data, 
so the yields were calculated in terms of fod, as 
Lit, 

Since the energy resolution of the NRL Nucleonics 
2-Mv Van de Graaff 
adequate to measure the resonance widths, an attempt 
to measure the widths was kindly made by Dr. R. O 
sondelid using the NRL large Van de Graaff accelerator 


and its 2-meter-radius electrostatic analyzer.‘ 


discussed in Sec. 


Division accelerator was not 


The results for the two most intense resonances in 
the Ni®* reaction, 1424 and 1844 kev, are shown in 
Nig. 17 
about 4 kev thick to the incident protons, were detected 


Nal crystal and con 


lor these data the gamma rays from a target 


with an unshielded 2-in.X 2-in 


ventional electronics. The resonance yields do not rise 


as high above background as was observed in our 


excitation curves because of the higher background 


associated with the large Van de Graaff accelerator, 
the smaller amount of proton beam available from the 


high-resolution analyzer, and the use of an integral 
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discriminator instead of a differential type discriminator 
as was used for the excitation curves. 

When the raw data shown in Fig. 17 are processed 
to remove the effects of beam inhomogeneity and 
Doppler broadening, upper limits can be given for the 
intrinsic resonance widths. These widths are 45 ev and 
%) ev, respectively, for the 1424- and 1844-kev reso- 
nances. It should be emphasized that these are only 
upper limits; the widths could be essentially zero and 
still be consistent with the data. 


B. Partial Gamma Widths 


Even though the total widths of the resonances were 
so small that they could not be directly measured, 
values of one of the partial widths can be obtained from 
the cross-section measurements if it can be established 
which partial width is the smaller, 

Since the first excited states of Ni°* and Ni® are 1.45 
and 1.33 Mev,” respectively, only two modes of decay 
are expected below these bombarding energies, namely 
radiative capture and elastic scattering. We ignore the 
possibility that a compound state C, formed by a 
proton of energy E,, might decay by gamma-ray 
emission to a lower compound state C’, where E., < E,, 
with subsequent emission of a proton of energy /,’, 
where ,’=h,-E 

Even for the maximum proton energy used, about 
1.9 Mev, which is well above the threshold for con- 


y* 


ventional inelastic scattering, the transmission coeffi- 
cient of the outgoing proton through the Coulomb 
barrier is so low that the partial width for such inelastic 
scatiering is negligibly small. We shall therefore con 
sider only the partial widths for radiative capture and 
elastic scattering 

The one-level Breit-Wigner formula for proton cap 


ture is usually written 
(2) 


where g is a statistical factor, /, is the proton energy at 
resonance, and I’, and I’, are the proton and gamma 
partial widths, respectively. If we integrate o(/:) with 


respect to k, we obtain 


r J, 
focoae 2en?r? 
r+, 


Now if we assume that I',>I',, we get 


f odE=2gr’XT,. 


We now have a formula for determining I’, from the 
experimental value of /odE for each resonance. 


(4) 


If instead we had assumed that [',>I', we would 
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have obtained an identical formula for computation of 
I’, because the Breit-Wigner one-level formula for 
proton capture with no other competing reaction is 
symmetrical in I’, and I’. 

For the partial gamma widths, it is useful to compare 
the observed values with Weisskopf’s theoretical 
formulas,” which can be written, for the case of proton 
bombardment of nickel: l,= 1.67,’ for £1 transitions, 
and I',=0.021E,' for M1 transitions. 

Wilkinson™ has compared the experimental partial 
gamma widths with the theoretical predictions of the 
Weisskopf formulas for about 100 cases involving very 
light nuclides (A < 20) where the nature of the transi- 
tions was reasonably well established. He used the 
symbol | M |? to represent the ratio of experimental to 
theoretical width (or the experimental width in 
“Weisskopf units’’). He found that “1 transitions have 
a most probable speed of about 0.032 Weisskopf unit 
with a spread in speed of about a factor of seven either 
way,” and that “the corresponding quantities for M1 
transitions are a speed of 0.15 Weisskopf unit and a 
spread of a factor of 20 either way.” He further noted 
“that if a transition shows a value of the quantity I’, 
(ev) divided by FE,’ (Mev) of greater than 0,02, then 
there is a 10:1 chance that it is #1 rather than M1.” 

We can make use of Wilkinson’s survey to test the 
validity of our assumption (in the cases where it is 
made) that ',>I',, or to test the assumption of the 
parity of the resonant state, from which is determined 
the type of transition. 

Kinsey” lists |M |? for about twenty dipole transi- 
tions resulting from thermal-neutron capture by 
medium and heavy elements. In order to obtain a fairly 
constant value of |M)|?, Kinsey found it necessary to 
make use of the correction factor Do/Dz to the Weiss- 
kopf unit, where Dy is the level spacing near the ground 
state, and Dz is the average spacing of levels near the 
radiating state of the proper spin and parity that they 
can combine with the given type of radiation to form 
the final state. This correction factor was given by 
Blatt and Weisskopf* to take into account configuration 
interaction, many-particle excitation, etc. For /1 radi 
ation Kinsey found an average value of about 0.2 for 
(Do/Dp)|M\*, which he called |M \*, for even-charge 
nuclides and about 0.01 for odd-charge nuclides, and 
~0.1 for M1 with clear distinction 


between even- and odd-charge nuclides. 


transitions no 


Wilkinson found (for A < 20) no dependence of | M |? 
on A, This is not inconsistent with Kinsey’s survey 
because (1) Do/Dg for Wilkinson’s nuclides is of the 
order unity, and (2) it is not clear how significant 


*% VF. Weisskopf, Phys. Rev. 83, 1073 (1951). 

* 1). H. Wilkinson, Phil. Mag. 1, 127 (1956). 

**B. B. Kinsey, Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North Holland Publishing Company, Amsterdam, 
1955), Chap. XXV. 

26 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. XII. 
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configuration interaction, many-particle excitation, and 
allied effects are for Wilkinson’s nuclides. 

Since the average individual resonance intensity, 
J odE, is approximately the same for Ni’, Ni®, and 
Co even though the relative level spacings were in 
the ratio of 10:2:1 over the energy interval 1.4-1.8 
Mey, it is not clear that I’, is dependent on the level 
spacing. As discussed below, it is possible that ',<T, 
in which case f°odE would be proportional to the barrier 
transmission coefficients. For the present purposes, we 
shall consider (Do/D,)\M |* to be the significant quan- 
tity following Kinsey. We use D, instead of Dg because 
our bombarding particles are not thermal, and the 
excitation energy of the compound state is therefore 
considerably in excess of the binding energy of the 
nucleon. Blatt and Weisskopf** used an estimate of 
about 0.5 Mev for the level spacing near the ground 
state, which is in agreement with the experimental 
observations in our case. In order to obtain a value of 
D,, we shall assume that D, equals twice the observed 
level spacing found from the excitation curves. Since 
the ground-state spins of Cu®® and Cu® are both 3°, 
compound-state spins of 4, 3, and 3 (resulting from s, 
p, d, and f-wave protons) can all emit dipole radiation 
to the ground state. If both parities are equally popu 
lated, half of the observed states could emit the same 
type of dipole radiation to the ground state. 


C. Partial Proton Widths 


The experimental intensity of each resonance was 
proportional to fodé. If our assumption that I’, >I’, 
were true for all of the resonances observed, we would 
expect that the “envelope” of the resonances would 
follow Eq. (4), if we ignore individual resonance 
fluctuations. The only two quantities in Eq. (4) that 
depend on resonance energy are A? and I',. As the proton 
energy is increased, A’? decreases, and I’, varies in a 
somewhat complicated way depending on the branching 
ratios, multipolarities, and gamma-ray energies. If we 
consider only a dipole transition to the ground state, 
I’, is proportional to /,*, which means for the cases 
considered here that the change in I’, almost exactly 
cancels out the X* change with proton energy. On the 
basis of these arguments we would therefore expect the 
resonance “envelope” to be relatively flat and constant. 
But as was discussed in Sec. VIIIB, I’, is also affected 
by resonance density and is expected to decrease in 
proportion to the level spacing, D,, which decreases 
rather rapidly with increasing proton energy as can be 
3, and 4. 
resonance intensity, or Jodi, to drop with increasing 
density of levels. Or in other words, the average yield 


seen in Figs. 2, So we would expect the 


of quanta over a proton energy interval large enough 


to include a statistically satisfactory ensemble of reso- 
nances would be approximately constant as a function 
of proton energy. 


PROTON 


CAPTURE 1491 

That this is not the case can be seen immediately 
from Figs. 2-5. We note that the yield of quanta per 
unit proton energy exhibits an exponential type rise as 
a function of proton energy at least up to about 1.5 
Mev. Figure 5, which illustrates the yield of quanta 
over the interval of the Co” target (about 50 kev), 
shows the relevant quantities best. 

On the basis of the above discussion, we conclude 
that somewhere below 1.5 Mev, our original assumption 
that [',>I', breaks down, at least for some of the 
resonances. Since all of the resonances below 1.3 Mev 
are relatively weak, it appears reasonable to assume 
r,. With this 


assumption, we are able to calculate I’, for these 


for most of these resonances that I',< 


resonances, using Eq. (4) with I’, written in place of 
r,. Even fT’, 
by only a factor of two which is not disturbing since 


I',, our value of I’, would be incorrect 


we are expecting only order-of-magnitude results 
We may compare these partial proton widths in a 
way analogous to that used above for the partial 
gamma widths, by removing the transmission factors, 
and comparing the resulting reduced widths, y,? 
I',/2Tp, with the Wigner single-particle limit, 
3 (h?/uR*), using conventional symbols. Here we choose 
to define the reduced widths with dimensions of energy 
instead of energy times length as is sometimes done. 
The barrier transmission coefficients could not be 
calculated for most of the proton energy range using the 
tables of Bloch et al.” because the ratio of proton energy 
to barrier height was lower than the region covered by 
their tables. The transmission coefficients were therefore 
calculated using the familiar WKB approximation 
method with an 1.45A! 
«10-" cm. Since the arithmetic operations were con 
siderable, a check on their accuracy was highly desir 
able. Such a check could be obtained using the curves 
of Morrison*® provided one used the formulas 7’ 
[ (1—a)/a leo and T,;=[ (1+y—-) 
x is obtained from his l’ig. A-1 and y from his lig. A-3, 
These formulas are different from those given by 


assumed contact radius of 


v |e?" where 


Morrison, but the symbols are the same as those used 
by Morrison except 7 is used here for his P 

The ratio of the reduced width to the single-particle 
Wigner limit is usually a more interesting quantity 
than the reduced width itself. The value of this ratio, 
a dimensionless quantity, designated by 6, is deter 


mined from the following formula derived from familiar 


be tO ff oat: 


, 5) 
gr’T p 


relationships. 


Here fodF is in units of ev-barns and 4? is in units of 


27 Bloch, Hull, Broyles, Bouricius, Freeman, 
Modern Phys 23, 147 (1951) 

28 P. Morrison, Experimental Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1953), first edition, Vol. II 


and Breit, Rev 





1492 TLER 


reaction 


Ni*(p,7)Cu™ 


value of incoming 


resonances in the 


PanLe VII. For the 


at proton energies /,: the most reasonable 
angular mo 


the partia) 


momentum 1, the compound-state 


the partial gamma width I'y 


proton angular 
mentum J, the parity x, 
width for the 
experimenta matri 
(D)_6/D,)|M 
of the 


yamma groun late transition I" the corrected 


element for the ground-state transition 


and lower 


2 for the type radiation indicated limits 


dimensionk reduced proton 


1x10 
20% 10 
1x 10~* 
1x10 
210 


0.00} 0.004 71 
() 1 0) 1 
0.006 0.01 1 
O04 (1 1 
] (V0) kel 


check could be obtained by dividing 
reduced widths by Morrison’ 
Wigner limit, his Eq 

ide of the equation were multiplied 


wR 30/A* Mey 


A numerical! 


alculated numerical 


mate of the Tat, p 82, 
provided the right 
by 10, obtaining 3(h 


D. Results 
Vi°5 PY Cu** 


lor the Ni five angular 
tribution 


e (the 1663-kev re 


reaction, only two of the 


| 


measured indicated isotropy, and one of 


oOnance involved poor tatistics 


ioltropk with 1¢ atisti d 
| ( 


1844 kev 
; that 


other tribution 


a that ol 
P wave proton 
a (Do/D,)|M 


than 


resonance If we assume 
W1 and has 


$ which is somewhat larger 


the 
gamma transition 1 
value of 1 
he 10 examples of 1 
radiation listed by Kinsey”® but is well within the range 
of |M listed by Wilkinson for M1 
for the very light licle As will be 
Sec. LX, it is possible that we are observing a 


than-average A/1 


any ol t neutron-capture 


’ value transitions 
nu brought out in 
faster 
issume 


sition. However, if we 


therefore /:1 


tran 
radiation, the 


, il \\ ilk Ih on’s 


te 
Lier 


WiVve proton and 


Do/D,)\M 
hold for the 


value is 0.02 which mean 


criteria medium weight nuclides 
the factor Do/D, is applied), that there is a 10:1 chance 
‘The es 


radiation further sugge 


entially monoenergeti 
ts ial because of 


the relatively greater probability of /:1 radiation thar 


that the radiation is /1 


nature of the 


w the re nan 


fante VITT. I 
at proton ener | OP less than 1.3 Mey 


oe: the 


values of the partial prot 


0.003 
0.014 
0.0003 
0.0007 
0.0002 


0.001 
O08 
O.002 
0.01 
0.01 


AND C R. 


GOSSETT1 


M1.** We therefore conclude that the evidence favors 
s-wave protons and even parity for the 1844-kev 
resonance, 

The 1663-kev resonance is best explained on the basis 
of (Do/D,)|M\* values if we assume p-wave protons, 
odd parity, and M1 radiation. The other three reso- 
nances all had angular distributions consistent with 
J = 4, indicating either p-wave or d-wave protons. Since 
3 states, and since 
none of the angular distributions indicated a J=$ 
state, we conclude that p-wave protons were responsible. 
We therefore assign odd parity to the compound states 
and M1 as the type radiation. The (Do/D,)| M |? values 
are listed in Table VII. Also listed are lower limits of 
calculated using 
the / value of protons indicated in the The 
(Do/D,)|M'\* values for M1 radiation cover about the 
same range as the four examples listed by Kinsey for 


d-wave protons ¢ ould also excite J 


the dimensionless reduced widths 


table. 


odd-charge nuclides. 
\s discussed above, it appears reasonable to assume 


that for all or most of the resonances below £,=1.3 


PaBLe IX reaction at 


proton energies /,: the 
ungular momentum /, the compound-state angular momentum J, 


For the resonances in the Ni®(p,y)Cu® 
most reasonable value of incoming proton 
the partial gamma width I',, the partial gamma width 
for the ground-state transition yo, the corrected experimental 
matrix element for the ground-state transition (o/D,)| M |? for 
the type radiation indicated, and lower limits of the dimensionless 


rit 7 
MATILY TW, 


reduced proton width 


De Min lower 
D, Iype limit 


20% 10 
6x10 
5«10 
1310 
1110 
9X10 
8x10 
3x10 


1451 0.02 El 
1538 } f 0.007 El 
1588 ; 5 0.2 1 
1599 07 1 
1605 7 V1 
1620 1.4 1 
1656 4 | 0.02 Bl 
1694 ) 0.7 V1 


Mev, I',<I',. On this basis, values of # have been 
calculated for these resonances using 
If p waves and J states are involved, # 


50% too low. It is unlikely that d-wave 


wave penetra- 
bilities 
would be 
are observable for protons of such low 
energy. We therefore believe that Table VIII gives 
the correct order of magnitude for these 6? values. In 


resonance 


any case, they are lower limits. 


V7, Psy Cyu® 


For the Ni® reaction, three angular distributions 
were isotropic resulting in J/= 4 assignments. Two of 
these (1451 and 1656 kev) have (Do/D,)|M\? values 
of 0.02 and are consequently assigned to type “1. The 


1538-kev resonance has a lower (Do/D,)|M\|? value, 


sartholomew, Phys. Rev. 93, 1260 


*B. B. Kinsey and G. A 
(1954). 
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0.007, but is also assigned as /:1 because of the 70% 
branching ratio to the ground state. However, as will 
be seen later, M1 transitions sometimes showed high 
branching ratios to the ground state. 

The other resonances all involve J=% states and for 
reasons discussed above are assigned odd parity and 
M1 radiation. The (Do/D,)|M\* values are listed in 
Table LX as are also lower limits of #. The (Do/D,)|M 
values for #1 radiation were inside the range covered 
by the eight examples listed by Kinsey for odd-charge 
nuclides. Some of the (Do/D,)'M\? values for M1 
radiation were above the highest one of Kinsey’s four 
examples, but were well within Wilkinson’s distribution. 

Table X lists the @ values for the resonances under 
1.3 Mev using the same assumption as discussed above 
for Ni®’, 


IX. DISCUSSION 
A. Experimental 
Since nickel foils are commonly used as backings for 


solid targets and windows for gas targets, some of the 


Ni™(p,y)Cu! 


he as 


TABLE X. For the re sin the reaction at 
proton energies Ly le than 1.3 Mev, where t imption 
<I’, is made: the values of the partial proton widths I',, the 
reduced proton widths y,?, reduced widths 
@. The reduced widths were obtained trabilities 


ONANnCe 


and the dimensionles 


uSIN” S-wave pe ne 


0.02 

0.002 

OO006 
0 0008 
0 O0O0S 
0.0003 
0.001 

0.0007 
0.0006 
0.0005 
0.0003 


725 0.002 


89 
1029 
1066 
1078 
1132 
1167 
1197 
1209 
1239 
1247 


0.002 
0.005 
0.01 
0.00% 
0.01 
0.04 
0.04 
0.04 
0.04 
0.03 


more intense resonances can be used as secondary 
energy calibration points. Since natural nickel consist 
of 68% Ni®’, a thin natural nickel foil shows the Ni® 
resonances very clearly. ‘The two resonances at 
1424.1+-0.7 1843.7+0.9 kev 
can be used as primary energy calibration points. Since 
than 45 and 90 ev 


used to measure the 


bom 
barding energies of and 


their intrinsic widths are less : 
respectively, they can also be 
inhomogeneity of a proton beam. 

A second use of the resonances in a nickel foil backing 
or window is the determination of target thickne lor 
a solid target, the difference in bombarding energy 
between the appearance of a parti ular resonance on an 
uncoated foil, and on the target-coated foil gives the 
target thickness to the incident protons. Such a pro 
cedure could be used in determining stopping powers 
amounts of the 


, i nis kel 


of various materials veighed 


using 


material deposited on the foil. For gas target 
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foils were used for both entrance and exit windows for 
the protons, the displac ement of a resonance could be 
used to determine the thickness of the gas target, or its 
stopping power if the pressure were known. For both 
solid materials and a gas, the straggling of transmitted 
protons can be accurately determined by comparing 
both the 
protons and transmitted protons. 


width and yield of a resonance for direct 


The ambient-cold-surface technique of protecting 
targets from vacuum system contaminants removes a 
severe restriction on certain types ol experiments, the 
restriction being background from the same type rea 

tion on carbon or fluorine. The fluorine problem has 
2 (He® py)N™ reaction is 


and the background from this reaction 


already been discussed. ‘The ¢ 
fairly intense,“ 
makes it very difficult to observe (He py) reactions on 
target nuclides with higher Z than carbon. Dr. R. O 
Bondelid, 


analyzer, has used the ambient-cold-surface technique 


using a 2-meter-radius electrostatic beam 


as Al, being used to make 


With hi 


) 


to protect targets, such 


precise resonance energy determinations. 


equipment a relative shift in resonance energy of » 10 
would have been detectable during a ten-hour 


pro 


50 ev 


bombardment, but he observed no shift using a 
tected target. 

Doppler broadening of a sharp threshold or narrow 
resonance because of the thermal motion of the target 
cooling the 


nuclei can also be somewhat reduced by 


target without simultaneously introducing the previ 
ously concomitant effect of building up contaminant 
films over the target, provided the target is protected 
in a manner similar to that described herein 

Since the 1844-kev resonance of Ni®* and the 1451-kev 
Ni® involved essentially 
5.23 and 6.24 


be useful sources to test the response ol 


resonance ol monoenerpeth 


gamma rays of energies Mev, they can 
per trometer 
to gamma rays of these energies, and may be used a 


as dire tly measured 


secondary energy calibration standard uncer 


tainties in the gamma-ray enervie 


t0.02 and +0.03 Mev, respectively. However, 


iynment of the neutron 


were 
if one utilizes the isotopic rea 

capture gamma rays of Kinsey 
discussed in Sec. IVB, and uses 
point of Owen et al.,' 


and Bartholomew® a 
the Cu® positron end 


Ni proton 
to be 6.24 Mev 


the energy of the 
capture gamma ray can be calculated 


an uncertainty of about 4.0.01 Me 


Bk. Theoretical 


Previous to the present experiment, there were no 
excited states of Cu” Cu". We are 
states of Cu 


how 


known 


tware Ol Six bound and 17 unbound or 
resonant states, In Cu‘ 


and 54 re 


concurrent experiment observing inelastic 


even bound states were found 


onant states. Shiffer el al performed a 


Catlering ol 


y, Almqvist, Gov 
105, 957 (1957 
Moore, and C! hys. Rev. 104 


Paul, and Ferguson 


1661 (1956 
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protons from Ni** and found about 70 resonances at 
proton energies from 2 to 5 Mev. 

The levels of the nuclei investigated in this experi- 
ment are of particular interest to the shell model. One 
aspect of possible interest is the apparent preference of 
negative parity for the more intense resonances. Most 
of the more intense resonances are probably 47 states. 
This suggests the possibility that protons are captured 
in the 2p, shell, which is the next shell above the just 
completely filled 1 f7;2 proton shell of the nickel isotopes. 
The compound states are too high in energy and too 
narrow to be single-particle levels. A state having a 
reduced width equa! to the full Wigner single-particle 
limit would have a laboratory width of one kev at a 
proton energy of about 1.5 Mev. But if the proton is 
captured in the 2p, shell, while at the same time raising 
one or two pairs of nucleons from the 1 f7;2 shell (occu- 
pied by both protons and neutrons) or the 2p, shell 
(occupied in nickel by neutrons only) to higher shells, 
perhaps the 1f, or 2p, shells, both the high excitation 
energy and relatively small widths could be accounted 
for, at least qualitatively. 

Nussbaum” lists experimental values for single 
particle level spacing in the region of the 1 fy; shell. 
He gives the 2p,—2p,; spacing to be ~2 Mev, and the 
1 fy—1 fre spacing to be ~1.3 Mev. If we assume that 
these spacings would not change greatly even if several 
nucleons were raised to higher shells, one or two pairs 
of nucleons raised from the 1 f7;2 shell or the 2p; shell 
to one of the higher shells could account for all of the 
energy of excitation of the compound states, If one or 
two pairs of nucleons were so raised, and if their spins 
and angular momenta added vectorially to zero, the 
net spin of the compound state would be just that of 
the proton captured in the 2p, shell, that is, 3 

In spite of the evidence indicating that the 1844-kev 
resonance of Ni®* is excited by s-wave protons and emits 
#1 radiation, it could conceivably involve proton cap 
ture in the 2p, shell with the raising of perhaps the 
pair of neutrons in the 2p, shell to the 2p, shell. The 
resulting M1 transition to the ground state could then 
be considerably faster than average in accord with the 
observations. ‘The essentially 100% ground-state transi 
tion from this compound state clearly suggests a great 
deal of similarity in the configurations of the two states. 
We therefore feel that some justification exists for 


postulating the rather simple mechanism described 


above 

A further suggestion coming from the ground-state 
preference for transitions from the 1844-kev resonance 
and others is that the doubly-closed core of 28 protons 
and 28 neutrons remains relatively intact. We would 
not expect, for example, a strong gamma-ray transition 
which involved changing a nucleon from an f shell to 
a p shell or vice versa. The fact that no ground-state 
transitions were observed during the bombardment of 


RH. Nussbaum, Revs. Modern Phys. 28, 423 (1956) 
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Co” supports this view. One would expect that the 
ground-state transition would be somewhat inhibited 
on the basis of selection rules alone, but one would 
still expect to observe some ground-state transitions. 
An upper limit of about 0.1% could be placed on the 
branching ratio to the ground state. The same reasoning 
can be applied to the branching ratio to the 1.33-Mev 
state. On the basis of selection rules alone, this transition 
should not be inhibited because dipole radiation and 
quadrupole radiation are both possible for protons with 
every | value from 0 to 6. The energy dependence of 
partial gamma-ray widths also favors transitions to the 
1.33-Mev state over higher states, but less than 5% of 
the transitions were to the 1.33-Mev state. We therefore 
conclude that with proton bombardment of the nickel 
isotopes, we are indeed observing shell model phe- 
nomena, and that the core itself remains relatively 
undisturbed (that is, if a 1f7/2 nucleon is disturbed, it 
is only to the extent of flipping its spin in going to the 
1 fy shell). 

The resonance density for the Ni® reaction was about 
five times as great as for the Ni°* reaction for proton 
energies of 1.4-1.8 Mev. Only a small part of this 
difference in density of states can be accounted for by 
the different excitation energies resulting from the 
different Q values. From the well-known theoretical 
prediction that the density of states is proportional to 
exp(ai'), we would expect the density of states to 
increase by only about 30% in going from the excitation 
energy in Cu®*, ~5.0 Mev, to the excitation energy in 
Cu", ~6.4 Mev. It seems more likely that the larger 
density of states for the Ni® case stems from the larger 
number of configurations available to the larger number 
of nucleons outside the doubly-closed core of 28 protons 
and 28 neutrons. A similar argument could be made 
concerning the very high level density in the Co 
reaction. This point lends further credence to the idea 
that in the nickel reactions we are observing for the 
most part excitation of the nucleons outside the core, 
leaving the core itself relatively intact, in spite of the 
absence of general evidence for a strong shell closure 
at nucleon number 28. 


Fic. 18. The low 
lying energy levels of 
Cu® and Cu®, 


10.468 
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The similarity of the low-lying level structures,of Cu®’ 
and Cu® as illustrated in Fig. 18 is rather striking. 
It is not clear why this similarity exists, because one 
might expect a closer low-lying level spacing in Cu® 
than in Cu®® as is observed in the resonance density. 
The level structures of these two copper isotopes will 
be compared with the nickel isotopes of the same mass 
numbers in a forthcoming publication.™ 


43 J. W. Butler and C. R. Gossett (to be published) 
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The decay of a new isotope, Ca** 


, produced by the reaction Ca®(y,2n), has been observed via branching 
of the beta decay to a 3.5-Mev excited state of K**. The observed half-life of (0.664+0.05) 


second is consistent 


with a log (ft) value of 3.5 for the ground-state transition. The tentative assignment for the K** excited 


state is J=1*, T=0 although J=0*, 7=1 is also possible 


also discussed. 


INTRODUCTION 
NTEREST in the odd-odd, self-conjugate (.V=Z) 
nuclei has led to a search for their parent (V = Z—2) 
isobars and the modes of decay of the latter. Moszkow 
ski and Peaslee! have pointed out that several of these 
N=Z 


reactions on stable targets, and have suggested that 


-2 isobars may be produced by photonuclear 


branching of their beta decays should usually occur. 
The V=Z-—2 ground state (0*, T 
by superallowed positron emission to the corresponding 


1) in general decays 


isobaric-triplet level of the self-conjugate nucleus; if a 
(1+, T7=0) excited level of the latter lies energetically 
below the ground state of the V=Z—2 nucleus, then 
branching should take place by allowed positron decay 
to this state, with subsequent M1 gamma-ray emission. 

Kofoed-Hansen’ has pointed out that for the super 
allowed transitions, the log(/t) value should be 3.5 in 
all cases. The disintegration energy may be calculated 
from nuclear-mass systematics, and from this and the 
ft-value, the half-life may be predicted. In particular, 
for the ground-state decay of Ca**, Kofoed-Hansen 
predicts a positron end-point energy of 5.21 Mev and 
a half-life of 0.7 sec. 
course, be somewhat shorter if branching occurs. 


The observed lifetime would, of 


EXPERIMENTAL CONSIDERATIONS 
Thick targets (=10 g/cm’) of Ca and CaH, have 
been exposed to the 85-Mev bremsstrahlung beam of 
t Work supported by a contract with the U. S. Atomic Energy 
Commission 
1S. A. Moszkowski and D. C 
(1954) 
2(). Kofoed-Hansen 


Phys. Rev. 93, 455 


Peaslee, 


Phys 92, 1075 (1953 


Rev 


A search for branching in the decay of S® is 


the Michigan electron synchrotron, The targets were 
viewed by a Nal(TI) scintillation spectrometer and 
single-channel pulse-height analyzer, signals from which 
were then analyzed in time with a 20-channel time 
delay analyzer. An electronic timing circuit, syn 
chronized to the accelerator cycle, was used to operate 
alternately the accelerator and the analyzing equip 
ment. ‘Thus annihilation radiation from the positron 
decays, or nuclear gamma rays, could be selected by the 
single-channel analyzer and their decays analyzed with 
the 20-channel delay analyzer. In most cases the decays 
followed for half-lives; the half-lives 
quoted are taken from least-squares fits to these data 


were several 

When Ca“ is irradiated with high-energy x-rays, the 
predominant reactions, in order of intensity, are ‘ 
Ca”(y,n)Ca® and Ca“(y,np or d)K*, Ca®, K*, and 
K*™ are all positron emitters; both Ca® and K**™ have 
lifetimes of the order of 0.9 sec and both have end 
points of the order of 5 Mev. Hence it would be ex 
ceedingly difficult to identify the ground-state transi 
the weaker reaction 


tion from Ca**, produced by 


Delayed gamma radiation observed after irradiation 
2 


TABLE I 
ium and calcium targets. The 


ol pota term mc* indicates two 


quantum annihilation radiation 


ssignment 


7.674008 mir 


7.607 min 


Kes(at Aum 
88% (1) AM after Ki*(p 

0.951 40.007 sec Kismat) Aas 

0.89 sec Ca™(p')/K™ and Kim(atj)Au 
67 min Ki8(ft Aum 
67 min Ais, a 

Ki K** after ¢ 


fier K9*(f* Ase 


0.66 +0.05 we J'(p')Kee 
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A 

hic. 1. Tentative energy-level diagram for the ma 

triplet. Higher known |e vels of A® are not shown. The ¢ 

energies are in Mev; parity, and isotopic spin are indicates 
thus: J") 7, Uncertain values are in parentheses 


3% isobaric 
Kcitati 


spin 


Ca’ (y,2n)Ca®, among the competing processes. In this 


experiment, therefore, a search was made for nuclear 


gamma radiation accompanying branching of the beta 


de wy 
RESULTS 


The radiations which were identified and 


lifetimes were measured are listed in ‘Table I, together 
with results from a potassium target for comparison, 
‘The 2.18-Mev 
ascribed to an /22 transition in A** 
lived decay of K**, The 3.5-Mev gamma ray is observed 


yamma ray observed in both cases is 


following the long 
only with calcium targets; its lifetime is significantly 
shorter than those of Ca®”, K*®, and K*®™, 
is interpreted as a transition in K* following a branch 


and hen c if 


ing of the Ca*®* decay. Its intensity (estimated within a 


AND 


whose 


PrP. R. CHAGNON 

factor of two) is consistent with (a) the measured 
ratio of (y,2n) to (y,ap or d) yields from other targets 
and (b) the branching ratio computed by Moszkowski 
and Peaslee! for allowed branching to a (1+, T7=0) 
state. If the 3.5-Mev gamma ray were to be interpreted 
, at least an #5 or M5 transition would 
have to be invoked to account for the observed life- 


as isomeric 


time. In the present experiment, beam intensity con 


siderations do not permit the use of coincidence 
techniques to verify the identification further. 

A proposed decay scheme is presented in Fig. 1 
The 3.5-Mev state of K** is tentatively assigned J = 1* 
7=0 since even a first-forbidden transition would be 
too weak, in ¢ ompetition with the superallowed ground 
state transition, to be observed. It has been pointed 
out® that the branching could also be superallowed, in 
which case the 3.5-Mev state would have J/=0+, T= 1 
Kither of these (J,7) combinations could be formed 
by (s,) * configurations. 

The 3.5-Mev gamma ray is shown leading to the 0* 
state, 1.e., K®*”", which would be predominantly an M1 
transition; however it may also lead to the 3+ state, 


being in that case predominantly /2 


radiation. The 
excitation energy of K*” is not accurately known, but 
is of the order of 0.1 Mev.’ The 3.5-Mevy 


may actually be a doublet. 


vamma ray 


NOTE ON S* 


With a S® target, a search has been made, by the 
same technique, for a similar branching of the S® 


specifically to the 690-kev level of P®. This level has 


decay, 


been identified in two separate experiments®® as J=0 
1) and 7=0 (implying J=1). In the 
present experiment, no branching is found occurring to 


(implying 7 


this level, although a gamma ray of five times less than 
the calculated intensity would have been detected. 
Hence one is led to believe that the 690-kev level has 
both J=0 and 7=0, in 
results of both of the experiments mentioned above. 
yuk hy 


agreement with the direct 
a (J,7T) assignment could result from a mixed 
configuration for this level. 


G. R. Satchler (private communicatior 
‘1). Green and J. R. Richardson, Phys. Rev. 101, 776 
rhis contention is also supported by other work in progress by 
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the present authors 
Endt, Kluyver, and van der Leun, Phys. Rev. 95, 580 (1954), 
L.. L. Lee, Jr., and F. P. Mooring, Phys. Rev. 104, 1342 (1956) 
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The positron polarization in the mirror transition N™, a predominantly Fermi transition, has been meas 
ured by detecting the circular polarization of the annihilation-in-flight quanta. The results indicate complete 
polarization of the positrons parallel to their momentum, showing that Fermi coupling contributes signifi 


cantly to the positron polarization in the same sense as the Gamow-Teller coupling 


I, INTRODUCTION 
XPERIMENTAL 


electron and positron polarization in a beta decay 


studies of the longitudinal 
process provide information about the beta decay 
law.'~* In particular, these studies can determine the 
relative magnitude of the parity-conserving and parity- 
nonconserving couplings. In allowed transitions with 


spin change, that is in pure Gamow-Teller transitions, 


it has been found by several workers’’ that the 
longitudinal polarization is approximately —v/c for 
electrons and +v/c for positrons. For transitions 
without spin change, however, where both Fermi and 
Gamow-Teller interactions contribute, contradictory 
results on the degree of longitudinal polarization has 
been obtained.’ A careful study of the Fermi part of 
the interaction seemed, therefore, desirable. ‘This part 
of the beta interaction can be studied in a 0-0 transition 
or a mirror transition where the nuclear matrix elements 
are known. Among the mirror transitions N’ is par- 
ticularly suitable because the Fermi matrix element is 
larger than the Gamow-Teller matrix element.!! Con- 
sequently, the positron polarization will be determined 
mainly by the Fermi part of the transition. 

We have studied the positron polarization in N' by 
measuring the circular polarization of the high-energy 
annihilation-in-flight quanta. The measurements indi- 
cate that the positrons are completely polarized, from 


which it can be concluded that the Fermi transition as 


*Supported in part by the joint program of the Othe of Naval 
Research and the U.S. Atomic Energy Commission 
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well as the Gamow-Teller transition exhibit the maxi- 
mum effect of parity nonconservation. 


Il. EXPERIMENTAL PROCEDURES 


A suitable method for the study of positron polari- 
zation is the annihilation in flight recently discussed by 
Page.'” Annihilation-in-flight photons of high energy 
have their spins in the direction of the initial spin of 
the positron 

The degree and sense of the circular polarization of 
photons can be measured by usiny the Spin dependen e 
of the Compton scattering cross section.’'* We have 
measured the transmission of the annihilation quanta 
through magnetized iron. This detection method is 
similar to the one applied by Goldhaber et al.® 

A sketch of the apparatus used is shown in Fig. 1. 
Che annihilation-in-flight photons are produced in a 
carbon target surrounded by a small Lucite cover. 
They impinge upon a 3 inch long by 14 inch? Armco 
iron magnet which is magnetized with the help of two 
coils. The detector is a 15-inch Nal crystal, which is 
located at a distance of 44 inches from the magnet. 
inches were 


51l1-kev 


Lead absorbers in the amount of 1 to 1} 


used to further discriminate ayainst the 


igt 1 pipe Pb Abse 


Magne Lucite source 
Windings 


Detector (Na |) 
holder 
vent of circular 


1G. 1. Experimental arrangement for measuren 


polarization of annihilation-in-flight photons 


Page, Phys. Rev. 106, 394 (1957) 
Page, Phys. Rev. 92, 970 
Modern Phys. 28, 277 


"L.A 
4S. B. Gunst and L. A 
4H. A. Tolhoek, Revs 
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photons. Under these conditions the number of pile-up 
pulses in the detecting system at high energy is 
negligible. 

The N™ sources were prepared by deuteron bombard- 
ment of a spectroscopically pure carbon target in the 
3-Mev Van de Graaff generator with beam currents of 
about 20 wa at 3 Mev. Sources of 0.2 to 0.6 curie 
strength were measured for a period of about two half- 
lives, taking one-minute counts at alternate magnetic 
field directions in the polarization analyzer. Altogether, 
20 irradiations were performed. The percent difference 
in counting rate for the two directions of magnetization, 
6, corrected for decay, was measured at four different 
energies of the photons, 620 kev, 830 kev, 1040 kev, 
1140 kev 


emitting impurities, the annihilation-in-flight spectrum 


and lo ensure the absence of gamma-ray 
was studied with a 100-channel differential analyzer. 
No gamma ray other than the annihilation radiation 
was found. Furthermore, the observed half-life in each 
run confirms the absence of impurity photons as well 
as pile-up effects. 

bigure 2 shows a typical differential channel photon 
spectrum of N™. Curve (a) is the experimentally 
observed uncorrected pulse distribution. Curve (b) 
shows the same distribution after correcting for de 
tector sensitivity and absorption in the analyzer. The 
theoretical annihilation-in-flight spectrum is given in 
curve (c). The procedure for obtaining this curve is 
discussed below. The deviations at lower energies are 
presumably due to forward scattered quanta of origi- 


nally higher energy. 


104 r _— 


(a) Experimental 
Photon Spectrum 


(uncorrected) 


) Calculated X 
Photon Spectrum X 


(b) Experimental 
Photon Spectrum 
(corrected for 
detector efficiency 
and absorption 


in analyser 
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Photon spectrum from 2-quantum annihilation-in-flight 
are arbitrary 


Kic. 2 
of N™ positrons in carbon , Phe intensity scales 
nornialized at 1200 kev 


Curves (b) and (c) are 


BARNES, 


AND STECH 


III. CALIBRATION 


In order to determine the N™ positron polarization 
from the measured effect, one has to calculate the degree 
of photon polarization for the annihilation-in-flight 
quanta as a function of the positron polarization. In 
the experimental arrangement which has been used the 
positron source is mostly surrounded by carbon. The 
positrons therefore annihilate isotropically in this 
material. The number of right (+) or left (—) circular 
polarized annihilation quanta of energy & is then given 
by the expression 


Eo v 
W,(k) f ay (1 be Jos Eta) 
Emin(k) Cc 


v 
+41 15 oe (Ek) vie, 


Cc 
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ric Calculated polarization of y quanta from annihilation- 
in-flight of N™ positrons in carbon. A_ positron polarization 
P=-+-av/c is assumed and curves are shown for a=+1 and 
1 


a t 


where 


f O04 Ek) 
w, (Eek) 2not. f dl 
I ‘ { dk dx) 


no=carbon atoms unit volume, and Z=charge 
6. Here N(E’) represents the N™ positron 
spectrum Fo=1200 kev. 
dE/dx gives the energy loss per path length in carbon 


and Ey in(k) denotes the minimum positron energy 


per 
number 
maximum 


with a energy, 


required to produce a y quantum of energy k. The cross 
section for the two-quantum annihilation at energy / 
yielding a right or left circular quantum & is denoted 
by 0, (4,k) and can be derived from the formulas given 
by Page.’* The degree of positron polarization is written 
as av/c (v/e to be taken at energy E’) where v is the 
positron velocity. A numerical integration of Eq. (1) 
gives the theoretical y~ spectrum presented in Fig. 2. 





POSITRON 


The y-polarization resulting from Eq. (1) is plotted in 
Fig. 3 for the case a= 1, i.e., for +/c polarization, and 
for a=}. In these cases the y polarization is such that 
the photon advances as a right-handed screw. 

The efficiency of the magnetic analyzer in deter- 
mining the degree of y polarization has been calculated 
by using the spin-dependent part of the total Compton 
cross section.** The effective length of fully saturated 
iron is estimated to be 23 inches. The expected percent 
difference in counting rate, 6, for alternate magnetic 
field directions in the iron is the product of this effi- 
ciency with the calculated polarization of Fig. 3 and is 
given in Fig. 4. 

An attempt was made to check the efficiency of the 
analyzer experimentally using the bremsstrahlung 
photons produced in lead by the 6 rays of a 150 mC 
and 500 mC P* source. The P** electrons are polarized 
to a degree —v/c, as has been found by several 
workers,*” and the bremsstrahlung photons should 
therefore have a circular polarization of similar mag- 
nitude and sign. The experimental points obtained with 
our geometry follow, as expected, the calculated effi- 
ciency curve except for a region around 1 Mev where the 
experimental! points are approximately 30% lower. ‘The 
calibration curve in Fig. 4 can therefore be considered 
as an upper limit and perhaps should be somewhat 
lower near 1 Mev. 


RESULTS AND DISCUSSION 


The results of the present experiments on N" are 
plotted in Fig. 4.The errors are statistical errors. The 
size of the effect and the energy dependence indicate a 
polarization of positrons of the amount (0.93+0.20)0/< 
with the spin pointing in the same direction as the 
momentum vector, 

N*® is a well-analyzed mirror transition. From an 
analysis of the ft values it has been concluded that the 
ratio of the square of Gamow-Teller and Fermi matrix 
elements is 0.40." Our result shows clearly that the 
Fermi part of this transition contributes significantly 
to the positron polarization in the same sense as the 
Gamow-Teller transition. If only the Gamow-Teller 
part of the transition contributed to the polarization, 
one would expect the points to follow approximately the 
curve for a= 4. In fact, our result is consistent with the 
largest possible polarization and indicates, therefore, a 
positron polarization +90/c for pure Fermi transitions 

This result is in contradiction with the small electron 


polarization values found in Au!*, Sc, and Ga®%,7.!° 


but is In agreement with recent measurements by 


PO 
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hic. 4. Comparison of N*¥ ¢ and theoretical 
i 


itron polarization of -+-0/e and + 4v/¢ 


perimental point 
curves 


for a po 
Deutsch ef al.!® who find a large polarization for the 
0-0 transitions in Ga®™ and Cl|*.§ 
Assuming that the polarization is 
seems likely from the present experiment, one can 
conclude that the following relations for the scalar and 


exactly u/c,’ as 


vector ¢ oupling constants hold!® 


C's’ os and Cy’=C;, 


If the theory is valid, it 


follows from this result that the #-coupling contains 
either S and 7, or V and 


two-component neutrino 


1 interactions 
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Radiations from Ba!*+ 
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The decay of the isotope Ba™, produced by pile neutron irradiation of Ba, has been studied with a 
magnetic lens and scintillation spectrometers. Gamma rays of 0.079, 0.302, and 0.355 Mev have been 
measured, with relative intensities 1.00:0.71:2.1 and K-conversion coefficients of 1.34-0.5, 0.114-0.07, 
and 0.074-0.05, respectively. Conversion electrons from weak transitions of energies 0.158 and 0.276 Mev 
have been observed and assigned to Ba, Gamma-gamma coincidences have been measured and a decay 
cheme is proposed, The K/L capture ratio for Ba™ is shown to be greater than 1.5. 


I, INTRODUCTION from Ba", with special emphasis on a magnetic 


] ECENTLY published work'* on the decay ol 


9,5-year Ba'** has been based on scintillation 


spectrometer measurement of the conversion electron 
distribution, A source of rather high specific activity 
was obtained from the Oak Ridge National Laboratory, 


spectrometer measurements with sources of low specihi ; K Sages 
, where ‘ 1p , r ne adiation « 

activity and has produced somewhat inconsistent vhere it had been produced i neutron irradiation of 
- : : : ‘ arcet e " 34182 

results. In principle, the long half-life of Ba! makes “ barium target enriched in Ba™, 


this isotope suitable for spectrometer calibrations, and II. SCINTILLATION SPECTRA 


sources for this purpose are being marketed com 
mercially by several companies. It was, therefore, A typical scintillation spectrum of the high-energy 


considered of interest to re-examine the radiations gamma rays from Ba! is shown in Fig. 1, and a low- 


GAMMA ENERGY (MEV 
0.2 
! 





2000 


Barium-133 





-302 Mev 


Fic. 1. Seintilla- 
tion spectrum of Ba! 
1000 | gamma rays, to 0.45 

Mev. 


ve. j 
Moe 11/4 
ee 





1 | = anal 
40 50 60 70 80 
PULSE HEIGHT (VOLTS) 


t Supported by the National Science Foundation and by the Graduate S« hool of the University of Oregon 
1 Hayward, Hoppes, and Ernst, Phys. Rev. 93, 916(A) (1954) 

7M. Langevin, Compt rend. 238, 1310 (1954); 240, 289 (1955 

3M. Langevin, Ann. phys. 1, 57 (1956) 


1500 





RADIATIONS 





O31 Cs x-ray 
% 


z 
= 
~ 
yn 
te 
z 
pe 
°o 
=) 





energy spectrum is reproduced in Fig. 2. These spectra 
were obtained Harshaw 1}X1-in. Nal(TI 


crystal; the source was located centrally below the crys 


with a 


tal at a distance of approximately 4 cm. Gamma rays of 
known energy from Cd'® and Se” were used for calibra 
tion. The spectra show Ba! gamma rays of approxi 
mately 0,079, 0.302, and 0.355 Mev energy. The features 
appearing between 0.1 and 0.25 Mev in Fig. 1 presum 


and back 


scatter peaks from the high-energy gamma rays 


ably are due to the Compton distribution 





) 13 
j 
| ra 


FROM 


ENERGY (MEV) 


backsc., 
(,061) 


| x-ray 
escape 
(,052 ) 


o 
were o**tecee 1 | / 5 





al i i i 
40 59 60 70 
PULSE HEIGHT (VOLTS) 


In order to compare gamma-ray intensitie thie 


scintillation spectra were analyzed as indicated 
igs. 1 and 2. Corrections for photopeak efficiency were 
Kalkstein Hollander 


with experimenta 


ol the 


from the curves of and 
had supplemented 
points from the Se” Result 
included in ‘Table I. 
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interest, ().057-Mev has been 
reported from scintillation work.’ If it were of low 
ray would be difficult to 


detect, because its energy falls between that of the 


since an Hamma ray 


intensity, such a gamma 
iodine x-ray escape peak,° at approximately 0.051 Mev, 
and that of a backscatter peak, expected at 0.061 Mev. 
Ihe area of the x-ray escape peak in Fig. 2 is 7.7% 
of the total photopeak area, while the theoretical 
intensity® of the escape peak at this energy is 6.5% 
of the total. The backscatter peak is observed at an 
energy slightly higher than calculated. This shift is 
attributed to the occurrence of a rather large number of 
scattering events on the crystal envelope through 
angles less than 180 deg 
indication, in the present spectra, of a gamma ray in 
the 0.050- to 0.000-Mev region, and an upper limit 


of 5°) (as compared with the 0.079-Meyv gamma ray) 


It appears that there is no 


can be set on the intensity of such a ray 

The identification of the feature at 0.052 Mev in 
lig. 2 as the iodine x-ray escape peak was further 
confirmed by comparison with a scintillation spectrum 
of the 0.087-Mev gamma ray of Cd'®’, obtained under 
the same geometry, which shows an escape peak of 
comparable size. 

Ihe identity of features in the 0.05- to 0.06-Mev 


region of the scintillation spectrum was submitted to 
>P. R. Bell in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam 
1955) p 153 
“PR. Bell 


reference § p 155 


1800 


2200 = Bp 


a further check by comparing spectra obtained with 
various thicknesses of platinum absorber between source 
and crystal, Since the A-absorption edge of platinum 
is located at 0.07835 Mev, the 0.079-Mev gamma’ ray 
will be attenuated more by a platinum absorber than 
a gamma ray of 0.057 Mev. This difference in attenua 
tion amounts to a factor of 1.7 for an 0.002-in, absorber, 
and to a factor of 2.7, for an 0.004-in 
part of the feature around 0.057 Mev were due to an 
independent gamma ray, then platinum absorbers 
would make this feature more prominent, as compared 
with the 0.079-Meyv peak. Such an effect was not 


absorber if 


observed, indicating that the major portion of the 
spectral distribution between 0.05 and 0.06 Mev is 
due to secondary processes that involve the 0.079-Mev 
gamma ray. 

Langevin® has reported two gamma rays in the 
0.080-Mev region, of energies 0.072 and 0.081 Mev. 
The present scintillation spectra, with and without 
platinum absorbers, as well as the conversion electron 
spectrum discussed below, do not resolve more than a 
single gamma ray in this region. No gamma rays of 


an energy higher than 0.355 Mev have been observed. 


II]. CONVERSION ELECTRONS 


Ihe conversion electron distribution was measured 
with a thick magnetic lens spectrometer.’ The Geiger 


7G. R. White, National Bureau of Standards Report 1003 
Washington, D. C., 1952 (unpublished 


* KB. Crasemann and D. L. Manley, Phys. Rev 1955 
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IONS 


Gamma 


0.031 
0.053 
0.079+40.001 
0.079 4.0.005 
0.158 +0.005 
0.27640.001 
0.302 40.001 
0.355+40.002 
O.511 


0.0431 40.000 0.073340.001 


0.124 40.005 
0.240 40.001 
0. 26640.001 


0.319+40.001 0.350-+40.002 


rr lat i 
1A vacancie 
mparison with ¢ 
mm coincidence spectra 
comparison with 0.079. Me 


yper limit on decays b tr 


tube window 


Mylar. The 


data were corrected for window absorption, using the 


was made of 0.67-mg/cm 


curves of Saxon,’ which had been supplemented with 
experimental points derived from Fermi plots of the 
electron spectra of S® and Hg®*. Sources were prepared 
by evaporation of a BaCl, solution in HCl on thin 
Tygon foils, mounted on Lucite holders. 

A typical conversion electron spectrum is shown in 
lig. 3. The energies of the observed peaks are listed 
in Table I. 


previously unknown transitions are seen at 0,124 and 


Conversion electrons (ce) from two weak, 


0.240 Mev. The corresponding gamma rays, of energies 
0.158 and 0,276 Mev, are not apparent in the scintilla 
tion spectrum of Fig. 1, where they presumably are 
masked by other features 
transitions fit well into the Ba" 
Nevertheless, it 


The energies of the new 
de ay St heme, whi h 
was considered 


is discussed below 


necessary to establish that the new transitions do not 


belong to impurities. 

There do not appear to exist any known, long-lived 
activities which, as contaminants, could produce the 
0.124-Mev and 0.240-Mev conversion electrons. Keller 
and Cork" reported 0.2365-Mev conversion electrons 
from 140-day Ce, but these electrons were not found 
subsequently by Ketelle e/ al 
state of Bal, which is known to decay through an 
().276-Mev transition 


There is a 39-hr isomer 


- however, the short lifetime of 


this isomeric state rules out the possibility that tt 


could be responsible for a conversion electron peak 
observed here, since the sources used in the present 
work were over six months old 

In order to confirm that the observed conversion 
electrons are due to radioactive barium, some of the 
barium chloride received from Oak Ridge was subjected 
to additional chemical purification.” BaCl,-2H.O was 


+1). Saxon, Phys. Rev. $1, 639 (1951 
H. B. Keller and J. M. Cork, Ph Kev. $4, 1079 (1951 
i! Ketelle, Thomas, and Brosi, Phys. Rev. 103, 190 (1956 
2k. DP. Hilland F. R. Metzger, Phys. Rev. $3, 455 (1951 
18 Procedure of Hicks, Folger, and Goeckerman. See W. W 
Meinke, University of California Radiation Laboratory Report 


UCRL-432, 1949 


unpu lished 


FROM 


$K+04 
OOS 
1.00 
0.15 
0? 

Hhipetl 
0.71 40.07 O.11400 
2.1+0.2 0.07400 
gx 10 


precipitated with ether-HCI reagent, redissolved, again 


and the solution made basi 


After 


was precipitated 


precipitated, dissolved, 
with carbonate-free ammonia twice 
with ke(OH BaCO 
ON HCI, BaCl, 
ether-HC!  reayent he 


repeatedly with absolute alcohol and ether 


scavenpyiny 
dissolved in 


and Was again precipitated with 


precipitate was washed 
Sources 


with this purified barium chloride — still 
0.124-Mev 0,.240-Mevy 


electrons. It is therefore concluded that these conversion 


prepared 


showed the and conversion 


electrons belong to Ba'™, 
IV. CONVERSION COEFFICIENTS 


The A-shell conversion coefficient of the 0.079-\Mey 
gamma ray has been determined by comparison with 
the 0.087-Mev 
gamma ray of Ag', for which the value 10,3+0.5 has 


the conversion coethicient of isomer 


been found by Wapstra." The comparison source was 
produced by bombarding a silver target with 60 ywa-hi 
of 40-Mev alpha particles in the Crocker Laboratory 
cyclotron of the University of California. Cadmium 

solvent 
\laxwell, 
Haymond, Garrison, and Hamilton,'’ and short-lived 


The 


source 


was separated from the target by organi 


extraction, following the procedure — of 


activities were allowed to dec ay A -conversion 


electron intensities from a Ba! and from a 


Cd'-source of similar strength were compared in the 


magnetic lens spectrometer, and the gamma-ray 


intensities of the two sources were compared in a 


scintillation spectrometer, From two sets of intensity 


ratios, obtained with different value of 


1.3+0.5 1s 


sources, a 
computed for the A-shell 
0.079-Mev gamma ray of Ba! 
the 0.302 and 0.4 \ley 
were obtained by comparison ol gamma 


with 


Conversion 
coethicient of the 
Conversion coethicients tor 
ZammMa rays 
those of the 


lable | 


and conversion electron intensities 


).079-Mev transition, Results are listed in 
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V. COINCIDENCES 


Gamma-vamma comcidences were measured by 
yating the output of one pulse-height analyzer with 
the output from the pulse-height analyzer in a second, 
identical channel. Resolving times. of and 2 ypse 
vere employed, The chance coincidence counting rate 
was determined experimentally by separating the 
two scintillation counters and repeating each run with 
two sources, matched in intensity 

igure 4 shows a section of the coincidence spectrum 
gated by the 0.079-Mev gamma ray. The spectrum has 
been corrected for chance counting rate and background. 
\ summary of the coincidence experiments is contained 
in ‘Table Il. The intensity ratio of the 0.355-Mev and 


.302-Mev gamma rays, gated by the Cs A’ x-ray 


) psec resolving time) is the same as the intensity 


ratio of these two gammas in the singles spectrum. 
This that life of the 0.434-Mev 
level cannot be much longer than 2 usec, The (0.0797) 


0.0797) coincidence rate somewhat exceeds the chance 


indicates the mean 


coincidence rate. This result is compatible with the 


assumption, contained in the proposed decay scheme, 
approximately 


that rays of 


0.079 Mev occur in the disintegration of Ba! 


two separate vamma 


Il. Coincidences among radiations from Ba 


Resolving time 2 pase 


Cs A x-ra 
0.079 
0.35 
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VI. K/L-CAPTURE RATIO 


Phe intensity of the Cs A x-ray peak in the scintilla- 
tion spectrum, corrected for fluorescence yield, indicates 
that there are 1.7+-0.5 A-shell vacancies created per 
decay of Ba!, Here it is assumed that every decay 
leads through the 0.079-Mev ground-state transition, 
and the intensity of a second gamma ray of similar 
energy is neglected. The number of vacancies produced 
by A-shell conversion of the 0.079-Mev, 0.302-Mev, 
and 0,355-Mev gamma rays is approximately 0.6 per 
decay (see Table I), and conversion of the remaining 
gamma rays is not expected to raise this number 
significantly. Hence, a considerable number of A-shell 
vacancies must be explained by the occurrence of A 
electron capture. This result is in contradiction to a 
previous report’ that Ba™ decays mainly by / capture. 
The probable errors. in the conversion coefficients, 
KL 
produce a large uncertainty in the result of a calculation 
of the A/ZL-capture ratio, but a lower limit of 1.5 can 


conversion and intensity ratios combine to 


be set on this ratio. 

The experimentally found preponderance of A over 
L capture is also expected theoretically. The observed 
electron capture branching ratio between the 0.434-Mey 
and 0.381-Mev levels indicates a decay energy of the 
order of 0.1 Mev to the upper level, and for this decay 
energy, a A/L-capture ratio of the order of 7 can be 


calculated!" 


‘M.E 
K. Siegbahn 
1955), p. 273 


M. bE. Re 


Rose in Beta- and Gamma-Ray S pectrosee py edited by 
North Holland Publishing Company, Amsterdan 
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RADIATIONS FROM Ba! 


VII. DISCUSSION 


A tentative decay scheme for Ba is reproduced in 
Fig. 5, which includes the new 0.158-Mev and 0,.276- 
Mev transitions. The sequence of these transitions is 
determined and their assignment confirmed by the 
results of Fagg,'* who found an 0.169-Mev level in 
the Coulomb excitation of Cs!**. The coincidence 
results indicate that the 0.355-Mev and 0,302-Mev 
transitions feed the 0.079-Mev level, as indicated. 

The spin and parity assignments pose a somewhat 
difficult problem. The ground state of Ba can be 
assumed to have a spin of 3 and even parity, from the 
systematics of the isomerism of this isotope." The 
Cs! ground-state spin and parity presumably are 
3, even.”?° The 0,079-Mev ground-state transition is 
magnetic dipole, as indicated by the measured K- 
conversion coefficient, which agrees with the theoretical 
value” of 1.66 for M1. The 0.079-Mev level of Cs!* 
therefore presumably has a spin of } and even parity. 
The 0.158-Mev gamma ray is not observed in the decay 
of Xe, which has a ground-state assignment of 3, 
even, but is obtained in Coulomb excitation,'® so that 
the 0.158-Mev level can have a spin of 7, 2, 9/2, or 11/2, 
with even parity. The lower limits, within the probable 
errors, of the measured A-conversion coefficients of 
the 0.302 and 0.355-Mev gamma rays include the 
theoretical values®! of 0.038 and 0.022 for magnetic 
dipole and electric quadrupole transitions, respectively. 
These assignments would make the 0.381-Mev level 
3, even and the 0.434-Mev level 4, even, leading to 
allowed electron both levels from the 
ground state of Ba'*. In the de-excitation of the 
0.434-Mev level, there would then be competition 
between three gamma rays: a 0,053-Mev magnetic 
dipole, a 0.355-Mev_ electric quadrupole, and the 
0.276-Mev transition which would be magnetic octopole, 


capture to 


18. W. Fagg, Bull. Am. Phys. Soc. Ser. II, 2, 207 (1957) 

19M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 217 
(1952) 

» Pp. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 

411,. A. Sliv and I. M. Band, Report of Acad. Sci. U.S.S.R., 
1956 [ translation: University of Illinois Report 57 ICC K1] 
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Fic. 5. Proposed decay scheme for Ba. (Energies in Mev.) 
electric 2*-pole, or magnetic 2°-pole, depending upon 


the spin of the 0.158-Mev level. 
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Energy Levels in B® in the Reaction Li’ («,y)B'°t 
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The yield of the reaction Li’ (a,7)B" was measured as a function of bombarding energy from 0.7 up to 3.8 
Mev. Five levels in B” were found at excitation energies of 4.77, 5.11, 5.16, 5.91, and 6.02 Mev. Only the 
levels at 4.77 and 5.16 Mev have been observed previously in this reaction. Resonance widths, cross sections, 
branching ratios, and angular distributions are given for the levels. Spin assignments of 2* (or possibly 3*) 
to the 4.77-Mey level and 4* to the 6.02-Mev level are indicated by the evidence. For the other levels many 


spins 


INTRODUCTION 


NERGY levels in B' above 4.4 Mev may be in 
vestigated with the capture process 
Li®(a,y)B". An (a,y) reaction is attractive for study 


simple 


because of the lack of spin of the alpha particle and the 


relatively well understood features of the electro 


magnetic radiation.+ Earlier investigations! of this re 


action have covered only a limited range of excitation 
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Fic. 1. Thick-target yield curves in the reaction Li'(a,y)B" 


t This work was performed under the auspices of the U. S 
Atomic Energy Commission 

'D. H. Wilkinson and G. A. Jones, Phys. Rev. 91, 1575 (1953) ; 
G. A. Jones and D. H. Wilkinson, Phil. Mag. 45, 703 (1954). 


are ruled out but definite assignments cannot be given 


energies.? Considerable theoretical interest is attached 
to the levels in B" in this region, especially since the 
assignments which have been suggested by the experi- 
mental work are not fully compatible with expectation.* 


EXPERIMENTAL ARRANGEMENT 


The beam of alpha particles was supplied by the 
4.0-Mev electrostatic generator in the Argonne physics 
division. After analysis in a 90° electrostatic analyzer 
with radius of curvature equal to one meter, the beam 
impinged on a rotating target of Li® metal. The rotating 
unit was a standard assembly used in this laboratory 
in the production of fast neutrons. The Li® metal* was 
evaporated onto a 0.5-mil nickel foil mounted in a thin 
aluminum cup which produced negligible absorption. 

The capture gamma rays were detected with a Nal 
crystal 3.5 inches in diameter and 3.5 inches long; the 
pulses were recorded in either a 10-channel or a 256- 
channel analyzer. The crystal was shielded by a lead 
jacket and mounted on an arm which could rotate 
about the target spot. The pivot was aligned by ob- 
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Fic. 2. Thin-target yield curve in the reaction Li*(a,y) B” 
Eq = 1.075-1.185 Mev 


*A summary is given in F. Ajzenberg and T. Lauritsen, Revs 
Modern Phys. 27, 77 (1955). 

* A comparison on the basis of intermediate coupling is made by 
D. Kurath, Phys. Rev. 101, 216 (1956) 

‘The sample contained 99.3% Li® and was supplied by the 
Stable Isotope Division, Oak Ridge National Laboratory, Oak 
Ridge, Tennessee 


1506 





ENERGY 


serving the reaction F(p,ay)O"'*® with E,=0.935 Mev, 
for which the angular distribution is known to be 
isotropic.® 


EXCITATION FUNCTIONS AND SPECTRA 


The energy region between £,=0.7 and 3.8 Mev 
was investigated with both thin and thick targets. 
Figure 1 shows yield curves obtained with thick targets 
with the 10-channel analyzer. The yield below £,=0.9 
Mev is attributed to the resonance in Li®(a,y)B' at 
FE, =0.50 Mev. The rise at 0.95 Mev is due to a strong 
resonance in Li’(a,y)B", which appears despite the 
small amount of Li’ in the target. The steps at 1.09 and 
1.18 Mev are from capture in Li’. The resonance at 
1.09 Mev has not been observed before,' although the 
corresponding state at 5.11 Mev in B® is well known,®? 
A curve showing this resonance for a thin target is 
reproduced in Fig. 2. 

A careful search of the region from /,=1.2 to 3.8 
Mev is illustrated in Fig. 3. Only two resonances, at 
2.43 and 2.61 Mev, are found, although six states in 
B'’ have been reported in this region.*? Above £,= 2.2 
Mev the background rises slowly and culminates in 
broad structure at 3.3 Mev. This yield appears because 
the crystal responds to neutrons from the reaction 
C8(a,n)O' associated with the carbon contaminating 
the target. Identification of this reaction was made 
with targets having heavy carbon deposits. Several 
broad resonances observed agreed well with the ex 
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Fic. 3, Thin-target yield curve in the reaction Li*(a,7)B™ 
Fa=1.16-3.8 Mev. 


5 Day, Chao, Fowler, and Perry, Phys. Rev 
J. E. Sanders, Phil. Mag. 44, 1302 (1953) 

*F. Ajzenberg, Phys. Rev. 88, 298 (1952) 

’T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954) 


80, 131 (1950); 
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hic. 4. Gamma-ray spectrum obtained with the 256-channel 
analyzer in the decay of the 4.77-Mev level in B™. A thick Li’ 
target was used with 2g=0.75 Mev. For comparison is shown the 
gamma-ray spectrum of a Po-Be source (4.43 Mev) and a Na® 
source (1.28 Mev) taken together 


pected structure’ from C'(a,n)O'®, Moreover there 
were no peaks in the pulse-height spectra at these 
resonances which could be attributed to gamma rays 
The more or less exponential character of the spectra 
was considered indicative of a complex response of the 
crystal to neutrons. 

The gamma-ray spectrum was recorded at each reso 
nance with the 256-channel analyzer. The results are 
reproduced in Figs. 4-8. A summary of all the measure 
ments is given in Table I and an energy level diagram 
in Fig. 9. The total widths [° listed in the table were 
obtained from measurements with both thick and thin 
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kic. 5. Gamma-ray spectrum obtained with the 256-channe! 
analyzer at the resonance at Eg=1.09 Mey in the 
Li*(a,7)B™. The transition to the ground state and the transition 
via the first excited state are indicated 


reaction 


*G. A. Jones and D. H. Wilkinson, Proc. Phys. Soc. (London) 
A66, 1176 (1953); R. E. Trumble, Phys. Rev. 94, 748(A) (1954); 
Bonner, Kraus, Marion, and Schiffer, Phys. Rev. 102, 1348 (1956) 
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hic. 6. Gamma-ray spectrum obtained with the 256-channel 
analyzer at the resonance at H,=1.1% Mev in the reaction 
Li®(a,y)B”. The transition to the ground state and the transitions 
via the first and third excited states are indicated 


targets. The cross sections, expressed in the form wy 
wo pl'/d\?=2€V /d?, from the thick- 
target yield curves. In this expression op is the cross 


were deduced 
section at resonance, A the wavelength of the alpha 
particle, ¢ the stopping power of the target for the alpha 
beam, and Y the thick-target yield. 


ANGULAR DISTRIBUTIONS 


In most cases the angular distributions were measured 
in a straightforward manner. At the two higher reso 
nances it was necessary to correct for the background 
from the reaction C(a,njO' by taking runs alter 
nately on and then just off resonance and using the 
off-resonance yield as the correction for background. 
At the lower resonances, only a ‘‘room”’ background 
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Fic. 7. Spectra of high-energy gamma rays (£,22.5 Mev) 
obtained with the 256-channel analyzer at the resonances at 
Eq = 2.43 and 2.61 Mev in the reaction Li*(a,y7) B™. 
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Fic. 8. Spectra of low-energy gamma rays (0.5 MevS FE, $4.5 
Mev) obtained with the 256-channel analyzer at the resonances at 
E,=2.43 and 2.61 Mev in the reaction Li®(a,y)B”. The arrows 
indicate y rays produced by the impurities Li? and F™. 


had to be subtracted from the measurements. For the 
resonance at 1.18 Mev it was necessary to disentangle 
the gamma rays in the spectrum (see Fig. 6) in order to 
obtain results for individual gamma rays. As it turns 
out, the 4.44- and the 3.01-Mev gamma rays have very 
similar distributions and the 5.16-Mev radiation is very 
weak so that the results are not seriously affected by 
the incomplete resolution in the spectrum. A_ thick 
target was used to measure the angular distributions 
at the lowest resonance, Van de Graaff 
generator would not operate efficiently at 0.50 Mev. 
The angular distributions are plotted in Figs. 10-12 
and summarized in Table II. 


since the 


TABLE I. Resonances and gamma rays observed in Li®(a,y)B". 
The cross section is expressed in the form wy=axI'/A*. The 
average error in I’ and in wy is about 25% 


Primary radiation 
r (lab) Ey, wy (c.m.) 
(kev) (Mev) v 


Secondary 
radiation 
(Mev) 


Ea Fox 
(Mev) (Mev) 


0.508 4.774 


4.7 
4.0 2 0.72 


5.105 
4.39 
5.16 
4.44 


0.10 
0.005 


0.04 
0.15 


5.105 
0.72 


5.16 
0.72 

2.15 
, 1.43, 0.72 
(0.41, 1.02, 0.72 


3.01 0.32 


435 5.91 2 5.91 100 
605 6.02 6.02 100 


These values are taken from the literature, 
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Fic. 9. Energy levels of B’ 
indicate strong and weak transitions, respectively 
are in Mey 

THEORETICAL DISCUSSION 


Theoretical angular distributions were calculated for 
all spin assignments up to three or four for each reso- 
nance. It is assumed throughout that there is no inter 
ference among these sharp well-separated resonances. 
The distributions are unique, therefore, if the angular 
momenta /, and Ll, are unique. Otherwise, it is necessary 
to compute the angular distribution coefficients as 
functions of the parameters aq, cost, a,, and cos, 

t1, where a, is the ratio of amplitudes and &, the 
phase difference of alpha-particle waves corresponding 
to (l44+2) and /,, and similarly a, and &, denote the 
ratio and the phase difference for the mixed gamma-ray 
multipoles of order (1,+-1) and L,. 

The result for a case in which /, is unique but /, is 
not is depicted in Fig. 13. The shaded portion labeled 
“Theor” represents all allowed values of the angular 


distribution coefficient A», obtained when cos, ranges 
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Fic. 10. Angular dis 
tributions of the 4.1- and 
the 0.72-Mevy gamma 
rays which are emitted 
in succession from the 
4.77-Mev level in Bb” 
The solid curve repre 
sents the best fitting 
theoretical angular dis 
tribution for the 4.1 
Mev gamma ray, as 
suming the spin 2* for 
the 4.77-Mev level in 
BY”. The — theoretical 
curve has been modified 
to take account of the 
solid angle 
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Fic. 11. Angular dis 
tributions of the §.2-, 
4.5-, and 3.0-Mev 
gamma rays which are 
emitted from the 5.16 


Mev level in B” 





from —1 to +1. In this particular instance, the experi 
mental value —0.35+0.07, at the resonance = 1.09 
Mev, is incompatible with the theoretical possibilities, 
and the proposed scheme can be re jer ted (see Table III). 
At each resonance each spin assignment was in 
vestigated in this manner and accepted or rejected on 
the basis of angular distributions, as summarized in 
Table ILL. Of those assignments not rejec ted, some are 
more likely than others because of their observed 
intensities, 
4.77-Mev level. 
the first excited state with / 
assignments of 4 or more as being quite unreasonable, 


Since the transition is primarily to 
1*, we consider spin 
Of the two possible assignments in the table, 3+ is im 
probable since a fit to the observed angular distribution 
tand 2 


have about equal intensities, which is quite unlikely 
| | 


is achieved only if the incident waves with d, 
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Fic. 12. Angular dis 
tributions of the 6.0., 
$.9-, and 5.1-Mev 
gamma rays emitted by 
the 6.0-, 5.9-, and 5.1 
Mev $10 ore 
spectively The — solid 
curve represents the 
best fitting theoretical . : 
angular distribution for 
the 6.0-Mev 
assuming the spin 4? 
for the 6.0-Mev level 
The theoretical 
has heen modified to 
take account of the 
angle 
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Tasie IL. Observed coefficients in the expression 14-A,cos® 
+A,cos@ for the angular from the reaction 
$” A value of in those cases in which it 
scems statistical] 


distributions 
1, is given onl 
Values corrected for the finite solid 


Li® a 


} 
significant 


angle are listed in the last two columns. The error in each coeffi 


cient is approximately +0.1 


Measured 


since the relative penetrabilities are in the ratio 1:10*. 


For the other possible assignment 2*, the complete 
sequence of quantum numbers for the reaction is 
1*(2)2*(1,2)1*. An #£2:M1 ratio of 1.8 gives excellent 
agreement with the experimental distribution. The 
theoretical curve is drawn in Fig. 10, We consider 2* as 
the most probable assignment to this level. 
5.11-Mev level. 
vestigated; 4* is not considered because it requires 
1,=4. 
and a good fit to experiment is attained with an £2:M1 
lor 3+ we have 1*(2,4)3*(1,2)3*. 
Only with ag?=J,(4)/1q(2)~™1 is it possible to obtain 
even fair agreement with the experimental curve. 
About the best result is achieved when a, = 1.0, cos§=1, 
My 0.9, for which case A» 0.21 and A, 0.16. 
Not only are these latter values rather unsatisfactory 


but a, is unreasonably large. The situation for 2~ is 


All assignments up to 4> are in 


Kor 2* the complete scheme is 1*(2)2*(1,2)3* 


ratio of 0.06 (or @ ) 


illustrated in Fig. 13. Unless the experimental result is 
seriously in error for this relatively weak resonance, 2 
must be eliminated from consideration. On the other 
isa possibility. lor a, =0, one 
0.44 and for a, 1, cost, ri, 
0.39, as compared to the experi 
0.35. 


hand, the assignment 4 
finds a value of A» 


the value becomes 


mental result of 


+4 - + 
r(,d2 (1)3 





4 
‘ 
n) 


5.0 ' 


lic. 13. The coefficient Ag as a function of the parameters ag 
and costq. Theor: Shaded area represents all allowed values of 
Az calculated for the scheme 1*(1,3)2>(1)3*. Exp: Shaded area 
represents the range of allowed values corresponding to the ex 
perimental result corrected for the solid angle; ie., to A2= —0.35 
+0.07. 
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5.16-Mev level.—Since the transitions are chiefly to 
states with /=1*, we again consider only assignments 
of 3 or less. For both 1* and 2+, there is good agreement 
for all gamma rays if the parameters are suitably chosen. 
In the former case a value of A2»=0.06 can be obtained 
for the transition to the ground state if /,(2)/I,(0) 
satisfies the condition in the table. For the transitions 
to the excited states, a value A» (0.25 is possible for 
a wide range of this parameter because of the possible 
variation in the parameter /,(2)//,(1). All transitions 
must correspond, of course, to some unique choice of 
a@q (and cost,). For the case 2+, /, is unique and one 
needs only to select suitable values of the £2: M1 ratio 
to obtain agreement for each gamma ray. 

lor 1~ the coefficients are unique, and not entirely 
in disagreement with the experimental values. However 
the transition to the ground state is M2 so the assign- 
ment is very unlikely. For 2~, the parameter a, can be 
varied to achieve good agreement for the transitions 
to the excited states but only fair agreement for those 
to the ground state. 

5.91-Mev level.—Only the 3~ and 4 ~ assignments 
can be eliminated on the basis of the approximately 
isotropic angular distribution. Since the transition is 
probably entirely to the ground state, one may rule 
out 0° and 1~, and probably also 1*, on the basis of 
intensity. This leaves 2*, 3+, and 4+ as possible 
assignments. 

6.02-Mev level.—As in the case of the 4.77-Mev level, 
the large amount of anisotropy in the angular distribu- 
tion makes it possible to obtain a definitive assignment. 
Only with a spin and parity of 4+ can the values A» 

0.80, A4=2.0 be achieved, for a,=3.0. The theo- 
retical curve, corrected for solid angle, is drawn in 
Fig. 12. 

CONCLUSION 

The assignment of 2+ to the 4.77-Mev level is not 
inconsistent with other evidence. Bonner and Cook’ 
have pointed out that the level probably has even 
parity because the very low yield at the threshold of the 
reaction Be®(d,n)B"® suggests emission of p-wave neu- 
trons. Wilkinson and Jones! selected a spin of one for 
this level because of the strength of the transition to the 
1* level at 0.72 Mev compared to that to the 3* ground 
state. The branching ratio of 11:1, however, does not 
seem extreme enough to rule out a 2+ assignment which 
allows M1 and £2 for both transitions.’ 

The levels at 5.11 and 5.16 Mev are puzzling. The 
analysis of angular distributions® in the reaction 
Be®(dn)B", on the basis of stripping theory, indicates 
at least one of the levels, and quite possibly both, have 
negative parity and spin one or two. The large yield 
observed at threshold in the same reaction leads to the 

9H. Warhanek, Phil. Mag. (to be published), has also studied 
the 4.77-Mev level in B” by measuring the angular distributions 
of the gamma rays. He obtains substantially the same distribution 
and comes to the same conclusions, namely, that the spins 0, 1*, 2 
have to be excluded but that 2* and 3° are possible assignments 
We are grateful to him for sending us an account of his work 
before publication, 
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same conclusion” since it suggests predominantly s- 
wave interaction. Hence it was natural to suppose that 
negative parity should be associated with the level at 
5.11 Mev in view of the apparent absence of transitions 
to lower states of the same isotopic spin but positive 
parity, for which /:1 transitions would be suppressed. 
The observation of transitions in the present work 
weakens this argument, but hardly justifies the con- 
trary supposition of negative parity for the 5.16-Mev 
level instead. Moreover Wilkinson and Clegg" have 
observed a strong transition to the 5.11-Mev level from 
a higher level, with probable quantum numbers /=1-, 
T=0, in the Be*(p,y)B" reaction. It is tempting, there- 
fore, as these authors point out, to attribute /1 char- 
acter to this radiation and quantum numbers /=2t, 
T=1 to the 5.11-Mev level. In support of this possi- 
bility, there is now the observation that the most 
satisfactory fit to the angular distribution of gamma 
rays is achieved with J=2t. 

However, the measured angular distributions favor 
positive parity (and a spin of one or two) for the 5.16- 
Mev state also, the only serious possibility of negative 
parity being 2~. The choice 1* has the advantage that 
the strength of the resonance could be attributed to its 
formation by s-wave alpha particles. In view of all 
these discordant observations, assignments to both 
these levels must await additional evidence. 

The two levels at 5.91 and 6.02 Mev are interesting. 
They undoubtedly correspond to two of the three 
closely spaced levels near 6 Mev observed’ with slow 
neutrons from the reaction Be*(d,n)B". In the neutron 
experiment, the three levels show about the same 
yield. In the alpha-capture process there is obviously 
a marked difference in the yields, although the failure 
to detect a weak level at 6.16 Mev could be due to the 
neutron background discussed above. The spin possi- 
bilities of /=2+, 3+, or 4+ for the 5.91-Mev level and 
of [=4+ for the 6.02-Mev level are in agreement with 
the conclusions of Bonner and Cook,’ who pointed out 
that both levels probably have spins > 2 because of their 
small total widths. 

In the energy region below 4 Mev, theoretical calcu- 
lations on the basis of intermediate coupling* agree 
very well with the experimentally determined levels 
and spins in B™. Although the situation around 4 and 
5 Mev is not yet clarified, it is interesting to note in the 
higher energy range that the theory predicts two levels 
with spins 3 and 4 which could be identified with the 
levels at 5.9 and 6.0 Mev. 

In both cases in which a definite assignment seems 
to have been reached, it appears significant that the 
good agreement between the experimental and theo- 
retical curves is obtained for large ratios of £2 to M1 
(approximately 2 and 9, respectively, for the 4.8- and 
6.0-Mev states). This preponderance of quadrupole 
radiation contributes to the cumulative evidence of 


 T). R. Inglis, Revs. Modern Phys. 25, 390 (1953) 
' [). H. Wilkinson and A. B. Clegg, Phil. Mag. 1, 291 (1956); 
A. B. Clegg, Phil. Mag. 1, 1116 (1956) 
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TABLE IIT. Comparison of experimental and theoretical angular 
distributions. If the experimental values of Ag and A, (Table ID) 
can be obtained theoretically for a given assignment, the condi 
tion for this agreement is listed (unless the theoretical values are 
unique) and the assignment is labeled P (Possible). If, on the 
other hand, the theoretical values of Az and A, as listed are in 
compatible with experiment, the assignment is marked N (Not 
possible). Borderline situations are labeled U (Uncertain). Jal 
and /,(1) denote, respectively, the alpha-particle and gamma-ray 
intensities with angular momentum equal to / 


Level in 
Be Assign 
(Mev) ment 


4.77 


Requirements of this Con 
assignment clusion 


0.56, Az=1.33 
1 a(4)/Tq(2) =0.92 
1 .~A,~0 


0.10 
0.18 
0.06 or & 
0, Ag=0.70 
I a@(4)/1q(2)~1 
A,=0, Arg —0.39 


oe 4 ee ee | 


> 


Ay=A,=0 

A,=0, Aa 0.10 
A,=0, Az 0.33 

1 q(2)/Tq(O)~1.5 
1,=0, Ao: 0.05 

I a(3)/Ta(A) 20.50 
1,(2)/T,(1) = 0.02 or 9 
1,(2)/1,(1) =0.01 or 150 
1,=0, Az=0.70 

A, 0.54, Az=1.33 
1,(2)/14Q)) =0.16 
(Ag Aa) 0.75 


7 


ea ae 
- nh Ww 


2 
4 
Zz, 
2 
4 
2 
4 
2 
4, 
2 
4 


a oe 
-~ uw Se oS a 


.] 


Y 
° 


Ay=A2=0 

A,=0, Az 0.10 

O< Iq(2)/Taq(0) < 1.0 
Tq(3)/Ta(l) 20.15 
1,(2)/1,(A)~10 or 0.01 
A,=0, A,=0.70 

1 ,(2)/14(A)>0.16 

A,=0, Ar< —0.39 

1, (2)/14()=0.04 


A,=A1=0 
4,@0 
(Ag A») < 
A,=0, Az 
A,< 0,80 
A,=0 
T,(2)/T, (1) =9.0 


0.50 
0.70 


collective motion in transitions even in the 


light nuclei. 
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Energy Dependence of Cross Sections near Threshold: One Neutral 
and Two Charged Reaction Products* 
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The energy dependence near threshold of cross sections for reactions leading to the escape of one neutral 
and two charged particles is determined. The method is an extension of one developed previously for 
uncharged particles, and utilizes only general properties of solutions of the time-independent three-particle 


Schrédinger equation valid outside a reaction zone of finite extent 


Electron detachment from H~ by 


charged particle bombardment, and nuclear reactions of the type (n,np) are considered as examples 


I, INTRODUCTION 


HI limiting energy dependence of reaction cross 

sections at threshold is of interest from a purely 
theoretical point of view because this has proved to be 
one of those rare features of many-body problems 
amenable to an exact theoretical determination. Such 
threshold laws for reactions leading to neutral products 
have been obtained by Guier and Hart,' and less general 
results for three uncharged particles have been obtained 
by others.2* But when we consider reactions leading to 
charged products, the long-range Coulomb potentials 
introduce a new class of difficulties into the many-body 
problem, The simplest of these reactions, which appear 
to be those leading to one uncharged and only two 
charged products, are tractable, however. We shall 
consider this problem in sufficient detail to develop the 
limiting energy dependence at threshold of the cross 
section for reactions leading to three such products, no 
two of which are bound. (When two of them are bound, 
the result is well known, since that case is equivalent to 
a two product reaction.)* We shall consider the region 
of validity only very briefly. 

This theoretical result is also of some interest from 
an experimental point of view, since an accurate experi 
mental determination of threshold energies for reactions 
requires extrapolation of the experimental yield-vs- 
energy curve. Examples of reactions to which this 
theory is directly applicable are the detachment of an 
electron from a singly charged negative ion by charged- 
particle impact, and (n,vp) nuclear reactions. 

The treatment which follows is applicable to reactions 
which can be considered to occur only when all reactants 
are within a finite distance of each other, i.e., when the 
contribution to the reaction decreases at least exponen- 
tially for large separations between any two reactants. 
This implies the existence of a reaction zone which may 
be considered finite, although it does nof imply that the 
interaction vanishes outside this zone. That the reaction 


* This work supported by the Bureau of Ordnance, Department 
of the Navy 

'W.H. Guier and R. W 

2G. Snow, Ph.D 
(unpublished) 

*V. Mamasakhlisov, Zhur. Eksptl. i Teoret 

‘EF. Wigner, Phys. Rev. 73, 1002 (1948) 


Rev. 106, 297 (1957) 
University, 


Hart, Phys 


dissertation, Princeton 1949 


Fiz. 25, 36 (1953) 


zone might be considered finite is perhaps self-evident 
when only short-range forces between the products are 
involved. But it also can exist when long-range forces 
(such as Coulomb) are involved, since the transfer of a 
finite (threshold) amount of energy between reactants 
is required for a reaction. 

It should be recognized, however, that not every 
mathematical formulation of a reaction displays this 
finite reaction zone. For example, imagine a reaction 
consisting of the emission of charged balls from a 
charged sphere. Here we have clearly defined the sphere 
to be the reaction zone. If the wave function describing 
the outgoing flux is written in the form 


y fecrsieyae 


where G is the Green’s function including Coulomb 
potentials and where S is the source distribution within 
the sphere, then the finite extent of this source distri- 
bution appears explicitly. However, if we were to use 
the free-space Green’s function without Coulomb poten- 
tials, Go, then Y would be given by 


2 , 
y feure) S(r’)+ ¥(r’) jdr’+-surface integrals, 
lr’ 


and in such a representation the source distribution 
would appear to extend not only over the finite reaction 
zone, but over the entire infinite interaction zone. It is 
clear that, in general, the explicit appearance of a 
finite source distribution is insured in a Green’s function 
formulation only if all potential terms which “distort” 
the wave front outside the reaction zone are included 
in the definition of the Green’s function. 

The actual extent of the reaction zone, apart from its 
being finite, is of importance only insofar as it affects 
the range of validity of the results. We shall not consider 
this aspect here, but merely note that in the absence of 
delayed breakup of a reaction product, the reaction zone 
can probably be considered comparable to the separa- 
tion distance between reaction products at which the 
potential energy of interaction is equal to the threshold 
energy involved. 
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Although a complete description of a reaction would 
require a detailed consideration of the internal structure 
(including spin) of the reactants and reaction product, 
it is shown (see also references 1-4) that the desired 
threshold behavior of reaction cross sections can be 
obtained by regarding the reaction products outside the 
reaction zone as structureless particles, and without any 
specification of the reactants. This property follows 
from the fact that the cross section can be expressed in 
terms of the scattered part of the wave function in the 
asymptotic region where the products are far from each 
other and the reaction In this “detachment” 
region, the wave function can be regarded as a linear 
combination of asymptotic solutions of the Schrédinger 
equation, with each of these components describing a 
particular quantum state of three reaction products. 
The asymptotic solutions themselves are determined 
only by the long-range part of the interaction, but each 
is multiplied by an energy-dependent amplitude which, 
in general, is determined by the details of the short 
range interaction. At threshold for a channel, however, 
the limiting form of the energy dependence of the corre 
sponding amplitude actually becomes independent of 
the short-range interaction, and can be determined from 
the requirement that the wave function and its gradient 
be bounded and continuous for all energies. 
Unfortunately, this limiting energy dependence is not 
obtainable from the usual type of asymptotic solution, 
which is not valid in the limit of zero momentum of the 
reaction products within any bounded region containing 
the reaction zone, Our major task, therefore, is to obtain 


zone, 


an expression for the wave function which is valid in 
this limit (in order to apply at threshold the coaditions 
uf boundedness and continuity of the wave function), 
and which we can also evaluate explicitly in the usual 
asymptotic limit of large phase (in order to obtain the 


cross section from its representation as a flux integral). 


II. WAVE FUNCTION 


We begin with the three-particle Schrédinger equa- 
tion, valid outside the reaction zone, for one neutral 
and two charged particles with total energy F,, 


1 1 
o> Vr +0 


QO(4),8o,8s) (1) 


ly=o 


where ( contains all interparticle short-range inter- 
actions, which are required to decrease more rapidly 
than the inverse square of the interparticle separations. 

In order to remove the ignorable center-of-mass 
coordinates, and at the same time separate variables, 


OF CROSS SECTIONS 


we define the new coordinates 
Moms 


mo+ms)M, 


my ) ma(r 
Mo+ Ma 


ML Moot MgPy 


M, 


r3) + mo(r, 


VM 


m,+mo-+m,. In the new coordinate system, 


—) 
Ma 


Ou) | VvV=( 


where M, 


the Schrédinger equation becomes 


2M) Lihue Mi 
| pe, ( 


V2+V7+V.74 
I | ‘u M> 
(3) 


0) leads 


to a Schrédinger equation characteristic of a two-pat 


Transforming to the center-of-mass system (w 


ticle system with a Coulomb force center at the origin 
which attracts only one of the particles, i.e 


) 
Iv, +V?+ («4 viuy)) | Yay) QO. (4) 
uid 


where 


k?= 2M, E/h?, y= (2M,/h)0, (4a) 


with / representing the total energy in the center-of 


mass system, and 
i 


MisM, Min 
( { ) LAs 
a h’ Ms Ms 


It is readily verified that solutions of Eq 


(4b) 


(1) which 
correspond to a three-particle outward flux (detachment 
flux) are identified with solutions of Eq. (4) which 
correspond in the center-of-mass system to a two 
“particle” outward flux in the new coordinates u, v 
One representation of the solution of Eq. (4) is in 
terms of the all 
potentials exterior to the reaction zone, and is given by 


Green’s function G which includes 


V(u,v) = (u,v) + [siuyiu'vs, (u’,v’)du‘dv’. (4c) 


Here, $¢ represents the actual source for the scattered 
part of the wave function and must therefore vanish 
outside the bounded in the reaction 
actually takes place, i.e., outside the”reaction zone 


region which 
WV; is some (usually readily obtainable) solution of the 
Schrédinger equation including such potential terms 
that, outside the reaction zone, WV; has the incident 
wave (including the Coulomb potential) as its incoming 
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part, but has no outgoing part corresponding to the 
reaction under study. G is the Green’s function, satis- 
fying the equation 

2 


V.2+V,'+# + 
a\u 


qo( U,V) G(u,v; u’y’) 


6(u—u’)d(v—v’), (4d) 
with the usual boundary condition that the singularity 
atu=wu', Vv 
outside the reaction zone, and qo 


v’ correspond to a source, and where go=q 
() inside the reaction 
Zone 

Unfortunately, this Green’s function is, in general, 
very difficult to obtain, and we therefore consider an 
alternative representation of the wave function in 
terms of the Coulomb Green’s function which does not 
include the short-range potentials; i.e., we represent 
by 


V (u,v) W(uy)+ [ Gluysuly)Se(u'v)au'dy (5) 


where G is the Coulomb Green’s function satisfying the 


Jory: u’,v’) 


5(u—u’)d(v—v’). (6) 


equation 


2 
(ve +-V 2 4+-k? 4 
alu 


In this representation, the (modified) source distribu- 
tion, Sg, may, in general, extend beyond the vicinity 
of the reaction zone. In fact, one possible representation 


for Sx is given by 


Se=Sutqo(¥—V), (6a) 


which extends outside the reaction zone along the 
directions for which the short-range potential (qo) does 
not vanish 

However, in the absence of delayed breakup of a 
reaction product, a representation with S,¢ confined to 
the vicinity of the reaction zone must exist for the wave 
function in the detachment region. [By detachment 
region we mean the region in (u,v) space, or (1),12,%3) 
space where all particles are far from each other and the 
reaction zone. | ‘This follows from the fact that in this 
region, both G and W satisfy the same equation and have 
the same (outgoing or damped) asymptotic form, so 
that VW cannot have a virtual source distribution which 
is, in fact, unbounded, While it is difficult, in general, 
to find analytically a bounded representation for the 
source distribution (S,), it will be sufficient for our 
purpose to show that the integral in Eq. (5) may be 
transformed into one having finite limits. The details 
are described in the appendix where it is shown that, 
in the absence of delayed breakup (e.g., metastable or 
virtual states) of a product, such a transformation is 
possible, and that the magnitude of these limits does not 
greatly exceed the reaction zone, unless a bound-state 
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level exists in the neighborhood of threshold. Accord- 
ingly, we shall represent the wave function in the 
detachment region by Eq. (5), with the integral orev 
a source distribution Sg extending over a finite region 
in the neighborhood of the reaction zone. 

For our purpose, it will be necessary to use only two 
properties of Sg: that Sz is bounded, and not identically 
zero, regardless of the energy. These properties, which 
arise from the conditions that the wave function and its 
gradient be bounded and continuous for any energy, 
are perhaps obvious ones, and the demonstration of 
their validity is quite simple. To show boundedness, we 
use Eq. (5), and the defining equation for the Green’s 
function [see Eq. (6) | to obtain 


2 


(v + V7 + h?+ 


-\v.tuy) Spr(u,v), 
alu! 


where V,(u,v) is the scattered part of the wave function. 
Since this wave function and its gradient are required 
to be bounded and continuous for all energies, including 
threshold, the source function must also be bounded 
(except possibly for an integrable singularity at u=0) 
for all energies. To demonstrate that the source function 
is not identically zero (even at threshold), we need 
merely note that this condition would imply that 
WV =; identically, which is clearly not possible. 

It is perhaps worth indicating at this point why 
these are the only properties of the source distribution 
affecting the energy dependence of the cross section 
near threshold. We shall show in Sec. IV that when k 
is small, the Green’s function G can be expressed in the 
asymptotic region as a sum of products of known partial 
waves in the particle coordinates u, v, multiplied by 
known functions of the source coordinates, u’, v’. The 
integral over the sources then determines the amplitude 
of each partial wave. The fact that the source distribu- 
tion must approach some limiting function, bounded 
and not everywhere zero, as the energy approaches its 
threshold value, together with the fact that the integral 
extends over an unspecified but bounded region (to 
which Sg is confined), then permits determination of 
the limiting threshold energy dependence of these 
amplitudes without any further specification of the 
source distribution. In fact, any approximations to the 
source distribution which preserves these two properties 
will yield the correct limiting energy dependence of the 
cross section near threshold, although they need not 
agree at all in magnitude of the cross section. 

There must always remain two possible exceptions to 
this general result. (1) It isjpossible to imagine an 
accidental combination of incident wave and internal 
structure for which some partial wave could not be excited 
at all, making a source distribution orthogonal to the 
appropriate term of the Green’s function. (2) It is 
conceivable that an accidental resonance could occur 
in the interna] structure of the particles at threshold. 





ENERGY 


In this case we could no longer neglect the internal 
structure even in the asymptotic region. 


III. GREEN’S FUNCTION 


The‘‘ Coulomb” Green’s function Gx is defined as the 
solution of Schrédinger’s equation, modified by an 
inhomogeneous term representing a pure source, 


u')é(v (6b) 


) 
| Vu? + vy + k? + ) Gp é(u 
| a\u! | 


It does not satisfy the boundary conditions implicit in 
any real reaction, but plays a role entirely analogous to 
that of the free-space Green’s function. 

We shall now obtain the desired Green’s function by 
a straightforward but rather involved application of 
and merely indicate the 
major steps in the development. 


one of the usual methods,° 


Equation (6b) is immediately separable in the corre 
sponding angle coordinates. ‘This separation is readily 
performed by expanding the delta functions in terms of 
spherical harmonics. Let 6 and ¢ be the spherical polar 
angles associated with u, and ©, ® be the corresponding 
angles associated with v. Then 


b(u—u') @ 


om 


Vi, m(O,¢) Vi. m*(0',¢’), (7a) 


/ 
uu ( 
u( (-) b) Vy uy ( +)! ’), 
(7b) 


where V,, ,,(0,¢) are the normalized spherical harmonics.® 
Substitution into Eq. (6b) yields 


p 


i,m,L,.M 


Gr £i, (u,v; u’,v'; k,a)vi, 1, m,M(8,¢,0,") 


<1 1.m.M"(8',¢',0’,?’), (8a) 


n 


where 


V1 .m.M(9,¢,0,P) = Vi m(O,¢)V¥1,.u(O,9), (Sb) 


and where gy, 1 is defined by 


10 0 10 
u? ) t 
u’? Ou Ou v Ov 


L(i+1) L(£+1) 
: Lu (9) 


uu v 

with the added condition that wu’, v’ correspond to a 
source point. Equation (9) is now to be solved for gy, 1. 
The radiation condition, namely that the solution 
represent an outgoing flux for large u, v requires an 


6 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 820 ff 

6L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1949), p. 73 
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OF CROSS SECTIONS 


asymptotic form for g;,, having as a leading term’ 


exp{iLk(1+-v)'+ phase }} 


Therefore, although Eq. (9) is itself separable in « and 
v, the boundary condition is not, and the desired solu 
tion must be made up of a superposition of the solutions 
of the separated equation. Following reference 5, for 
example, we represent such a superposition as 


LiL J a [ dK 


WK? (mn, (ae, (We, (0’) 
x ’ 
hk? Kk? Ped 


(10) 


where the paths are to be so chosen that the w’, v’ cor 

respond to a source, and where the W functions are the 

orthonormal solutions of 

| ] 0 a 2 
u’ +-K?+ 


ou u’ 


0 L(L+1) 
Ov v 


The delta function character of Eq 
verified by substituting Eq. (10) into the left-hand side 


l(l4 I) | 
Ku? (#)=0, (11a) 

la? Ou li 
{! 7] 
(11b) 


vy, 1°) (v) =0. 


| v od 


(9) is readily 


of Eq. (9), carrying out the indicated differentiations, 
and then using the closure property, namely, that 


6(r—r') 


i] Va? (nha * (dk lor2. (11c) 


/ 
YY 


or our case, Y"? is the radial part of the usual Coulomb 
continuum’ wave function given by® 


nw 4K nr 1 1 
xp/ ) (1 t-l-+ ) 
2a/\K\| iKa 


1 
, al 2, 2iKw ) (12a) 
iKa 


Wx, 1" (u) ( 
(2/+-1)! 


XO ‘Ku(2Ku)! Pa } l 


7P. M 
(12.3.91 

*It might seem at first glance that including only 
solutions in the construction of the function is not suf 
ficiently general. However, the above y is a solution of the 
hydrogenic Schrédinger for any kK, including the 
imaginary values corresponding to negative energy states which 
arise for the case of Coulomb attraction. Therefore, the super 
the contour integral of Eq. (10), takes 
these states into account, and they made to appear 
explicitly by considering the poles of the gamma function o¢ 
curing in yy" [see Eq. (12a) } 

* For Coulomb attraction 
E. EF. Saltpeter 


Morse and H. Feshbach, reference 5, p. 1732, Eq 
continuum 
Green's 

ga 


equation 


position, as represented by 
could be 


ee, for example, H. A. Bethe and 
Encyclopedia of Physics (Springer-Verlag, Berlin 
1957), Vol. XXXV, p. 107 ff. For Coulomb repulsion, see W 
Gordon, Z Phy ik 1%, 180 (1928 Note that our wave func tions 
differ from theirs by a factor 2° 4, because the integral in Eq. (11¢) 
extends from , instead of from Oto #, This does 
affect the usual normalization when we take into account 
possibility that K (and «) may be negative as well as positive 


Ht0+4 not 


the 
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a-plane 


= 








~a/ ® ~K? J k? -K? 
hic. 1, Contour for the « integration 
Similarly, y.°?(v) is the orthonormal continuum 


solution of Eq. (11b). We may obtain this most readily 
by letting a—** in the Coulomb wave function of Eq. F1G. 2. Contour for a integration 





(12a), yielding 

specified to satisfy the outgoing flux condition. Consider, 
Wu, 17) (0) = I 44 (0) (/ 20)? (12b) first, the integration over x in Eq. (10), with y® given 
by Eq. (12b). The integrand has simple poles at 
With the above definitions of the functions appearing — , = + (f° K*)4, and a path such as indicated in Fig. 1 
in Eq. (10), and verification of the fact that the giz must be defined, such that it passes below the positive 
defined by this equation does actually satisfy the dif- pole and above the negative pole. Carrying out this 

ferential equation, Eq. (9), the contours must be — integral, we find 


’ 


© Tig (xr) I 144 («v")Kde il mi/(vv')* J 144L0' (R?— K?)! 44 [o(k?— K*)*] if v> 0’ 
mi / (ov!) SV 14400 KV P00" (= KY) 


1 f 
(vv’)! , kh? —x?— K? 


The remaining integral over K is somewhat more complicated. We first substitute the above result into Eq. 
(10), along with ¥? from Eq. (12a). We shall need to consider only the case v>v’, for which Eq. (10), becomes 


s 


(—1) p | . T 1 
J dK K* r(1 +14 ) exp ikK(u—u’')4 |(2x) wi +] , +2, 2ikw) 
2| (21+-1)! " iKa/ | |k a iKa 


Hi? Lok? — K*)*] J iyyL0' (ee — K)*] 
, a+-2, 2iKw’) a) 


* (2Ku')! Hi(1 +-] +4 
iKa 


v} vs 


Just as in the free-space case (a—>* ),'° determination of the effect of the radiation condition on the contour in 


ee ; ie 
the region u, v, wu’, v’ is most readily accomplished by introducing a new variable a, and the remaining two- 


particle hyperspherical coordinates 8, R detined by 
a=tan-!(k®/K?—1)-3, B=tan'!(u/v), and R=(u?+1")!, (13a) 


so that K=k sina and (k®?— K*)!=k cosa. Equation (13) then becomes 


ik’ pense | l |? 
gik (RR’ cos8 cosp’) if da cosa sin’a r(1 +l+ ) 
2[ (214-1)! P ika sina/ | 


to+)n 
7 
Xexp] —1k sina(R sing — R’ sins’) +-———— } (2kR sina sinB)!(2kR’ sina sing’)! 
|k| a sina | 


1 1 
x (i +1 , 214-2, 21kR sina snd | | (1 +1-+ , +2, —21kR’ sina sins) 
ika sina tka sina 


KJ i44(RR’ cosa cosp’)H 14," (RR cosa cosp) , (14) 


where on the path, as indicated in Fig. 2, the argument of the Hankel function has a positive imaginary part as 
K—»+-. The Green’s function is now obtained as a single quadrature by substitution of Eq. (14) into Eq. (8). 


” P.M. Morse and H. Feshbach, reference 5, p. 823. 
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IV. ASYMPTOTIC EXPANSION OF THE WAVE FUNCTION 


We can now utilize the fact that for the experimental situations we are considering, the cross section involves 
the wave function for only such large particle separations and particle coordinates, that even for small & the phase 
shifts at the observation point (i.e., &R) must remain large. For this reason the two limiting processes (i.e., kR-> = , 
k—)) must be carried out sequentially, first letting the phase shifts associated with the observation point 
(RR sina sinB and kR cosa cos8) become arbitrarily large, and subsequently allowing & to become small. We consider 
Eq. (14), which is greatly simplified in the limit of large RR, where" 


k sina 1 | 1. 
(2kR sina sin8)! r(1 +l+ ) exp( ikR sina sinf4 ) 
(21+-1)! tka sina | 2a k sina! 


sin[ RR sina sinB — 4lr+-6(a)+1n(2R sinB!k sina! )/ka sina | 


1 
xi,(1 +l , 21+-2, 2ikR sina snd ) . (8) 


ika sina R sing 


1 
5(a) -ang (1 +-1-+ )} 
tha sina 
- 


7 ——— hilw—hin 


with 


H144°? (RR cosa cosB) ( (16) 


T (kR cosa cosp)} 


In this limit, the integrand of Eq. (14) has points of stationary phase on the real part of the path where, above 
threshold, the wave function does not damp. Expressing 
sin| RR sina sing —4lr4-6(a)+1n(2R sinf|k sina! )/ka sina | 


in the above equations as the difference of two exponentials, the integrand containing the positive exponential has 
a stationary point at a=£, and the other, at a B. Using the method of stationary phase, we obtain 


Je in/4 eikk | 1 


- T . T 1 
k— exp} —i] -(L+14+1)—8(8)- In(2\k|R sina) | | r(1 +L ) 
(+1)! RS | La ka sin8 2\kla sing) | ika sing 


exp (ikR’ sinB sinB’)(2kR’ sinB sinf’)'(R’ cosB cosh’)! 


1 
xibs(1 { l4 sarge 21 { ra 2ikkR’ sinB sind! )J14y( BR’ cos coss) (17) 
tka sing 


Substitution of this result into Eq. (8) yields the required asymptotic form of the Green’s function, which in 
turn yields the asymptotic expression for the wave function from Eq. (5). 
When these substitutions are made, we obtain the following asymptotic expression for the partial waves, valid 


in the limit RR = : 
[. ve r | 
VitmM(RBO,¢,0,P)=k!R led 5 kR4 In(2|k! R sinB)+-6(B) |4 


ka sing 2\k\a sing! 


| 1 j 
KALL r(1 +-1+ ) (ka sinf)'T 1, 1, m, a(R) Vt, 1, m,.M(9,¢,0,%), (18) 
tka sinf J | 


where 


T 1,1, m,M(R,B) farsecrn 1, m, M* (0, ¢',O' 8’) (i +l+ , 21+-2, —2ikR’ sing snp’) 


tka sing 
Rk’ é 114,(RR’ cos8 cosp’) 
Xexp(ikR’ sin8 sinf’) snd’) (19) 
a (kR’ cosB cosp’)! 
" Higher Transcendental Functions, edited by A. Erdélyi (Mc- 
Graw-Hill Book Company, Inc., New York, 1953), Vol. I, p. 278 
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and 
QI 


Ai, exp[ —}ix(1+L—}4) } (19a) 


tae 
(21+1)! 


We shal! now consider the limiting energy dependence of J, 1, m,w(k,8). Since the integral has finite limits (see 
Sec. Il and Appendix), we can obtain the limiting form of the wave function as k-+0 by expanding the integrand 
in powers of k, and retaining only the leading term. From this point on, however, it will no longer be possible to 
check the development by letting the charges vanish. The reason is that the energy appears in some terms in the 
combination ka, which is infinite if the charges vanish, but which vanishes at threshold, otherwise. When we neglect 


higher order terms in ka and kR’, the confluent hypergeometric function reduces to! : 


1 
exp(tkR’ sina sin’) W( ++ 


ika sina 


, +-2, 2ikR’ sina snd’) 


2R’ sinp’\~*4 2R’ sinp’\4 
(ai+1)i( ) Jan 2 ) | (20) 
a a 


and neglecting terms of higher order in (4&R’ cos) in the expansion of the Bessel function appearing in Eq. (19), 


we obtain for the integral of Eq. (19): 


lim J 11, m, a (R,B) 


kot 


t 


(ka cosp) "1, L, m. M (ka coss)" f dr'S. of r')y1 l,m u*(0',¢', ©’) (21 + 1)!2 L-'-1 


R’ j R' L R’ j 
x( sins") ( con) ; m™ Ce sins) ) (T(L+$)}', (21) 
a a a 


where J. 1, m. iS finite and independent of energy and § for well-behaved source distributions and finite reaction 


zones of arbitrary shape and size. 


In the limit kR-»+*, small but finite k, and Z,, 7,40, therefore, the partial waves of Eq. (18) are given by” 


Vv; l,m ul( RBO,~,0,.0) (lr ka )tA, ae L, 


xexp/é kR 


except for sing or cosf =0. These are the asymptotic 
three-particle partial waves from which the threshold 
energy dependence of the cross section can be evaluated. 
They are strictly valid only in the limit k-0, but are 
also a valid approximation for energies sufficiently close 
to threshold to insure that |RR’|, | ka|<1,'" where, from 
the coordinate transformations of Eq. (2), and the 
fact that the origin is at the center of mass, R’ is related 
to the actual (source) coordinates by 


my My nn ms nol! 
(r,')?4 (r,')?+ (r;3')? 


r- 
M, M, M, 


t (r2’*) + 
mM, M, M, 


| (mote! + mgr’)? 2 ms 


4 
in’) , ZS) 


with r,’, ro’, fs’ bounded by the “radii” of the reaction 
zone associated with the three particles. In configuration 
space, their validity is confined to the detachment 


4 Reference 11, p. 280 Sere 
8 For the asymptotic form of the gamma function in Eq. (18), 


see reference 11, p. 47 


l 
{ — In(2|&| R sinB)+6(8) |4 


m, MY 1, L, m, M8, ¢,0, PRR *(sinB)—!(cosp)” 


(a '—|a! | 


, t2Z) 
ka sing 2\k| sing 
region, and does not extend to a neighborhood where 
any of the particles “overlap” (i.e., near where g#0), 
and where the wave function, in general, assumes a 
different asymptotic form. (These partial waves may 
be regarded, if we wish, to correspond to a model reac- 
tion producing point particles.) 

It may be worth noting that for the case of Coulomb 
repulsion, these partial waves are large at threshold 
only when both charged particles leave the reaction 
zone nearly in opposite directions. This property can 
be demonstrated by noting that for this case a<0, and 
that for small positive k, the real negative exponent, 

-m(k\a\ sinB)', in Eq. (22) makes the wave function 
arbitrarily small except in the immediate neighborhood 
of B=2/2. Values of 6 close to #/2 correspond to <u 
which, from the definitions of u, v in Eq. (2) (and the 
fact that the origin is at the center of mass, i.e., w=0) 
lead to 


lu! mM Moms ; | To ~ F3| 
lv! m+ m2+m, | m2to+ mals | 


' 
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This condition is satisfied only when the charged par- 
ticles are emitted in nearly opposite directions. For the 
case of Coulomb attraction, on the other hand (a>0), 
the partial waves change from damped to propagating 
at threshold without any such strongly favored particle 
configuration. 

Finally, it may be noted that the partial waves for 
even / are symmetric, and those for odd /, antisymmetric, 
in the interchange of the coordinates of the charged par- 
ticles when these have identical mass. The symmetry of 
the total scattered wave function is then determined by 
the / dependence of the coefficients of the yi,1,m,™ 
in Eq. (22) and, therefore, by the angular variation of 
the source distribution Sg(r). 


V. CROSS SECTION 


The energy dependence at threshold of the cross 
section is now evaluated by using the asymptotic ex- 
pression for the partial wave functions, Eq. (23). We 
are not interested in multiplicative constants which are 
independent of energy and consequently they will be 
ignored, 

Since the center of mass of the three particles has 
been assumed at rest, the flux integral extends only 
over the remaining coordinates. When the total wave 
function is normalized to unit incident flux, the cross 
section is numerically equal to the three-particle flux 
and is therefore proportional to 


a fas: (VVey*—v*Vey], (24) 


where d°S= R® sin’6 cos’6 sin@ sin@déd@d gdbdp is the 
hypersurface element in the center-of-mass system, and 
where the integral extends only over that part of the 
surface of the six-dimensional hypersphere for which 
all three particles are far from each other and from the 
center of mass (presumably corresponding to the inte 
gration of the outgoing flux performed experimentally 
by the detector). This restriction excludes the two 
particle current such as elastic scattering which would 
otherwise contribute to the cross-section integral, and 
which appears as surface waves in this hyperspace.” 
Since we are interested in the three-particle flux, we 
have obtained an appropriate asymptotic expression 
for the wave function which, however, does not contain 
the surface waves, and is not valid in these excluded 
regions. In view of the infinitesimal solid angle asso 
ciated with these regions, and the fact that our asymp 
totic solution is integrable there,'® we can without 
error extend the flux integral over the entire hyper- 
sphere when we use this asymptotic solution. We sub- 
stitute Eq. (23) into Eq. (24), and take immediate 


4 P.M. Morse and H. Feshbach, reference 5, p. 1728 ff 

16 Although the asymptotic form of the wave function has a 
singularity at 8=0 (where r2=—r;), it is integrable there, and gives 
no contribution, since the surface element d°S contains sin?@ as 
a factor 
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advantage of the orthogonality of the spherical har 
monics to obtain 


w/2 
Cl L.m uM pel af sin8(cosg)*’*? 


0 


7 | 1 
xe] ( ) lw ke20 (25) 
ksin8\|a| a 


For the case of Coulomb attraction (a>), Eq. (25) 


becomes 


w/2 
OL lL,m Me | of cos*t?48 sinpdp « pit . . k *() (26) 


The above integrand can be directly related to the 
energy spectrum associated with the reaction products 
by writing it in terms of the energy (e) shared by the 
two charged particles in their center-of-mass system. 
Using Eq. (13a), and recalling that the points of sta 
tionary phase in Eq. (16) occurred at B= al, this 
energy can be expressed as 
k*h? 
sin’B 


2M, 


ik sin’f 


This energy spectrum can now be explicitly displayed 
as the integrand of an alternate form for Eq. (26), 


E 
roma f (E—-6)“de, ¢>0 
0 


It is interesting to note that for the fictitious case of a 


(26a) 


“neutrino” rest mass of the same order as the electron’s, 
time-dependent perturbation theory for allowed (L=0) 
B-decay yields the same energy spectrum in the limit 
of very small end-point energy (£).'* 

For the case of Coulomb repulsion (a <0), we evaluate 
the integral in the limit of small k by the method of 
steepest descents and obtain for energies above threshold 


n l ] 
( )| (27) 
kN\lal a 


Finally, noting that [from Eq. (4b) |, 


C1 nm & Le exp 


1 ZL 30" (p29)! VAY A ATE 


ka h(2k)3 hho; 

where po2,= mym,;/(mo+my,) is the reduced mass of the 
two charged particles, and koy’=2po;l/h’, we rewrite 
the above expression for the cross section so that the 
exponent for Coulomb repulsion has the same form as 
given by Wigner in the two-particle case,‘ 


74) 


2aZ oF se'25 
) bn 20 

hho» 
161 (1934 


aL4 , 
TLL,mMe Reaghlt9/2 ¢ of 


1 FE. Fermi, Z. Physik 88 
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where it will be recalled that L is the angular momentum 
quantum number for the neutral particle with respect 
to the center of mass of the two charged particles. The 
energy spectrum for this case can be displayed by 


2poxc" 4 
de. 
€ 


(27b) 


rewriting Eq. (25) in the form 


2 
e 


g 
rim f (KE 6)’ exp ZZ 


he 


Just as in the case of only two charged (and no 
uncharged) particles, the limiting energy dependence 
of the cross section is independent of 1 and m, the 
quantum numbers for relative angular momentum 
between the two charged particles. Also, just as for 
cases involving an arbitrary number of neutral particles, 
the limiting form does not involve any z-component 
angular momentum quantum numbers. ‘The appearance 
of states of the angular momentum quantum numbers 
1, m, and M is determined, even at threshold, by the 
short-range details of the interaction. When R’/a<1, 
however (as it can be for some nuclear reactions), a 
power series expansion of [1,1 m,a [see Eq. (21) | indi 
cates that only the /=0 partial wave contributes at 
threshold 

The three-particle result (Eq. 27) differs from the 
corresponding one for two particles in having an 
energy-dependent factor multiplying the same - ex- 
ponential term which arises when the charged particles 
are of like signs.'” It vanishes in the correspondence 
principle limit A-»*0, indicating that at threshold the 
process would not occur classically. ‘This can be 
explained physically as follows: When this detachment 
takes place at threshold, the two charged particles 
must arrive “at infinity” with an arbitrarily small 
energy. But outside the reaction zone, where only the 
repulsive Coulomb potential is effective, the charges 
must be regarded classically as “rolling down’’ this 
potential hill (from the reaction zone), and will therefore 
always arrive at infinity with a finite energy. Evidently 
they must “tunnel” through the repulsive Coulomb 
potential which acts as a barrier. In fact, the exponential 
part of the threshold law can be obtained by considering 
transmission through such a classically forbidden region 
in the usual way 


The range in energy over which the L=0 term of 


Eqs. (26) and (27) might be expected to describe an 
experimental yield curve will be mentioned here only 
briefly. It is clearly limited by the neglect of higher 
order terms containing ka and kR’. The energy de- 
pendence of Sy», including the requirement that no 
other new reactions have thresholds nearby, must also 


be considered in estimating the range of validity. 


This exponential should not be confused with the usual 
Gamow penetration factor for the incident particle, which is not 
displayed in Eq. (27a) because to threshold it 
is a constant factor not dependent on the excess energy above 


threshold. For a further discussion of this point, see Wigner.‘ 


7a) sufliciently close 


AND GUIER 
For electron detachment trom H~, for example, the 
threshold law becomes 


a « E'* exp{ —16.4[ E(ev) }4}, O<E«KO4ev, (28a) 


for detachment by electrons, and 


oxKkii O< EXKO5 ev, (28b) 
for detachment by positive ions. In both the above 
cases, the condition on kR’ appears to be the most 
stringent limitation on the range of validity for a 
reaction zone as large as one Bohr radius. For the 
order-of-magnitude estimate above, the reaction zone 
radius was taken as 4 Bohr radii for the electron case 
(a value apparently somewhat larger than that of the 
negative ion),!? and 5 Bohr radii for the positive ion 
case. 

For nuclear-scale reactions [e.g., (n,np) reactions |, 
the reaction zone may be regarded as being of the 
same order of magnitude as the nuclear radius. Upon 
expressing the energy E now in Mev, taking the de- 
tached particle to be a proton, and denoting the mass 
and charge of the product nucleus by A and Z, the 
threshold law becomes 


a « HY4 exp{ —Z[ E(Mev) | 4(14+A7)"4} 
0.02 Z* Mev 


9 
xA-+ Mev, 


for 0<E<the smaller of 


where, in evaluating R’ [see Eq. (23) |, 71’ and 13’ have 
been taken as 1.2A410-" cm. 


VI. CONCLUDING REMARKS 


Having started with three particles, one is probably 
entitled to feel that nine quantum numbers should have 
appeared somewhere in the analysis, instead of only 
eight (the three associated with the center of mass of 
the system, and /, L, m, M, E). Certainly the ninth 
quantum number does appear in the case of three 
neutral particles, where it describes states in the radial 
separation between the particles.’ There, it appears in 
an entirely natural way when the Green’s function is 
expanded in terms of eigenfunctions satisfying the 
appropriate radiation condition. But such an expansion 
is usually very difficult in cases such as the present one, 
where the Coulomb interaction term has prevented us 
from finding separable solutions of the Schrédinger 
equation which individually satisfy the desired radiation 
condition. Since we have not found an expansion of the 
radial part of the Green’s function in terms of eigen- 
functions satisfying this boundary condition, the asso- 
ciated quantum number has remained concealed. A 
further breakdown into reaction channels presumably 
exists which would display the ninth quantum number. 
The major point is that since the Green’s function 
contains all detachment channels, whether or not they 


17. R. Henrich, Astrophys. J. 99, 59 (1943) 





ENERGY 


are resolved, or displayed explicitly, no unresolved 
channel can appear less rapidly with energy than the 
lowest energy dependence determined directly from 
the “unresolved” Green’s function. 

This treatment has shown how the functional form 
of the energy dependence of the cross section near 
threshold is determined without a detailed knowledge 
of the reaction, just as for uncharged particles. It is 
based primarily on applying to a solution of the 
Schrédinger equation valid outside a reaction zone of 
finite extent the requirements that the wave function 
and its gradient remain bounded and continuous (even 
at threshold). In order that the concept of a finite 
reaction zone be a valid one, it is necessary to consider 
all long-range interactions explicitly in this solution of 
the Schrédinger equation. For this reason, although the 
treatment appears to be generalizable to include as 
many uncharged particles as desired, any extension to 
include additional charged particles appears to be more 
difficult because it is then necessary to determine 
properties of the wave function when the Schrédinger 
equation does not appear to be separable. 


APPENDIX 


Here, we shall illustrate the transformation of the 
integral 


(A-1) 


J J face WV ,)Gdu'dv’ 


into an integral over a finite region (of a magnitude 
comparable to, although somewhat larger than, the 
reaction zone), plus a remainder term which damps 
exponentially. In order to do this, we shall need only 
rather general properties of the bound-state wave 
shall the 
formation only for square-well binding potentials (qo), 


functions, and while we carry out trans- 
the result is apparently valid for bound states in general. 
The transformation involves, principally, the separation 
of W 


dimensional space of the unbound particle) and the 
deformation of the path of integration (in the complex 


WV, into outgoing and ingoing parts (in the three 


plane) along paths on which these wave functions damp. 
The example given here pertains only to uncharged 
particles, in order to illustrate the procedure in its 
simplest form. When two of the particles are charged, 
the Coulomb Green’s function (and wave functions) 
must be used in place of the corresponding free-space 
functions, but the transformation is otherwise analogous 
for that case. 

As an example, we shall consider only the channel 
corresponding to binding between particles 2 and 3, 


i.e., we define 


| ~k? for u<b (and outside the reaction zone) 


qo(t) = 


lo otherwise. 
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As a further simplification, let particle 1 be intinitely 
massive, and let m:=m,=m. In the region of integration 
defined by go#0, which may be regarded as a (‘die 
lectric”’) wave guide, ¥—W, may be expanded in the 
complete set of normal modes, Vy, for such a guide. 
These satisfy the Schrédinger equation 

0, (A-2) 


{V.’? t Vy" { k? go(u)}Wn 


with the boundary conditions 


aw n| 
or ! (A-3) 


Ou’ |e? b 


The contribution of the damped modes need not be 
considered since the corresponding integrals can be cut 
off at several (wave guide) wavelengths with exponen 
tially damping remainder. ‘The coefficients of the ex 
ponentially increasing modes are required to vanish, 
so we are left with a (finite) number of propagating 
modes for which the integrals must be investigated, 
The partial waves of these modes are given by 
Jy, (Kyu) Hay, K,*)4] 
P,7(cos@) 
us v 


(1) or (2)/ o(h? { h,? 


cosy ¢ cos"? 
cosy ¢ sinl’? 


x P4"(cos@)- (A-4) 


siny y¢ cosl'®’ 


sinyy sinl’? 
where K) is a root of 


J y44(K)5) Q or Ty44'( Kb) 0) 
and where the argument of the Hankel function is real 
The free-space Green’s function satisfies 
(V.2+ 07+ k)G(u,v; u’,v’) =b(u—u’)d(v (A-5) 
with the singularity at (u’,v’) corresponding to a source, 
and is given, for R> R’, by” 


G(R.R’) yy 


i,L,m.M on 


fi iam n(R,0,0,8) cos| m(¢ y’) 


<cos[ M (b 


?’) } cos'p’ sin“p’ 


XF(—n, l+L+n+2; L+ 4; sin’p’) 
Vig ryanya( RR’) 


x Py" (cosf’) Pi! (cos@’) , (A-6) 


(R’)? 


the 
point, and are not relevant here. Substituting Eq. (A-5 


where fitom.m.n are functions only of the field 


and one of the modes from Eq. (A-4), say the mode 


with (cosy¢ cosl’® and H"’), into Eq. (A-1), and car 
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rying out the angle integrations, we obtain 


=> Cray ha 0.n(R9,0,8) cosy ¢ cos!’ 


n 


b 
x| { (w'yant f 


uL v, 


a 


(v’)*dv’cos*P’ sin4p’ 


KF (—n, X4+-A+n+2; A+ 3; sin’p’) 


Vis nsonsal k(u’ + v’*)s | Jy 4( Ku’) 
4 
(u’)?+- (v")? u's 
Id) 


| ’ 


R’ sinp’, v= R’ cosp’, and the C),4.+,7 are 
coefficients arising from the angle integrations) with u, 
and vy, determined by u,?+0,?= Ro’, where Ro is the 
reaction zone boundary. 


Hayy? [0 (Re +RE 
4 


ied 


(A-7) 


(where wu’ 


We now show that each of the above integrals can 
be restricted to a region in (u’,v’)-space which is no 
yreater than several wave-guide mode wavelengths from 
the origin, with an error that damps exponentially in 
the “cutoff X (k?+- ko’ — K,*)'.”” Since the 


u’ integration extends only to u’=6b, we need merely 


parameter 


SICAT REVIEW VOLUMF 108, 
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that the v integral can be cut off at several 
guide mode wavelengths, say at v’ =v». We now inves- 
tigate the behavior of the v’ integral for v’>v9, where 
the Hankel function may be expressed by its asymptotic 
form and the hypergeometric function is equal to 
1+O(b*/v*). This integral can also be expressed as an 
integral over a finite region with an exponentially 
damped remainder. ‘This can be seen by deforming the 
path of integration (from v% to © on the real axis) to 
a new path running from % to iv) (say along an arc of 
the circle |v’| =v 9), then from tv to i along the 
imaginary axis, and finally along an infinite arc to 
v=o. (If we had taken a mode having H® rather 
than H®, the path would have been deformed into the 
lower half plane, rather than the upper.) The infinite 
arc contributes nothing because the integrand vanishes 
there. The integral from ivp to 1 is clearly exponen- 
tially damped [i.e., it has as a factor 


exp “' (v9 (hk? +- Re? — K,?)§—k( vg? — b*)*) |, i 


show 


which damps for energies sufficiencly close to threshold 
that k< (k?+-ho?— K,?)4/(1—0?/09?)! |. Finally, the in- 
tegral from v» to iv) extends over a finite region, and 
can be lumped with the integral from v, to v to yield 
the desired transform of J into an integral over a finite 
region 
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Radiochemical analyses of samples of U™* irradiated with monoenergetic neutrons at 1.1, 3.1, and 9.0 ev 
indicated that the fission yield of Ag"', Cd''®, and Sb'?? relative to the vield of Sr® does not change from 


that produced by thermal neutrons 


NVESTIGATIONS of the variation of fission yield 

with mass have been made under a wide variety of 
experimental conditions, but these studies have not 
included fission induced by resonance neutrons of well- 
defined energy. A determination of the relative prob 
abilities of symmetric and asymmetric modes of fission 
at specific resonances might give further insight into 
the nature of the fission process and the properties of 
the states of the compound nucleus corresponding to 
the resonances. In particular, Bohr' has presented 
qualitative considerations relating the relative prob 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

+ On leave from the University of Ankara, Ankara, Turkey 

'A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 151 


abilities of symmetric and asymmetric fission modes 


-to the spin and parity of the state of the compound 


nucleus, 

Measurements of », the number of neutrons per 
fission, have indicated that this quantity remains es- 
sentially constant for all resonances.? However, it was 
felt that a study of the features of the curve of yield 
vs mass would provide a more sensitive measure of 
possible differences in modes at different 
resonances. 

Samples of U** metal (about 90 g each, 1 cmX1 cm 
x10 cm) were irradiated with neutrons from a crystal 


fission 


? Auclair, Landon, and Jacob, Compt. rend. 241, 1935 (1955) ; 
Zimmerman, Palevsky, and Hughes, Bull. Am. Phys. Soc. Ser. IT, 
1, 8 (1956); Leonard, Seppi, and Friesen, Bull. Am. Phys. Soc 
Ser. I, 1, 8 (1956); Bollinger, Coté, Hubert, Leblanc, and 
Thomas, Bull. Am. Phys. Soc. Ser. IT, 1, 165 (1956) 
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spectrometer in the arrangement shown in Fig. 1. 
Neutrons of 1.1, 3.1, and 9.0 ev were used in a series of 
irradiations, each lasting for about three days. The 
beam used in these irradiations was about 11 cm high 
at the sample position and contained about 104 neutrons 
per second in the energy region of interest. ‘The resolu- 
tion of the instrument (full width at half-maximum) 
was about 5.3% at 1 ev and 15% at 9 ev. Background 
irradiations were performed by turning the crystal 


FUEL 7 
RODS Po 


© 
verticaa—<_ | J 
; THIMBLE 
Fic. 1. Horizontal 12° 


cross section of the COLLIMATOR 
crystal spectrometer 
for neutrons at the 

; ROT. 
Argonne Research GATE 
Reactor, CP-5. The 
beam is monochro — 
tized by reflection PARAFFIN 
from the vertical, gHi€Lo 
(110) planes of a Be 
crystal approximate 
ly 1.5 cmX1.5 cm 
7 cm high. 
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about 2° from the direction satisfying the Bragg re 
flection conditions. 

Standard radiochemical procedures were carried out 
on the irradiated samples for Sr®, Ag, Cd"®, and 
Sb"7, Comparisons of the counting rates observed were 
made with samples of the same nuclides isolated from 
samples of normal uranium irradiated by slow (pile) 
neutrons, and mounted and counted in an identical 


DISTRIBUTION 


IN FISSION OF 


PaBe I. Fission yields in fission of U™* by 
resonance neutrons from 1 to 10 ev 


Nuclide 1.1 ev $1 ev 9.5 ev 
Sr® 4.808 
Ag™! 0.0200; 
Cdl 0.013%; 


Sh! O11 © 


4.80%" 
OOL9", 
0.008°; 


4.8074 
OO, 
O.O10S; 


* Assumed yield, others calculated relative to S 


manner. Calculations of the fission yields could thus 
be made on a relative basis, using the known yields for 
fission of U* by slow neutrons, and avoiding corrections 
for geometry, scattering, absorption, etc. Initial count 
ing rates of the order of 5 counts/min were observed 
for Cd", ‘This was sufhicient to characterize the radia 
tions by decay were 
counted in an anticoincidence shielded counter having 


measurements. All samples 
a background of about 2 counts/min. ‘The results are 
summarized in ‘Table I 

The preliminary data indicate no differences in the 
relative probabilities of asymmetric modes (represented 
by Sr®) and near-symmetric modes (represented by 
Ag, Cd", and Sb!?’). The accuracy of the measure 
t 20%. The 
extremely low counting rates for Cd!'!® and the rather 
high background effect (varying from about 20% at 
1.1 ev to about 50% at 9.5 ev) would preclude any 


ments of fission yield is estimated as 


observation of a real decrease in the probability of 


symmetric fission modes. However, the data can cet 


tainly be taken to show that no significant increase in 


these modes occurs at the resonances investigated 
Further studies are planned with increased sensitivity 
that 


resonances may be investigated also 


and reduced background so regions between 
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Nuclear Spins and Magnetic Dipole Moments of 50-Day In'*” 
and 54-Min In"'’"+* 


L. S$. GoopMAN AND S. WEXLER 
Argonne National Laboratory, Lemont, Illinois 


(Received August 28, 1957) 


The nuclear spins and moments of 50-day In™™ and 54-min In"™*™ were measured in an atomic beam 
magnetic resonance apparatus. The spins were 5h for both nuclides. Magnetic moments of 4.7+0.1 nuclear 
magnetons for In” and 4.44-0.1 nm for In®™ were obtained. Both moments are shown to be positive. 
Multiple-quantum transitions were observed, and their effect on the accuracy of the results is discussed. 


N the continuation of this laboratory’s program of 

measurement of spins and moments of radioactive 
nuclei, the Zeeman structures of the hyperfine inter- 
action of the nuclear species 50-day In'” and 54-min 
In” have been studied in the atomic P, state. The 
atomic beam magnetic resonance apparatus has been 
described! 


A. THEORY OF THE METHOD 


‘The theory of the method is that outlined in reference 
1 and other papers referred to therein with the exception 
that a different method of determining the sign of the 
magnetic moment was used. ‘This method is available 
for the isotopes studied because of the relatively small 
gy of the Py state and the comparatively large nuclear 
magnetic moment of these species. The reduced Breit- 


Rabi equation applicable here is? 


guak 2/ 
Av (eby(o—eat) /| (> ) gik}, (1) 
21+1 2I+1 


where k is a measure of the external field, and the 
nuclear “g factor” is given by g;. Equation (1) relates 
the hyperfine splitting Av, the resonance frequency vy, 
and g;. Within the limits of accuracy considered (neg 
lecting hyperfine anomalies), one obtains® 


Av4 2744 
py? g tA i (2) 
Avis 21441 


where A designates either isotope 114m or 116m, which 
gives wy of the radioactive species in terms of J and the 
nuclear constants of an isotope of the same nuclear 
charge and atomic state (i.e., In"*), Because of the 
small value of gy, one can show by direct substitution 
that only the assumption of a positive magnetic dipole 
moment will lead to a solution of Eqs. (1) and (2) at 
the resonance of highest frequency measured for both 
In!" and In''®™ (i.e., 30 Mc/sec). 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission 

* For preliminary accounts of this work see L. S. Goodman and 
S. Wexler, Phys. Rev. 100, 1245, 1796 (A)(1955) 

+L. S. Goodman and S. Wexler, Phys. Rev. 99, 192 (1955) 

*S. Millman and P. Kusch, Phys. Rev. 58, 438 (1940) 

4. Fermi and E. Segré, Z. Physik 82, 729 (1933) 


B. EXPERIMENTAL 
1. Preparation of Source 


Sufficient specific activity of the 50-day In'™ was 
obtained by irradiating 5-mil foils of In in the Argonne 
CP-5 reactor for a period of six months. Approximately 
two grams per loading were used in the graphite oven 
from which the beam was obtained. 

High levels of In'!®™ activity were produced by 3- 
hour irradiations of 25 mg of In foil. In order to reduce 
the handling time and exposure of personnel to this 
hot sample, the 25 mg of In was inserted into the 
graphite oven before irradiation and the loaded oven 
was placed in the high neutron flux. 


2. Apparatus 


Because of the high intensity of radiation present 
with the 54-min In''®™, extensive shielding and semi- 
remote handling equipment were required. This equip- 
ment and the relatively high temperature of the graphite 
oven necessary to produce a beam of indium neces- 
sitated extensive changes in the oven end of the 
apparatus: 


(a) ‘The previous design! of the machine was modified 
so that the oven mount rides on ways into the oven 
compartment. Mounted on this flange are the controls 
for lateral position, for the tilt of the slit and for the 
direction of the slit channel. 

(b) Shields of lead and dense concrete block were 
used to minimize radiation hazard during loading of 
the oven and operation of the experiment with the 54- 
min In 

(c) The atomic magnetic moment of the P; state of 
In is 4 that of the S, state of Cs atoms used in previous 
experiments. The smaller magnetic moment and the 
higher velocity (corresponding to higher oven tempera- 
tures) of the beam reduce the deflection attainable. 
This necessitated a reduction of the widths of the oven 
and collimating slits to three mils and the obstacle wire 
and collector slit to five and six mils respectively. 


A bank of ten windowless gas-flow Geiger counters 
was constructed for use in these experiments. This 
allowed several collected samples to be counted simul- 
taneously with high efficiency. 
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3. Collection and Counting of Radioactivity 


To measure the intensity of the radioactive beam 
which passed through the detector slit, the atoms were 
deposited on a copper collector which was maintained 
at liquid nitrogen temperatures. Eight samples were 
collected at different settings of the radio-frequency and 
then withdrawn through vacuum locks and counted. 
In general, the counting rates at the resonance were 
100-300 counts per minute. These counting rates were 
found after collection times of five minutes for the 
54-min In" and 20 minutes for the 50-day In'™, 
The signal-to-noise ratio varied from about three at 
8 Mc/sec to two at the 30-Mc/sec resonance. 


C. RESULTS AND CALCULATIONS 


Resonances observed in In'“™ and In'!®™ are listed 
in Tables I and II, respectively, along with the cor- 
responding transitions in the nonradioactive In''® 
nuclide present in the beam. The measurement of the 
resonances near 8 Mc/sec was apparently straight- 
forward and normal for the two radioactive isotopes. 
The spins of both In" and In'!®™ were unambiguously 
established as 5h by the positions of these transitions. 

In the vicinity of 14 Mc/sec, the resonance curves 
for normal In''® and for the radioactive species In''*™ 
were quite steep at the low-frequency end and tapered 
off slowly on the high-frequency side. ‘The observation 
was not attempted for In"®", The shape and position 
of the peak for In"'® were observed to be very sensitive 
to the radio-frequency power. In the vicinity of 30 
Mc/sec, several rf peaks were observed with an In" 
beam for a given setting of the homogeneous field. ‘The 
strength of these resonances also was markedly sensitive 
to the rf power, and considerably more power was 
required than was originally estimated to observe any 
resonance at all. All of these resonances were much 
sharper than that at 8 Mc/sec. This peculiar behavior 
of In species is apparently connected with the fact that 
the only resonances which we were able to observe were 
the result of multiple-quantum transitions.’ Because 
of the large hyperfine interaction of all of the isotopes 
used in the study, and the relatively low field (about 
10 000 gauss) of our deflecting magnets, atoms in states 
taking part in the normal Zacharias-type ‘‘flop-in” 


TABLE I. Observed transition frequencies in In!” and In", 


yllam (Mc/sec) vill (Mc/sec) 


7.299 4-0.020 

14.650+4-0.020 

27.847 +0.020 
Av™4™ = 97004 200 Mc/sec; pu! 


$.0004+-0.010 
16.061 4-0.020 
40.4554-0.020 


+4.7+0.1 nm 


*P. Kusch, Phys. Rev. 101, 627 (1956) ; 93, 1022 (1954). He has 
studied multiple-quantum transitions in potassium. Theoretical 
treatments have been given by H. Salwen, Phys. Rev. 99, 1274 


(1955); M. N. Hack, Phys. Rev. 104, 84 (1956); and Besset, 
Horowitz, Messiah, and Winter, J. phys. radium 15, 251 (1954) 
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resonance were not refocusable. The state with 
mp=—(F—1) (and perhaps a few states above it) 
has too small an effective magnetic moment in a field 
of 10000 gauss to be appreciably deflected in our 
apparatus. Deflections are sufficient to allow refocusing 
only for transitions between the state with mp Fr 
and those other states of the hyperfine pattern with 
F=1+J which have relatively high effective magnetic 
moments in the deflecting fields. In the present ap 
paratus, identification of the states taking part in the 
observed multiple-quantum transitions is very difficult. 

In the case of the resonance of lowest frequency 
measured, the one from which the spin was determined, 
the Zeeman levels are approximately equally spaced 
and the frequency of the multiple-quantum transition 
is practically identical with the normal ‘flop-in” 
frequency. The fact that only multiple-quantum 
transitions are observable does not, therefore, cause 
any complication in the determination of the spin. 

At higher magnetic where 
multiple-quantum transitions of different order were 


homogeneous fields, 
separable (and several were observed in normal indium 
at different values of the rf power), there was no way to 
be sure that the resonance peak of the radioactive 
isotope was of the same multiplicity as that of the peak 
of In''® used for calibration, However, for a given rf 
power and a given setting of the homogeneous field, 
prominent resonances were observed at two frequencies 
near 30 Mc/sec for both of the radioactive isotopes 
and for the normal In''®. A large change in rf power 
could change the signal-to-noise ratios of the two peaks. 
Consequently, in a search for the resonances of a radio 
active isotope, the rf power level was maintained the 
same as that used for setting the horhogeneous field 
with the In'® resonance. ‘Two prominent resonances 
were then observed with approximately the same signal 
to-noise ratios as two corresponding resonances in In!!°, 
It is assumed that the resonances in the active species 
were of the same multiple-quantum order as the corre 
responding ones in In"®, With the aid of this assumption 
it is then possible to calculate the hyperfine interaction 
and the magnetic dipole moment, and to determine the 
sign of the magnetic moment. ‘The hyperfine structure 
constant is thereby estimated to be 9700d-200 Mc/se« 
for the 50-day In"™ isotope and 90004200 Mc/se« 
for 54-min In!" Using the Fermi-Segré relation’ 
between hfs and magnetic moment, yw; of In'™ js 
calculated to be 4.74-0.1 nm and yp, of In!" 4.4+40.1 
nm. From the arguments presented in Sec, A, the 
nuclear moments of both species are positive. If the 


TaBLe II. In" and In" transition frequencies. 
vlitm (Mc/sec) vill (Mc/sec 
7.29% 40.020 8.000 40.010 
27.934-+-0.020 30.455 40.020 
Av'!6™ = 9000+ 200 Mec/sec; uw!" = 4440.1 nm 
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order of the multiple-quantum transitions differs by one 
unit, the values of the hyperfine interactions and the 
magnetic moments will be in error by about 10%, but 
the sign of the moment would not be affected. 

It is difficult to justify rigorously the assumption 
that the multiple-quantum order is the same for the 
two species, One might expect that, since the spins and 
hyperfine interactions of all three isotopes are of com- 
parable size, the refocussing conditions and transition 
probabilities might be similar. Although the theory of 
the multiple-quantum transitions has been investigated, 
the multiple resonances observed in the present experi- 
ment are not well enough separated to make the theory 
in its present state readily applicable.‘ 


D. DISCUSSION 


According to the shell model of the nucleus, the most 
probable proton-neutron configuration of both of the 
odd-odd indium isotopes studied is g,, 54.6 In order to 

*In a concurrent 
{ Phil. Mag. 1, 587 (1956) 


£0.08 nm. 
*M. G 


independent determination, P. B. Nutter 
pe found /46" = 5h and yp!" = +-4.21 


Mayer and J. H. D. Jensen, Elementary Theory of 
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estimate the magnetic moment of this configuration, 
one assumes that the values of the intrinsic magnetic 
moments of the nucleons in the free state are largely 
suppressed when the nucleons are bound in the nucleus.’ 
It is further taken without proof that the amount of 
suppression is the same as in nuclei in the same states 
in neighboring odd-even and even-odd nuclei. The 
calculation is then carried out in the standard manner.* 
For the estimation of the magnetic moments of 
In" and In" the intrinsic moment for the 9/2 proton 
hole was calculated from the measured moment of In'!® 
The intrinsic moment of the odd neutron (s, state) was 
taken from Sn", The in this 
manner is y=4.5 nm for both radioactive nuclides, in 


moment calculated 


good agreement with our experimental values (Tables 


I and II). 


Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), pp. 147-148. 

7F. Bloch, Phys. Rev. 83, 839 (1951). See also H. Miyazawa, 
Progr. Theoret. Phys. Japan 6, 263 (1951) and A. de-Shalit, Helv 
Phys. Acta 24, 296 (1951) 

* FE. H. Bellamy and K. F. Smith, Phil. Mag. 44, 33 (1953) 
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Formation of Cd''® Isomers in High-Energy Fission of Bismuth* 
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Ihe relative yields and recoil properties of the ( 


‘d"> isomers independently formed in the 450-Mev 


proton fission of bismuth have been measured. The 43-day Cd"*™ isomer has a higher yield and smaller 
range than the 53-hr Cd"*, Cd! js also formed in a higher deposition energy process than Cd""5, These 
results are explained in terms of the high-spin states of the fission fragments resulting both from the high 


bombarding energy and from the fission act proper 


I. INTRODUCTION 


HE formation of isomeric pairs has been studied 
in a variety of nuclear reactions over a wide 
range of bombarding energies.’-* The relative yield of 
the two isomers has been found to depend on the spin 


* This work was supported in part by a grant from the U.S 
Atomic Energy Commission 

t The author acknowledges the aid of a National Science 
Foundation predoctoral fellowship 

t Now at Brookhaven National nanernty Upton, New York 

' Katz, Pease, and Moody, Can, J. Phys. 30, 476 (1952). 

2 Seren, Friedlander, and Turkel, Phys. Rev. 72, 888 (1947) 

4 Boehm, Marmier, and Preiswerk, Helv. Phys. Acta 25, 599 
(1952) 

‘A.W. Fairhall and C. D. Coryell, Phys. Rev. 87, 215 (1952) 

* Katz, Baker, and Montabetti, Can. J. Phys. 31, 250 (1953) 

* J. Goldemberg and L. Katz, Phys. Rev. 90, 308 (1953) 

7H. B. Levy, University of California Radiation Laboratory 
Report UCRL 2305, 1953 (unpublished). 
* Meadows, Diamond, and Sharp, Phys. Rev. 102, 190 (1956) 
*G. Rudstam, “Spallation of medium weight elements,”’ 
Uppsala,1956, Appelbergs, Boktrycheri Ab. 


of the excited product nucleus prior to the gamma-ray 
cascade by which the latter de-excites to the observed 
isomers.'! The isomer formed predominantly is the one 
with spin closest to that of the excited product nucleus. 
The spin of the latter depends in turn on a number of 
factors such as the spin of the target nucleus, and the 
spin and orbital angular momentum of the bombarding 
particle and of any ejected particles. For reactions 
induced by thermal neutrons, the spin of the target 
nucleus is the controlling factor in determining the spin 
of the excited product nucleus.*? As the bombarding 
energy is increased, the compound nucleus can be 
formed in higher angular momentum states and the 
ensuing evaporation of nucleons can finally lead to a 
wide range of spin states of the excited product nucleus.* 
This situation is reflected in the large variation in 
relative yield of isomers that has been observed for 
different reactions and bombarding energies.*~* As the 
bombarding energy is raised beyond the range of 





FORMATION 


applicability of the compound nucleus model the situa- 
tion is further complicated by the resulting spread in 
deposition energy. Rudstam* has shown that there is a 
wide range in angular momentum values for each 
deposition energy, with the average angular momentum 
of the residual nucleus increasing with the deposition 
energy. 

The formation of isomeric pairs in fission is in general 
also governed by the previously mentioned factors. The 
situation is somewhat more complicated, however, due 
to the possibility that states of high angular momentum 
may be favored in the fission act proper,'® and may in 
turn lead to excited fission fragments with high spins. 
The relative yield of isomers formed in fission has been 
determined in a number of cases. In low-energy fission, 
the relative yields generally reflect the 8--branching 
ratio of the parent formed independently with higher 
yield," and hence give little indication of the inde- 
pendent formation of isomers. The independent yields 
of isomeric pairs have been studied in a number of 
cases in high-energy fission.'*~"* In all cases the high- 
spin state is favored. 

It is thus apparent that angular momentum is an 
important parameter in the formation of isomeric 
pairs in fission, and may also account for differences 
between low- and high-energy fission in general.” In 
order to obtain more information on the role of angular 
momentum states in fission we have examined some of 
the properties of one isomeric pair formed in high-energy 
fission. In this study we report the results of recoil 
studies on the Cd!!® isomers formed in the 450-Mev 


proton induced fission of bismuth. The ranges, angular 
distributions, kinetic energies, and average deposition 
energies for the direct formation of the two isomers, as 
well as their relative yield, were determined. A correc- 


tion was made for the contribution to the Cd!"* activities 
from the decay of 21-min Ag!!® and from the decay of 
the short-lived Ag''*” isomer previously postulated by 
Wahl and Bonner.’® The choice of bismuth as the target 
element was dictated by the desire to obtain sub- 
stantial independent yields of the Cd"'® isomers as well 
as adequate counting rates. 


Il. EXPERIMENTAL 


The experimental! procedure followed was similar to 
that previously reported by Porile and Sugarman.'* The 
target assembly consisted of a bismuth foil surrounded 
on either side by aluminum recoil catcher foils, all foils 
being of thickness greater than the range of the frag- 


 P. Fong, Phys. Rev. 102, 434 (1956) 

NE. P. Steinberg and L. E. Glendenin, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), p. 614. 

”2W. F. Biller, University of California Radiation Laboratory 
Report UCRL-2067, 1952 (unpublished). 

3H. G. Hicks and R. S. Gilbert, Phys. Rev. 100, 1286 (1955) 

4 P. Kruger and N. Sugarman, Phys. Rev. 99, 1459 (1955) 

16 A.C. Wahl and N. A. Bonner, Phys. Rev. 85, 570 (1952) 

16N. T. Porile and N. Sugarman, Phys. Rev. 107, 1410 (1957) 
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ments. Extra aluminum foils were included for determi- 
nation of the activity level from impurity activation in 
the aluminum. The foils were the same as those de- 
scribed earlier.!* The irradiations were performed in the 
internal circulating beam of the University of Chicago 
synchrocyclotron at a radius of 76 inches corresponding 
to a nominal proton energy of 450 Mev. The targets 
were irradiated for either four hours or twenty minutes, 
depending on whether the properties of the Cd! 
isomers formed cumulatively or of Ag!!® were under 
investigation. The target assembly was positioned in 
either of two ways relative to the beam depending on 
whether recoils projected in the beam direction or 
perpendicular to it were collected. A total of thirteen 
irradiations was performed in the course of this study. 
In some experiments two separate target assemblies 
were irradiated simultaneously. 

After the bombardment, the target and catcher foils 
were separated and dissolved in the appropriate acids 
for chemical analysis. The chemical procedure followed 
for the isolation of cadmium was based on previous 
work.'? It consisted of several cycles of palladium and 
antimony sulfide scavengings from 2N HCI, precipita 
tion of CdS from 0.3N HCI, precipitation of Cd(OH)» 
with 6N NaOH in the presence of Zn holdback carrier, 
and Fe(OH)s;, In(OH)s, and BaCOy scavengings with 
cone. NH,OH and NasCO,. The final precipitate was 
CdNH,PO,:H,0. Analysis of duplicate samples of the 
same solution in general gave agreement to within 0.5%. 
In the experiments designed to distinguish between the 
contribution of independently formed Cd''® and that 
formed from decay of Ag!'®, the foils were dissolved in 
the presence of both Ag and Cd carrier. In the case of 
the aluminum foils, the solution was made 8N in HC| 
in order to keep the silver in solution. AgC! was pre- 
cipitated from the various solutions as simultaneously 
as possible and the precipitates were weighed to de 
termine the chemical yield. The separation of silver 
from cadmium for four samples was usually completed 
about 15 minutes after the end of the irradiation. The 
silver samples were allowed to decay for two and one 
half hours and were then dissolved in conc. NH,OH, 
cadmium carrier was added, and the cadmium samples 
were separated as before. The measured activity was 
corrected for the decay of Ag!!® 
and separation. 

The activity measurements were made on the same 


during bombardment 


end-window methane flow proportional counters used 
in an earlier work.!*® All samples from a given run were 
counted on the several counters used in rotating fashion 
in order to minimize the effect of small variations in 
the counting efficiency of the counters. An empirically 
determined self-absorption correction was applied to the 
various samples isolated in each experiment. When 
determining the relative yield of the two isomers, the 
contribution of In!" to the observed counting rate was 


'7 W.W. Meinke, University of California Radiation Laboratory 
Report UCRL-436, 1949 (unpublished 
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determined from the observed growth. The counting 
efficiencies of Cd"* and Cd" were taken from the 
compilation by Russell’* for the same counters and 
geometry. In the determination of the recoil properties 
of the isomers, the various samples were counted 
through 30 mg/cm? aluminum absorber in order to mini- 
mize the contribution of the weak radiations of In. 

The identification of the radioactive species present 
in the isolated samples was made by analysis of the 
decay curves and comparison of the half-lives of the 
analyzed components with reported values.’ All samples 
consisted of 53-hr Cd" and 43-day Cd", At the initial 
time of counting, 1.5 days after the bombardment, no 
Cd!!’™ was detectable. The counting rates varied from 
about 100000 cpm for cumulatively formed Cd"® 
isolated from the target foil to about 200 cpm for 
cumulatively formed Cd" isolated from the recoil 
catcher foils. The activation correction for impurities 
in the aluminum foils was about 0.2%, 


Ill. RESULTS 
A. Relative Yields 


The relative yields of the Cd"® isomers formed both 
independently and from ancestor decay, as well as the 
relative occurrence of these two modes of formation 
are given in ‘Table I. These results represent an average 
of three determinations with an agreement to within 
2%. Errors in the estimation of counting efficiencies 
may amount to 10%. The relative yields of the isomers 
for both cumulative formation and for formation from 
decay of 21-min Ag'!® were determined directly from 
the decay curves and application of the usual correction 
factors. The ratio of 10.2 obtained for the yields of the 
isomers from the decay of 21-min Ag!'® is in agreement 
with the result of Wahl and Bonner.’® The yield of 
21-min Ag" relative to the yield of Cd" plus the 
yield of Ag"®" was determined from experiments in 
which both cadmium and silver were isolated. 

The results for independently formed Cd!!*"°" ob- 
tained in this fashion include the contribution from the 
short-lived Ag"" isomer, which decays by 8~ emission 


TABLE I. Relative yield of Cd!® isomers 


Relative yield 
53-hr Cd 
43-day Cd'= 


Total yield of 
Mode of formation isomers, % 
100 
14.5 


0.61 
10.2 


Cumulative 

Decay of Ag!® 

Independent plus decay 
of Agiiim 

Decay of Ag!” 

Independent 


R55 
3.0 
82.5 


0.41 
Very large* 
0.36 


* Wahl and Bonner, reference 15 
» Kruger and Sugarman, reference 14 
7. J. Russell, Ph.D University of Chicago, 1956 
(unpublished) 

Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 


469 (1953) 
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to Cd"* prior to the separation of silver from cadmium. 
The existence of Ag'*" was postulated by Wahl and 
Bonner’ to explain the anomalously high independent 
yield of Cd"® in slow neutron fission of uranium. The 
relative yield of Ag!" in high-energy fission may be 
estimated as follows. The relative yield of Cd"® with 
respect to Cd"*" in the 450-Mev proton fission of 
tantalum and rhenium is 0.36.4 This represents an 
independent yield ratio since for these low Z targets 
such neutron excessive species as Ag"® are no longer 
formed in appreciable yield. If we assume that the ratio 
of 0.36 also holds for the independent formation of the 
Cd"> isomers in the fission of bismuth, it is then 
possible to estimate the contribution of Ag"®™ by using 
the fact that this isomer does not appear to decay to 
Cd!" 15 The resulting value of 0.03 for the fractional 
contribution of Ag®" to the total yield of the Cd 
isomers may well be in error by a factor of two, but 
should be small in any case. It is gratifying in this con- 
nection to see that the value of 0.61 obtained in this 
study for the ratio of cumulative yields of Cd"* and 
Cd" agrees exactly with the value determined by 
Kruger and Sugarman.'4 This-agreement lends some 
confidence in our use of their value of 0.36 for the 
independent yield of the isomers. 

It is seen that the direct formation of the Cd"® 
isomers accounts for 82.5% of their total yield. This 
contrasts with the situation in low-energy fission, where 
the Cd'!®415™ yield comes practically entirely from 
ancestor decay,'® reflecting the increase in most probable 
charge which is associated both with increase in bom- 
barding energy and decrease in charge and mass of the 
target nucleus. The spins of Cd!" and of Cd" are 11/2 
and 1/2, respectively,’ and it is seen that the formation 
of the high-spin state is favored. 

It is possible to make some deductions on the branch- 
ing ratio of Ag!™ to give Cd"® or Ag!!® from the data 
given. Table I shows that the ratio of yields of Ag"®™ 
and Ag"®, assuming that Ag'!®" decays exclusively to 
Cd", is 0.21. If we assume that the spins of Ag!" and 
Ag"® are 7/2 and 1/2, respectively, in agreement with 
the spins of other even-odd isomeric pairs of silver,’ it 
would follow that Ag!4" should have the higher inde- 
pendent yield in high-energy fission. The principal 
decay mode of Ag''*" would, under these conditions, be 
isomeric transition and the value of 14.5% quoted for 
the relative yield of Ag''® would, under these conditions, 
include a substantial fraction of the yield of Ag". If 
the reverse spin assignment is correct, then the direct B~ 
decay of Ag!!®" will be the principal decay mode of 
this isomer. 


B. Recoil Properties 


The experimentally measured quantities in recoil 
experiments are the recoil activity of a given nuclide 
collected in the forward and backward recoil catchers, 
ReF and ReB, or in the perpendicular recoil catchers, 
the activity remaining in the target foil, and the thick- 
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Cd''® ISOMERS 


TABLE IT. Recoil properties of Cd"* isomers and Ag". 


Nuclide and mode 


of formation ReF/ReB ” 


1.246+4-0.004 0.0555+4-0.0010 
1.2904-0.005 0.0637 +0.0013 
1.2104-0.020 0.0476+4-0.0050 
1.253+4-0.007 0.0562 40.0018 
1.290+-0.005 0.0637 +0.0013 


Cd"5-cumulative 
Cd"™6™"-cumulative 
Ag" ®-cumulative 
Cd"5-independent 
Cd"5"-independent 


* Single determination. 


ness of the target foil. These quantities may be used to 
obtain the range of the fragments as given by forward- 
backward experiments, Raz, the range of the fragments 
as given by perpendicular experiments, Rp, and the true 
range, R. These three ranges will in general differ from 
sach other because of the anisotropic emission of the 
fragments in the center-of-mass system. Assuming that 
the angular distribution of the fragments is of the form 
“a+b cos’6,”” it is possible to obtain the value of b/a 
from recoil experiments. We also obtain for each frag- 
ment the value of 7, which is defined as the ratio of the 
forward component of velocity of the struck target 
nucleus to the velocity of the fragment in the system of 
the moving target nucleus. The method by which these 
quantities are obtained from the experimental data, as 
well as the assumptions underlying the treatment, is 
discussed in an earlier paper.!® 

The recoil properties of the Cd''® isomers are given in 
Table II. The results for the cumulative formation of 
the isomers and for Ag!!® were determined experi- 
mentally. The results for the independent formation of 
the isomers were obtained from the above results and 
the respective relative yields. It was assumed for this 
purpose that Ag!®" had the recoil properties observed 
for Ag!!®, in view of the small contribution of Ag!!®" and 
the possibility that a fraction of the observed Ag'® 
actually was formed as Ag'!*™. The listed values are the 
average of four determinations, except when specified 
otherwise. The quoted errors are the standard devia- 
tions from the mean. The errors quoted for Ag'® are 
considerably larger than those for the cumulatively 
formed isomers. This reflects the additional errors for 
Ag"® due to small departures from simultaneity in the 
isolation of silver from all samples, as well as from the 
fact that two chemical yield determinations had to be 
made for each sample. 

The results in Table II show that the fragments are 
emitted essentially isotropically in the center-of-mass 
system. The results for Cd""* do show a slight preference 
for emission in a direction parallel to the incoming 
proton, but, on the basis of the data, there is no sub- 
stantial difference in the magnitude of b/a for the two 
isomers, assuming that they are both emitted according 
to an “a+b cos’@” distribution in the center-of-mass 
system. These results are not inconsistent with the 
results of Wolke and Gutmann,” who find a value of 


*R.L. Wolke and J. R. Gutmann, Phys. Rev. 107, 850 (1957) 


R b/a 


Rea P 
(mg/cm? Bi) (mg/cm? Bi) (mg/cm! Bi) (a +b cos) 


8.18+.0.04 
7.66+0.05 
7.90+0.15 
8.23+40.06 
7.664-0.05 


&.09+001 
7.67 +0.04 
7.90" 

&.13+0.02 
7.67 +0.04 


small 
0.050-+4-0.030 
040.035 


7.90+0.15 
8.16+0.04 
7.66+0.03 


0.09 for b/a for Cd"5""7, A comparison of the ranges of 
the independently formed Cd!'® isomers shows that 
there is a 6% difference between them, with the high 
spin isomer having the smaller range. This difference is 
definitely outside the limits of error. 

The kinetic energies of the fragments may be obtained 
from the measured ranges by use of the range-velocity 
proportionality constant given earlier. The resulting 
values are listed in Table III. The average forward 
component of momentum of the struck nucleus leading 
to each fragment, P4, may be obtained from the 
velocity of each fragment and the corresponding 9, 
assuming that the mass of the struck nucleus after the 
initial cascade is 207.'° The average energy deposited in 
the struck nucleus as excitation energy, f°, may be 
obtained from the listed values of Py, by use of a 
momentum-deposition energy relation given earlier'® and 
is listed for each nuclide in Table III. It is seen that 
Cd!" comes from a slightly higher deposition energy 
process than Cd!!*, The deposition energy values, as 
well as the kinetic energy values, are similar to the 
corresponding values previously obtained for a number 
of other nuclides.'® 


IV. DISCUSSION 


‘Two differences in the properties of the independently 
formed Cd!" isomers have been found: (1) the high-spin 
Cd!!©" jsomer is formed in a slightly higher deposition 
energy process than Cd!!®, and (2) the kinetic energy 
of Cd!" is appreciably lower than that of Cd''*, The 
difference in average deposition energy is perhaps 
associated with the fact that the average angular mo 
mentum left in the residual nucleus after the cascade 
increases with the average deposition energy.’ Since 
this initial angular momentum will tend to be preserved 
in the ensuing de-excitation process and may eventually 
appear as the high spin of the de-excited residual 
nucleus, it seems reasonable that Cd!!*" should result 


Pas.e III. Kinetic and deposition energies of 
Cd" isomers and Ag" 


Kinetic 
energy 
(Mev) 


p Ra® 
(Mev) 


11444 
1234-2 
94410 


Nuclide and mode 


Vs 
of formation (931 Mev/c) 


55.9+0.5 


49.2404 
§2.341.3 


037640012 
0.401 40.008 
0.309 40.033 


Cd" independent 
Cd!*™ independent 
Ag"™*-cumulative 
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from a higher deposition energy process than Cd". 
This tendency towards large deposition energy differ- 
ences between isomeric pairs with widely different spins 
is counteracted by the fact that nuclides with the same 
n/p (neutron/proton) ratio appear to be formed in 
processes with about the same deposition energy, par- 
ticularly when these nuclides do not differ by much in 
mass.’ The number of neutrons evaporated from a 
struck target nucleus increases with the deposition 
energy, leading to fission fragments of decreasing n/p 
ratio. The direct formation of a fragment of given n/p 
ratio is thus restricted to a fairly narrow deposition 
energy interval,” thus accounting for the small ob- 
served difference in average deposition energy for 
formation of the Cd!'® isomers. The results for Ag!® are 
in agreement with this view, as witnessed by the higher 
n/p ratio, and lower average deposition energy for 
formation of this nuclide. 

The observed difference in kinetic energy of the Cd!!® 
isomers is undoubtedly due to a number of factors. The 
lower average deposition energy for formation of Cd'® 
leads to a somewhat heavier average “‘fissioning nucleus” 
for this process. Cd"® is therefore on the average formed 
with a heavier partner than Cd'!*" and so receives a 
larger share of the total kinetic energy release. Further, 
the total kinetic energy released in processes leading to 
Cd" js likely to be somewhat larger, because the mass 
ratio for Cd"® and its partner is lower than for Cd"! 
and its corresponding partner. [t has previously been 
shown'® that the total kinetic energy released in the 
high-energy fission of bismuth increases with decreasing 
mass ratio. Since the difference in average “‘fissioning 
nuclei” for the two isomers is only about one mass 
unit, this deposition energy effect is quite small and 
can at most lead to a difference in observed kinetic 
energy of one Mev. 

The deposition energies of the Cd'® isomers were 
obtained on the assumption that the average residual 
nucleus after the cascade was the same in each case. 
This may not be the case if, for the same forward com 
ponent of momentum of the struck nucleus, there is a 
difference in the average angular momentum of the 
residual nucleus for different numbers of 
nucleons. If, in addition to this, there is a difference in 
the average deposition energy corresponding to a given 
forward component of momentum of the struck nucleus 
for different residual nuclei, then the difference in 
deposition energy for the Cd''® isomers may be larger 
than indicated. Examination of a number of cascades 
from the recent Monte Carlo calculations,”? indicates 
that the B,* corresponding to a given P, may actually 
increase with the number of emitted cascade nucleons 


cascade 


“N. T. Porile and N. Sugarman, Phys. Rev. 107, 1422 (1957). 
2 Bivins, Metropolis, Storm, Turkevich, Miller, and Fried 
lander, Bull. Am. Phys. Soc. Ser. IT, 1, 63 (1957) 
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Unfortunately the statistics were too poor to draw any 
definite conclusions on this point. If this effect is real, 
then Cd''*" may be formed with a higher deposition 
energy than indicated and, hence, with a low kinetic 
energy. This effect, however, is probably not sub- 
stantial enough to account for the observed difference in 
kinetic energies, since a difference in average deposition 
energy of some 60 Mev would be required to account for 
the observed difference. 

It is thus possible that the difference in observed 
kinetic energies may be partially associated with the 
fission act proper. If, for a given total energy release, 
the observed kinetic energy is smaller in one case, then 
the corresponding excitation energy resulting from 
deformation of the fragments must be larger. If there 
should be a correlation between high-spin states and 
large deformation, the low kinetic energy of Cd'™™ 
would be explained. There may be a correlation between 
deformation energy and orbital angular momentum of 
the fragments since, for a given fissioning nucleus, an 
increase in deformation energy corresponds to a larger 
maximum radius of the saddle-point configuration.” 
A rotational motion during the fission act should 
probably be more effective in forming states of high 
orbital angular momentum for a larger maximum radius 
and hence for a larger deformation energy. If a fraction 
of this orbital angular momentum should be available 
for the formation of high-spin states then one would 
have the desired correlation. 

The formation of high-spin states in the fission act 
seems reasonable in view of recent determinations of the 
relative yield of the independently formed Te’! isomers 
in low-energy fission.** It was found in this study that 
the high-spin isomer is favored, in agreement with the 
trend previously noted for high-energy fission. The 
measurement of the ranges of independently formed 
isomeric pairs in low-energy fission would then be of 
value since it would yield unambiguous information on 
the connection between spin and deformation energy, 
if any. Before taking the previous generalizations very 
seriously, it would be wise to measure the ranges of 
some other independently formed isomeric pairs in 
high-energy fission, particularly in cases where the 
decay scheme of the parent nuclide is well established. 
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The possibility of nonzero spin for the * meson has recently been reconsidered. This might manifest 
itself in asymmetries in scattering of pions or anisotropies of ~~ decays. In this experiment, asymmetries 
in the scattering of pions from carbon and in the decay of pions in flight were sought by using counter 
techniques. No left-right or up-down scattering asymmetry was observed within a combined statistical and 
systematic precision of 6-7%. No decay asymmetry was observed within a combined statistical and syste 
matic precision of 5%, 


I, INTRODUCTION pion beam, as seen by a double coincidence of counters 
3 and 4, be a maximum in the same position as the 
beam defined by counters 1 and 2 and measured by a 
quadruple coincidence of all 4 counters. The positions 
of the maxima were determined by scanning counters 
3 and 4 across the beam. These two maxima could be 
brought together by adjusting the current in the pion 
steering magnet. The zero angle corresponding to the 
maximum for counters 3 and 4 could be set to +0.15” 
by this method. The scattering angles were measured 
from this experimentally determined zero angle. The 
zero position was frequently checked to correct for 


ECENTLY the possibility that the pion has 
nonzero spin has been reconsidered.! The principal 
evidence that the pion has zero spin comes from in- 
vestigations of the reaction p+ pe?rt+d, and the use 
of detailed balance. It has been pointed out that this 
conclusion may be invalid if the pion is polarized.’ 
The present experiments were undertaken to see if 
any possible spin-dependent effect could be observed 
with counter techniques. If the pion beam from the 
cyclotron has been polarized in the production process 
with spin perpendicular to the direction of motion, 
then asymmetries in nuclear scattering are possible. 
Section If describes a search for left-right or up-down 
asymmetries in the scattering of pions from carbon. 
A separate search for asymmetries in decay in flight is 
described in Sec. IIT. 


II. SEARCH FOR SCATTERING ASYMMETRY 


drifts in the beam position. 

The results of scattering asymmetry measurements 
are given in Table I. The error is quoted in standard 
deviations, and includes the counting statistics and 
estimates of the systematic errors, quadratically com- 
pounded. The counting statistics were typically 3-0%, 
Systematic errors of 34% were estimated from the 
known alignment accuracy and the change of counting 
rate with scattering angle as determined in this experi 
ment. The systematic error at 90° is smaller (2%) 
because of the much weaker angular dependence of the 
scattering cross section there.** It was necessary to go 


A 120-Mev pion beam from the Chicago cyclotron 
was brought into the experimental area as shown in 
Fig. 1. This arrangement is identical with that used 
for Lattes’ emulsion exposure. 

A one-inch-square beam defined by two scintillation 
counters (Counters 1 and 2) was scattered by a graphite 
target 14 or 2 inches thick into two scintillation 
counters 34 and 4 inches square (Counters 3 and 4) 
located 24 inches from the target. The graphite target 
was mounted directly behind counter 2. The scattering 
asymmetries were determined by measuring the net 
scattering from the target at equal angles to the right 
and to the left as the beam sees these directions; the 
quoted asymmetry is the ratio P=(R—L)/(R+L). 
For vertical scattering, the ratio given is P= (U—D)/ 
(U+D). The net target scattering was determined 
from the target-in, target-out differences in the rates ny 
of the quadruple coincidences of all four counters. | | 

The principal systematic error which can enter arises 
from the angle setting of the detector counters 3 and 4. 
To minimize this error, it was required that the full 








20 MEV 


Fic. 1, Arrangement of the 120-Mev » meson beam. The pion 
beam passes through a quadrupole focusing magnet, a rotating 
shield wall, and a bending magnet before entering the counting 
equipment 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
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2H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. II, p. 8 
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Tasre I. Scattering asymmetries. 


Fractional 
asymmetry 
PUY, 


Scattering 
angle 
(deg.) 


Sign of 
pion 
« harge 


Horizontal 
or vertical 


24.9 
31.8 


horizontal 
horizontal 
horizontal 36.4 
horizontal 42.6 
horizontal 90 

vertical 54.2 
horizontal 42.8 


to large angles to test for asymmetrical scattering in 
the region of nuclear scattering, which is beyond the 
Coulomb-nuclear interference. This interference is 
expected at 25-30° for carbon at this energy.** The 
type of scattering detector used in this experiment is 
unable to distinguish different asymmetries in the 
elastic and inelastic scattering. 


Ill. SEARCH FOR DECAY ASYMMETRY 


This measurement was performed with the same 
beam to look for a possible azimuthal dependence of 
m—p decays in flight. The beam was defined by two 
fixed counters after passing through a bending magnet. 
Muons from 120-Mev pion decays in flight are all inside 
a cone of 11° half-angle with the pion beam as its axis. 
‘Two counters were placed near, but outside the pion 


beam, so the muons could traverse them. Pion decays 
then gave a quadruple coincidence of the two muon 
counters with the two beam-defining counters. Possible 
quadruple-coincidence counts from pions scattered into 
the muon counters by the beam-defining counters were 
excluded by a fifth counter in anticoincidence. ‘This 
counter was mounted in the direct line between the 
beam-defining counters and the muon counters (Tig. 2). 
The two muon counters and the anticoincidence 
counter could be rotated about an axis which was set 
to be accurately collinear with the pion beam.® 

The beam center in the plane of the muon counters 
was obtained by scanning the muon counters through 
the beam in both vertical and horizontal directions. 
The axis of rotation was then aligned optically on a 
line through the center of the defining counter and the 
beam center at the muon detectors. A check on this 


NG f wint 


Fic, 2. Apparatus to detect pion decays in flight. Counters 3, 
4, and § rotate about an axis aligned with the pion beam 


* T. Fujii (to be published) 
*We wish to thank J. Marshall for the use of his rotating 
equipment 
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lineup was obtained by measuring the azimuthal 
dependence of multiply scattered + mesons and by a 
separate beam scan with smaller counters behind the 
apparatus. This latter scan also gave a more detailed 
picture of the beam distribution in space. The shape 
was elliptical with the major axis horizontal. The re- 
sults of the scan were used to obtain corrections for 
the finite beam size. Because the u-meson counting 
rate depended strongly on the mounting, two indepen- 
dent alignments were used for the final data of the 
experiment. 

The whole apparatus is operated in the weak fringe 
field of the cyclotron and therefore careful checks on 
the counter efficiencies as a function of orientation 
were performed. The counters were found to be 100% 
efficient to an accuracy of 0.1% independent of orien- 
tation. Accidental coincidences and possible feedthrough 
in the coincidence circuits were checked throughout the 
experiment and were entirely negligible. 

A rough range curve for the events in the muon 
counters gave agreement with the calculated energies 
of the muons. Counting rates obtained with the counters 


Tasie IT. Number of u-meson counts per 10° incident 
a mesons. The errors include only counting statistics. 


Run 2 
uncorrected 
for beam 


Run 1 
uncorrected 
for beam 


Average of 3 runs 
corrected for beam 
spread spread spread 


0° up 22549 243+ 11 217+6 
45° 237 231 221 
90° right 245 232 217 
135° 234 209 215 
180° down 222 242 213 
p> hig 220 245 208 
270° left 231 230 209 
315° 224 252 220 


Azimuthal 
position 


at two different radii are in good agreement with the 
calculated rates. The final counting rates used for the 
nm’ experiment were 6X10* incident m mesons per 
minute in the defining counters and from these 12 
u-meson decays per minute in the muon detector. 

In ‘Table I, the results of the experiment are pre- 
sented for two runs and for the over-all compilation of 
all 3 runs on 120-Mev rt mesons. The azimuthal angle 
@ subtended by the muon counters was 26 degrees with 
the muon counters at a distance of 74 in. from the 
center of the pion beam. The counters were rotated 
about the beam in 45° steps in the azimuthal angle 
for the final data. The polar angles detected covered 
the range from 40° to 160° for the rest system of the 
m meson. 

The principal correction to the experimental data 
comes from the ellipticity of the pion beam. A calcula- 
tion of pion to muon decay dynamics for the 120-Mev 
beam and for the beam spread as determined by the 
scan with a counter gave a reduction of 10% for the 
right-left positions and of 5% for the up-down position 
to obtain the rates expected for an ideal line beam. 
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The uncertainty in these factors is expected to intro- 
duce no more than 2% uncertainty in the final rate. 
The largest uncertainty comes from the sensitivity of 
the rates to lineup. The uncertainty in the final average 
of the three runs should be less than 3%. Air scattering 
of x mesons is calculated to be a negligible background 
and should not have contributed any asymmetry. The 
distortion of orbits by the fringe field can only produce 
a very small asymmetry. 


IV. CONCLUSIONS 


No asymmetry was observed for 120-Mev positive 
or negative pions scattered from a carbon target with 
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a combined statistical and systematic standard devia- 
tion of 6-7%. Similar measurements with 50-Mev 
positive pions also produced null results with poorer 
accuracy. 

The m—yp decay in flight for polar angles between 
40° and 160° appears to be independent of azimuth 
for the 120-Mev positive r-meson beam. The combined 
statistical and systematic standard deviations are esti- 
mated to be 5%. A similar, but less thorough, measure- 
ment for the 120-Mev negative m-meson beam also 
showed no azimuthal dependence. 

We wish to thank John Lathrop for assistance in the 
course of the experiment. 
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The expected polarization of cosmic-ray u mesons is calculated on the basis of the two-component theory 
of the neutrino. The polarization is found to reveal the energy spectrum of * mesons which decay into 
uw-mesons at high altitudes, provided that the depolarization on penetration through the atmosphere is 
known. The depolarization caused by the Coulomb scattering is estimated to be several percent and prac 
tically independent of the energy of « mesons at production, The depolarization in the absorber is found to 


be negligible 


I. INTRODUCTION 


HE energy spectrum of x mesons produced at high 

altitudes has been obtained mostly by analyzing 
the energy spectrum of uw mesons at sea level.! The 
procedure requires an involved numerical calculation 
and the accuracy of the result depends mainly on the 
precision of the energy spectrum of « mesons. Since the 
proposal’ of the two-component theory of the neutrino 
and the subsequent confirmation? of the polarization of 
decay w mesons from artificially produced m mesons, an 
independent method of obtaining the energy spectrum 
of cosmic-ray r mesons has become available, namely 
the observation of the polarization of « mesons. An 
experiment of this sort has been performed by Clark 
and Hersil,‘ as described in the following paper. In 
connection with this experiment, the relation between 


* This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t This work was done while the author was on leave of absence 
from Research Institute for Fundamental Physics, Kyoto Uni 
versity, Kyoto, Japan 

1S. Olbert, Phys. Rev. 96, 1400 (1954); earlier works are re 
ferred to there. 

2T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

3Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957) 

4G. Clark and J. Hersil, Phys. Rev. 108, 1538 (1957), following 


paper, 


the polarization and the energy spectrum is discussed 
in the present paper. 

The reason why the polarization reveals the energy 
spectrum may be understood in the following way. The 
mw meson is completely polarized along the direction of 
its momentum in the rest system of the parent # meson. 
In the laboratory system, however, the polarization is 
not complete because ~ mesons produced in the back- 
ward directions in the rest system of w mesons may be 
transformed into those moving forward; this reverses 
the direction of momentum but maintains the sense of 
polarization. If the velocity of a m meson is larger than 
that of a decay wu meson in the rest system of the 
meson, the decay » meson will always move forward in 
the laboratory system, so that the polarization is, to a 
great extent, destroyed. If the energy spectrum of the 
m mesons were flat, one would not observe any polariza- 
tion, because the w mesons produced forward and back- 
ward in the rest system should contribute in the same 
way. Actually, however, the energy spectrum of the 
mesons is not flat but has a steep slope, decreasing with 
increasing energy. Consequently, the number of forward 
# mesons produced is greater in the forward direction 
than in the backward direction for a given energy of 
the » mesons. In other words, the 4 mesons of a given 
energy are produced both forward by m mesons of lower 
energies and backward by those of higher energies, and 
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the intensity of the former mesons is greater than that 
of the latter. 
If the energy spectrum of r mesons is assumed to be 
a power law, 
a(y)dy=moy “dy, (1) 


where ym, is the total energy of a w meson of mass m,, 
the degree of polarization of « mesons of velocity » is 
approximately given, as shown in Sec. II, by 


Po= (a/3)v0*. (2) 


Here v* = 0.27 is the velocity of the 4 meson in the rest 
system of the parent x meson. (The velocity of light is 
taken as unity in this paper.) Thus the polarization 
shows directly the shape of the energy spectrum. 

Unfortunately, however, the polarization (2) cannot 
be observed directly, because of the depolarization due 
to the scattering of 4 mesons. We have to consider both 
the scattering that takes place in the atmosphere and 
in the roof before the ~ mesons enter the apparatus, 
and the scattering in the absorber where the ~ mesons 
stop and give decay electrons. In the absorber the 
polarization is decreased by the formation of muonium 
in the case of positive «4 mesons and by the trapping in 
the atomic field in the case of negative ones. Whatever 
its causes, however, the depolarization in the absorber 
can be estimated from the experiments with artificially 
produced mesons. On the other hand, the depolarization 
occurring above the absorber is a genuine cosmic ray 
effect and must be evaluated. 

The depolarization is estimated to be not larger than 
10%, but still not entirely negligible, if one wants to 
know the energy spectrum. However, since the de- 
polarization due to the scattering depends only slightly 
on the energy of « mesons produced, one can examine 
the variation in the shape of the energy spectrum by 
observing the polarization at varying depths without 
complications arising from scattering. To see the abso- 
lute slope of the spectrum, the evaluation made in Sec. 
ITT may be used. 


II]. POLARIZATION OF w MESONS FROM THE 
DECAY OF MOVING x MESONS 


The transformation property of the polarization 
vector of an electron has been given by Tolhoek.® This 
is applied to our case, where the situation is simpler 
than in the general case. 

According to Tolhoek, the polarization is represented 
by a unit vector {. The transformation property of ¢ is 
obtained with the aid of the spin vector which forms a 
four pseudovector s, (u=0, 1, 2,3). The space com- 
ponent of s,, 8, coincides with ¢ if the particle is at rest, 
but it has a component in the direction of the mo- 
mentum if it is in motion. Since 8 is a pseudovector and 
p is a vector, the p component of 8 must be proportional 


*H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956) ; a number 
of original works are cited there 
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to ({-p)p which is a pseudovector formed by the 
product of the pseudoscalar ({-p) with p. The coefficient 
may be determined by reference to the equation 


5,p.= 5oE—s-p=0, (3) 


which expresses the condition that the inner product 
of the energy-momentum vector, P,(p,£), and the 
pseudovector s, must vanish. Furthermore, we have 
the relation 


$5, 5o’—8?= —1, (4) 


because at rest = 1 and s)=0, according to Eq. (3). We 
then have 


s=€+(¢-p)p/m(E+m), (5) 
where m is the mass of the u meson, and 
so= 8: pL=C-p/m. (6) 


We distinguish quantities referred to the rest system 
of a parent w meson by an asterisk (*). For the sake of 
definiteness, {* is chosen parallel to p*, as required by 
the two-component theory of neutrino (¢* is antiparallel 
to p* for u mesons of opposite charge, but this causes 
only unessential changes in the following discussion). 
Then (5) is simplified as ‘ 


s*= (*h*/m. (7) 


In the laboratory system the r meson has velocity u, 
so that s* and s,* are transformed as 


s= (*/m) 0+ (y—1) (E*/mu*) (CF -u)ut+y(p*/m)u, 
so= yl (p*/m)+ (E*/m) (u-e*) J, (8) 
where y= (1—w’)!. What we actually need is the com- 


ponent of polarization along the momentum p. This is 
given, with n= p/p, by 


({-m) = so(m/p) = (-ym/p)L(p*/m) + (E*/m) (u-&*) J. (9) 


Here (u-%*) is equal to the cosine of the angle between 
u and p*, because ¢* is parallel to p*. This quantity is 
determined if one fixes the energy of the u meson in the 
laboratory system : 


E=yLE*+p*(u-e*) ]. (10) 


Eliminating (u-¢*) in Eq. (9) in virtue of Eq. (10), 
we obtain 


({-n) = (EE*/pp*) — (ym*/pp*). (11) 


Here y, which represents the energy of a parent x 


meson, is limited between y, and y_, where 


1¥4= (EE*+ pp*)/m?, y= (EE*—pp*)/m*. (12) 


It is evident that the polarization is completely parallel 
for y=, and completely antiparallel for y= y-. 
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The polarization is now averaged over the spec- 
trum (1): 


+ v+ 
f mr(o)dr / f w(y)dy 
EE* a+l 
(SNe L AE] 
pp* a 


or a>2. The expression for a<2 can be obtained by a 
suitable change of signs. Especially for a= 0, one obtains 
the flat spectrum, 


Po= 


1— (y_/¥+)* 


i—(7../¥4)"" 


Py(a=0)=0, (13a) 


as we expected in the Introduction. For a=1 and 2, 

one finds 

Po(a=1)= (EE*/ pp*) —2/In(y4/7-), (13b) 

Po(a=2)= (EE*/pp*) — (H°E* — p*p*) 
XIn(y4/y-)/2p’p**, (13) 


respectively. 
These expressions can be simplified by taking account 
of the smallness of v*= p*/£*. Putting 
w*= pp*/EE*, (14) 
and expanding (13) in powers of vv*, we obtain 
P= have* +(1— her) (vo*)4 
For a=1 and 2, 
Po(a= 1)4h0v* + } (vv*)', 
Po(a=2)=Fov* + (2/15) (vv*)*, 


(15a) 
(15b) 


respectively. Since vwv*<0.27, higher order terms are 
negligible. 

In expressions (13) and (15), the velocity of a u 
meson, v, is the only variable. However, this may be 
taken as unity in practical cases. In the experiment 
concerned,‘ 4 mesons have traversed about 200 g cm™* 
of building material and stopped in a brass plate of 
thickness 16 g cm~?. Most of these » mesons are pro- 
duced at very high altitudes, where their momenta are 
above 2 Bev/c. The u« mesons produced at lower alti- 
tudes with lower momenta are unimportant, as shown 
by the discussions of the temperature effect.* The situa- 
tion in our case is even better than the case of the 
temperature effect, because we are concerned with 
the velocity which varies very slowly with momentum, 
whereas the temperature coefficient is sensitive to the 
momentum. Hence we need not take into account 
the complicated problem concerning the production, the 
decay, and the energy loss of « mesons. Mareover, 
the variation of » over the narrow range of momenta, 
compared with the average momentum 22 Bev/c, can 
also be disregarded. This is the advantage of observing 


*S. Olbert, Phys. Rev. 92, 454 (1953) 
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the polarization over the momentum spectrum, in order 


to obtain the energy spectrum of the w mesons. 

III. DEPOLARIZATION BY COULOMB SCATTERING 

The polarization given in Eqs. (13) or (15) is par 
tially destroyed in the passage through the atmosphere 
and the roof, and further depolarization takes place in 
the absorber. The major cause of the depolarization 
will be considered to be the Coulomb scattering by 
atomic nuclei, except at the very end of the range of 
the 4 mesons. 

The general formula for the change of polarization 
by the Coulomb scattering is given by Tolhoek,’ Eq. 
(3.8).7 This formula will be reduced to a form suitable 
to our purpose, 


A. Depolarization Above the Absorber 


Since we are asking for the polarization along the 
momentum of « mesons before they enter the absorber, 
we want to know the scattering cross section for the 
polarization to become (anti-) parallel to the scattered 
direction. In other words, we are concerned with a 
process in which the initial and the final directions of 
polarization are respectively parallel to the incident and 
outgoing momenta. 

The differential 
given by 


cross section for this process is 


ay* (0) = (h/p)*[ 410(8) (1+ cosd) — $1, (8) sind 
41,(0) sin@ cosé |, 

where @ is the scattered angle. If the initial (final) 

polarization is antiparallel to the incident (outgoing) 


momentum, the cross section for the final polarization 
to be parallel to the outgoing momentum is 


(h/p)*41o(0) (1 


( loa ) 


a; (0) cosé) + 41, (0) sind 


+ 41 2(0) sin? cosé a (16b) 


The sum of these two gives us the unpolarized cross 
section, 
(h/p)*1o(8). (17) 


a0(0) =0,*(0)+ 0, (0) 


Now the incident beam is polarized by Po. This 
means that 4(1+ Po) is polarized parallel and 4(1— Po) 
is antiparallel. When the beam is scattered by angle 8, 
the degree of polarization after the scattering is given by 
[41+ Po)ot+4(1 

-(41 
Po(at—a~)/av 


Pof I cos I; sin@ 


Py! 


Po)o ] ‘a0 


Poat+41+ Poa | 


a4 


I, sin0 cos0 |/To. (18) 


Io, 1;, and J, are expressed by the Mott scattering 
amplitudes, f(4) and g(@),* as 


To= | f\?+lai?, 1 


7™In Eq. (3.8) of reference 5, the sign of the third term in the 
right-hand side should be taken as minus 

®'N. F. Mott, Proc. Roy. Soc. (London) Al24, 425 (1929); 
A135, 429 (1932) 


fe*+J*g, La=2\g\’. (19) 





1536 SATIO 


J(6) and g(@) are given, in the first-order Born approxi- 
mation, by’ 
{(0) =4q(1—v")'+-4q cot*46 
+40’ we csch0(1—sin}6) +1 In csc?46], 
~ Pi ios —v")' coth0+-4q cothé 
}v’q’[e sechO(1—sin}6) 
+1 tan}é In csc*46], 


g(9) 


(20) 
where 


q= Ze*/hy. 


Ze is the charge of the scatterer, and the sign in Eq. (20) 
refers to a negative 4 meson. For a positive ~ meson 
the sign of g is reversed. 

Since the small-angle scattering is dominant in our 
case, we take only a leading term in each of Jo, /;, 
and J, 

1\(6)—=4q°/6, 


1,(0)=> 4q’[ 1—(1 
1,(0)> 2q°[.1 (l—1 


ve, (21) 


*)) 7/68". 
Substituting these expressions into Eq. (18), we obtain 


P'&Pf1—[3—(1—v?)* 02. (18’) 


This is independent of the charge of the « mesons. 

In each scattering the polarization changes by an 
amount given by Eq. (18’). The change in the polariza 
tion after many scatters is expressed by a product of the 
square bracket in Eq. (18’). On account of the smallness 
of 6, the product may be replaced by 1— (the sum of 
terms depending on 6°). The sum of the 6? terms is just 
the mean square of the scattering angles appearing in 
the multiple scattering. If one takes the thickness of 
matter, dx, small enough that the momentum change is 
negligible, the mean square, (6*)dx, in dx is given by 


(0° )dx= (E,/vp)*(dx/Xo), (22) 
where /,= 21 Mev is the characteristic energy for the 
multiple scattering and Xo the radiation length." 
For a thick layer we have to take into account the 
change in momentum due to the momentum 
dp/dx. Hence the depolarization in the layer of thick- 
ness x is given by 


fa (1—v*)! 


Kk? (: =) dp 
Xo Yn 2 plvp(—dp, dx) 


*W. A. McKinley and H. Feshbach, Phys. Rev. 74, 1759 (1948). 

If one wants to avoid the Born approximation, one can use 
the following expressions: f= —ig(1—v)'F+G, g=ig(1—v)F 
x cos(0/2)+G tan(@/2). The numerical values of F and G for 
point charges are given by N. Sherman, Phys. Rev. 103, 1602 
(1956). The effect of the finite size of the nucleus may also be 
neglected, as long as the scattering angle is small. 

" The term proportional to Z must be dropped for our case 
See B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1952), Eq. 2.11 (11) and Eq. 2.16 (4). 


loss, 


\\ (P )axdx 


(23) 
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where fo and p; are the initial and the final momenta 
concerned, respectively. ‘In our case, po=2.5 Bev/c, 
pi=m which corresponds to 1,=0.71. Within this mo- 
mentum range, both —v?(dp/dx) and —v(dp/dx) may 
be considered as constant and p;, is negligible compared 
with po. Therefore, the integral in Eq. (23) is carried 
out, putting »=1, and we obtain 


oS 1 m\ x 
6\= (: _ ) ’ 
2 Popr 3 pi Xo 


Thus we obtain the polarization of ~ mesons arriving 
at the apparatus as 

P; = Po(1 —6)). 

It should be noted that 6; is practically independent 


of momentum, because x is nearly proportional to po 
in usual experimental conditions. 


(24) 


(25) 


B. Depolarization In the Absorber 


Next we discuss the depolarization in the absorber, 
in which the » mesons are stopped to give decay elec- 
trons. Empirically, from the experiments with arti- 
ficially produced mesons,’ the depolarization is known 
to be small in most materials, in spite of the fact that 
the path of a w meson wiggles considerably towards the 
end of its range. Thus, while the momentum changes 
considerably due to the Coulomb scattering, the polari- 
zation remains as it is because the electric field alone 
has no influence on the polarization, and the effect of 
the magnetic field arising from atomic nuclei is negligible 
at low energies. 

If we apply the formula (3.8) of Tolhoek,® the differ 
ential cross section for the scattering, in which the 
momentum changes by angle @ but the polarization 
remains parallel to the incident momentum, is given by 


ao* (0) (h ‘p)*[1o(0) —412(0) sind |. ”(26a) 
If the polarization changes from paralle] (antiparallel) 
to antiparallel (parallel), the cross section is 


ox (0)=4(h/p)*12(8) sind. (26b) 


When the degree of polarization of the incident beam is 
P,, the polarization after a scatter is expected, in this 
case, to be 

> = P(t ey )/ao 


= Pi{1o(6)—12(6) sind ]/Io(8). (27) 


The depolarization in thickness x is obtained, in the 
same way as in Sec. A, as 


* [,(0) N 
i= f f sind—oo(0)2m sin@d6dx 
o [o{8) A 


| "3 ? 1 
[ (2) 20-12) 
o \op/ 132 6 32 


x[1— (1-2)! 


1 dx 


Min (1832- )Xy 
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The integral over x can be carried out in reference to 
the momentum loss, which is approximately given at 
low momenta by 


dp/dxa(m/pv), a=3.0 Mev/g cem™ for Cu. (29) 


For the slowing down from p, to zero momentum, we 
obtain 


EZ {3 pit (m?+ p,’)! 
b» = us inf ) 


amX 9' 32 m 


6 32 


(m+ p;*)'—m Zéeyj.ier 
a 
he 


pi 


m+ (m? + p,*)! 
xin( )| / masz 4), (30) 
m 


This holds for negative ~« mesons. For positive ones 
the sign of Ze?/hc must be reversed. 

At the very end of the range, if a negative » meson 
is trapped in the atomic orbit of a nucleus, the polariza- 
tion is randomized, as observed in some experiments. 
A positive «7 meson may trap an electron and form 
muonium. The probability that a positive meson cap- 
tures an electron seems to be about }, if one refers to 
the experiment made with slow protons.'*? We have not 
been able to understand the depolarization taking place 
at the very end of the range. 


IV. NUMERICAL RESULTS 


In order to get a qualitative idea of our problem, we 
give rough numerical values here which pertain, in 
particular, to the experimental situation described in 
the following paper.‘ 

The experiment was performed under concrete floors 
and with a lead shield so that the total thickness of 
material was about 200 g cm~*. The absorber was a 
in thickness. Thus the mo- 


) 


plate of brass 16 g cm * 


2S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953) 
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mentum at production of the ~ mesons which stopped 
in the absorber was about 2.5 Bev/c, and, consequently, 
v in Eq. (15) can be taken as unity. In this momentum 
range, the energy spectrum of the parent m mesons 
seems to have a slope indicated by a~3.! Since v* = 0.27, 
(15) gives us 


Po~0.27 (31) 


The average momentum of » mesons falling on the 
absorber and stopping in it is about 100 Mev/c. Hence 
we take p)= m= 105 Mev/c. The thickness of air, con 
crete, and lead traversed by w mesons is about «= 1.2 
10° g cm™, which corresponds to X9=40 g cm 
With these choices, Eq. (24) gives us 


6, 5.210 . (32) 
Substituting (31) and (32) into Eq. (25), we have 


P,=0.26. (33) 


The depolarization in the absorber is evaluated, for 
pi=m, Xo= 13.3 g em’, and a= 3.0 Mev/g em 


. 
2 as 


bs =2.6X10, byt =5.2X104, (34) 


where the superscripts, — and +-, refer to negative and 
positive ~ mesons, respectively. In any case the de 
polarization, 5», is negligible. The depolarization taking 
place at the very end of the range can be taken from 
the experiments with artificially produced mesons. In 
the latter case the polarization of the incident beam is 
supposed to be complete, while Po=0.26 in our case 
This comparison will allow one to know the up and 
down asymmetry of decay electrons, provided that the 
zenith angle distribution of incident » mesons is further 


taken into account. 
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This paper describes an experimental! determination of the polarization of low-energy cosmic-ray ~ mesons 
at sea level. A brass plate was placed in a horizontal position inside a magnetic solenoid. Particles which 
arrived from directions near the vertical and stopped in the plate were detected by a coincidence-anticoinci 
dence counter telescope. Stopped negative ~ mesons were destroyed by nuclear capture. Stopped positive 
wu mesons decayed into electrons which were detected by delayed coincidence counters placed above and 
below the plate. The upward and downward fluxes of the decay electrons leaving the absorber were measured 
alternately with and without a depolarizing magnetic field. The results of the measurements demonstrate 
that (1) cosmic-ray « mesons are polarized, (2) the ratio between the downward fluxes of electrons from the 
decay of « mesons stopped in a brass plate with and without a depolarizing magnetic field is 1.0524-0.016, 
and (3) the indicated polarization of stopped positive ~ mesons is 0.194-0.06 if the data are interpreted 
according to the two-component neutrino theory of w-meson decay. The r.sults are consistent with theo 
retical predictions based on the production spectrum of m mesons as found in other experiments. 


I, INTRODUCTION 


XPERIMENTS on artificially produced mesons'* 

have established the following properties of the 
m—y-—e decay sequence. (1) The decay of x mesons at 
rest gives rise to longitudinally polarized ~ mesons. 
(2) The distribution in the direction of electrons from 
the decay of polarized ~4 mesons at rest is anisotropic 
with a maximum in the backward direction. 

Most cosmic-ray ~ mesons which come to rest in a 
thin absorber at sea level arise from the decay of x 
mesons. These « mesons arrive with energies in a narrow 
range, so that they can be produced in the backward 
decay of relatively high-energy w mesons or in the 
forward decay of relatively low-energy mesons. Since 
the intensity of w mesons is higher at the lower energy, 
most of the ~« mesons which stop in the absorber have 
been produced in the forward decay of their parent 
mesons. It is apparent, therefore, that cosmic-ray pu 
mesons may be partially polarized, and that their 
polarization may be indicated by an asymmetry in the 
direction distribution of their decay electrons. The 
degree of polarization must depend on the relative 
numbers and properties of the unstable particles which 
give rise to «4 mesons and on their energy spectra, so 
that a measurement of the polarization can provide a 
check on our understanding of the role of unstable 
particles in the propagation of cosmic rays in the 
atmosphere. In the preceding papert Hayakawa has 
developed the theory of the polarization of cosmic-ray 
# mesons, and has estimated the expected experimental 


* This work was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission, 

t On leave of absence from the Chacaltaya Laboratory, La Paz, 
Bolivia 

1 Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957). 

J. J. Friedman and V. L. Telegdi, Phys. Rev. 106, 1290 (1957) ; 
A. Abashian ef al., Phys. Rev. 105, 1927 (1957). 

+1. Pless and R. W. Williams (private communication, 1957). 

*S. Hayakawa, Phys. Rev. 109, 1533 (1957) preceding paper. 


polarization: The purpose of this experiment was to 
measure the polarization. 


Il. EXPERIMENTAL ARRANGEMENT 


As in the work of Garwin et al.,! the experimental 
method consisted of measuring the effect of a magnetic 
field on the direction distribution of decay electrons 
from yw mesons which come to rest in an absorber. Nega- 
tive ~ mesons at rest in matter rapidly form u-mesonic 
atoms and, as a consequence, are rapidly depolarized. 
Thus the direction distribution of decay electrons from 
stopped negative 4 mesons is nearly isotropic. In order, 
therefore, to avoid diluting the anisotropy of the direc- 
tion distribution of decay electrons from positive u 
mesons, we chose brass for our absorber material so 
that the nuclear absorption rate of stopped negative u 
mesons would be high compared to their rate of radio- 
active decay. We chose the thickness of the brass ab- 
sorber to be greater than the maximum effective range 
of the decay electrons so that the flux from either face 
of the absorber slab would be approximately equal to 
the flux from a semi-infinite absorber. The maximum 
energy of electrons from the decay of « mesons is 53 
Mev. Since the average range of 53-Mev electrons in 
brass is approximately 12.3 g cm~*,® we used a brass 
plate of thickness 1.91 cm corresponding to 16.0 g cm 
The lateral dimensions of the absorber were 35.5 cm 
60.8 cm, and its total weight was 34.7 kg. 

If polarized 4 mesons come to rest in a field of a 
strength such that their Larmor precession period is 
small compared to their lifetime of 2.09 usec, any de- 
pendence of the decay electron intensity on the angle 
between the direction of decay and the direction of 
polarization will be greatly reduced. Clearly, this effect 
provides the simplest means for detecting and identify- 
ing the polarization of 4 mesons without evaluating the 
geometrical efficiencies of the decay electron detectors. 
Specifically, the fluxes of electrons emerging upward 


®*R. R. Wilson, Phys. Rev. 84, 100 (1951) 
1538 





POLARIZATION OF COSMIC-RAY yw MESONS: 


and downward from the surfaces of the absorber can be 
measured with and without a depolarizing field, and the 
differences can be attributed to the effects of polariza- 
tion. The intensity of the field required for depolariza- 
tion may be estimated from the gyromagnetic ratio of 
u mesons which is known to be close to 2.0.! The corre- 
sponding Larmor period is equal to 2.09 usec, in a field 
of 35 gauss so that the intensity of the depolarizing field 
must be large compared to 35 gauss. We made provision 
for establishing the required field by placing the ab- 
sorber inside a magnetic solenoid with which a field 
intensity exceeding 80 gauss could be maintained 
throughout the absorber. The solenoid was 3600 feet of 
No. 16 magnet wire wound in a double layer on a form 
which enclosed a useful rectangular volume with the 
dimensions 3 in.X15 in.X30 in. The locations of the 
solenoid and the absorber in the apparatus are shown 
in Fig. 1. 

We detected particles that arrived from directions 
near the vertical and stopped in or near the absorber 
by a coincidence-anticoincidence telescope consisting of 
three scintillation counters and a tray of Geiger counters 
(see Fig. 1). The scintillators were cylindrical slabs of 
polystyrene fluor® 107 cm in diameter and 7.6 cm in 
thickness, and the photomultipliers were all DuMont 
type 6364 with photosurfaces 5 inches in diameter. ‘Two 
of the scintillation counters S$; and S$, were placed 
several feet above the absorber. Coincident signals from 
these counters, together with a coincident pulse from 
the upper tray of Geiger counters G; [we shall denote 
such an event by (S;+.S2+G;) | indicated the arrival 
of a particle from the acceptable solid angle. The third 
scintillation counter S; was placed just beneath the 
solenoid so as to intercept the entire beam defined by 
the three counters S;, Se, and G;. (.S,;+S2+G;) events 
with which no coincident S; pulses were associated [we 
shall denote these by (.S;+-.S2+G,—S;) ] were produced 
primarily by particles that stopped somewhere in the 
material between the bottom of G,; and the top of S3. 
Three-quarters of the total mass of material, contained 
within the beam between the sensitive volumes of G, 
and S$; was brass absorber and this was, correspondingly, 
the approximate fraction of (.S\+5.:+-G:—S,) events 
which were produced by particles which stopped inside 
the absorber. 

(Si: +52+G,—5S;) events were detected by the elec- 
tronic arrangements indicated in the block diagram 
shown in Fig. 2. 1.2 usec after each such event, a gate of 
length 10 ywsec was initiated, and the subsequent occur- 
rence of a pulse from G, or G, during the gate was 
recorded on one or the other of two registers. We 
shall demonstrate that most of these events, denoted 
by (Si+S2+G,—$3+G1’) and (Si: +-S2+G,—53+Gy’), 
were caused by the decay of u« mesons which had tra- 
versed S), S2, and G; and stopped in the absorber. Since 
we wanted to be able to detect two particles traversing 


6 Clark, Scherb, and Smith, Rev. Sci. Instr. 28, 433 (1957), 
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G, within 1.2 usec of one another, and the deadtime of 
a tray of Geiger tubes connected in parallel is long 
compared to this time, it was necessary to connect the 
tubes in G; to separate blocking oscillators which gave 
short output pulses. The length of these pulses deter- 
mined the length of the delay in the initiation of the 
gate which was necessary to prevent false ($,+S2+G, 
—S3+G;') events caused by overlapping prompt G; 
pulses from particles which stopped but did not decay. 
It was, of course, important that the delay be as short 
as possible to avoid excessive loss of useful events. 

In contrast to G,, G2 was a tray of Geiger tubes con- 
nected in parallel since all desirable (S;+S2+G1—5,) 
events, namely those in which a « meson stopped in the 
absorber, left G2 undisturbed and ready to detect any 
decay electron ejected downward. Furthermore, unde- 
sirable (Si+S2+G,— $3) events, namely those in which 
aw meson stopped below the plane containing the axis 
of the tubes in Gz but above S;, almost always triggered 
G, promptly and left the entire tray insensitive to a 
traversal by any other particle during a deadtime much 
longer than the length of the gate. 

A system of relays with two sets of positions con- 
trolled the currents to the solenoid and the connections 
to the recording registers. The system was alternated 
every 15 minutes between the two sets of positions by a 
timing device. In one position the currents in the two 
layers of the solenoid winding were in opposite senses 
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used in the determination of the lifetime. 


so that the field was zero, the numbers of (.$,4+-S.+G, 

Sy4+Gy') and (8,4+-S.+G,—S8;4+G2') events were re- 
corded on the registers labeled “up-off” and ‘““down-off,”’ 
respectively, and the elapsed time with zero field was 
recorded on a register labeled ‘‘time-off” driven by a 


scale of 256 attached to the 60-cycle line frequency. 





Fic. 3, Radioactive decay plot for (Si+S24+Gi—S3+Gi') and 
(Si+-Se4+Gi—Sy+Gy') events. The straight line has a slope of 


2.18 psec 


Similarly, in the other set of positions the currents in 
the two layers of the solenoid winding were in the same 
sense so that the field exceeded 80 gauss everywhere in 
the absorber, the numbers of (.8;+.S2+G,—53;+G,’) 
and (.S;+.S$.+G,—53+G2’) events were recorded on the 
“up-on” and “down-on”’ respectively, 
was recorded on a register labeled 


registers labeled 
and the elapsed time 
“time-on.” 


Ill. PERFORMANCE OF THE EQUIPMENT 


In Table I we list the various counting rates recorded 
during a typical run of the equipment with zero field, 
and the expected rates based on sea level y-meson 
data.’ The discriminator levels on S;, Ss, and S3; were 
deliberately made low so that their individual counting 
rates were large compared to the rates at which they 
were traversed by w mesons. As a result the rates 
(Sit+S2), (SitS2+Gi), and (8,+52+Gi—S3) were 
essentially independent of small variations in the sensi- 
tivities. The calculated value of (.$,+.S:) was obtained 
by a crude evaluation of the geometrical factor so that 
it can only be roughly compared with the observed 
value. The geometrical factor for (.S,;+S2+G,) could 
be more accurately evaluated. The estimated value for 
this rate is based on the assumption that the particles 
traversed 140 g cm~? of building material and 100 g 
cm~? of lead. The estimated value for the rate of 
(S:+S$2+G,—S;) is insensitive to the thickness of ab- 
sorber overhead because the differential range spectrum 
is nearly flat at low ranges. The agreement in this case 
indicates that the apparatus functioned properly and 
that most of the gates were initiated by ~« mesons which 


’ B. Rossi, Revs. Modern Phys. 20, 537 (1948) 
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TABLE I. Counting rates of various events recorded during a typical period 


Observed 
Designation (sec™! 


1.60 10? 

1.60 10? 

4.1210 

4.69 10 

3.00 107 

5.40 10 
+G 5.33 


it Se 
itSe 


SitS2+Gi 30 10°? 


1.90 10° 
3.22K 103 


SitSo+Gi 
Si + Se 4 G, 


stop in the absorber. Finally, we computed the rate 
of (S:+S2+G,—583;+G,’) by considering in detail the 
escape of decay electrons from a semi-infinite absorber 
as will be explained in Sec. IV. The corresponding 
computation for (S,+S2+Gi—53;+G;') was not made 
because the Geiger tube in G; which is triggered by an 
incoming w meson is insensitive to the decay electron, 
and an elaborate evaluation of the geometrical efficiency 
of G, would be required for a meaningful estimate. 

We made a further check by photographing 13 000 
events on an oscilloscope whose sweep was triggered on 
gate signals caused by (.S8,+.S2.+G,—S;) events, and 
on whose deflection plates we displayed the added 
pulses from G, and G2 with G, positive and G, negative. 
The recorded events could be unambiguously classified 
according to the various cosmic-ray processes which 
gave rise to the gate signals. The relative numbers of 
events in the various classifications was entirely con 
sistent with the results shown in Table I when proper 
account was taken of the accidental coincidences and 
the contribution of radioactivity to the pulses from G, 
and G». The total contribution of accidental coinci- 
dences to the counting rates for the decay events 
(Si +S2+Gi—S3+G,’) and (8,+.$2+G,—83+G.’') was 
less than 0.1%. 

The final check on the identification of the decay 
events was the determination of their decay curve and 
mean life from the oscillographic records of decay 
events. Figure 3 shows a plot of the differential distribu- 
tion in time of the decay events. The data points are 
obviously consistent with an exponential decay, and if 
we assume that the decay is, in fact, exponential, the 
most probable mean life is* 


2.18+0.10)usec, 


which is in agreement with the accepted value for 
Mm mesons. 

Although there is little reason to expect a magnetic 
field of the order of 100 gauss to effect significantly the 


*R. Peierls, Proc. Roy. Soc. (London) A149, 467 (1935) 


Rate 
Caleulated 


1.1K 10? flux of ~« mesons) 
1.1 10? flux 
2.510 flux of « mesons) 
2.310 
1.1% 10? (flux of « mesons) 


1 yw mesons) 
(flux of w mesons) 


~7 X10 (flux of « mesons) 


30 (flux of « mesons) 


[| 6.9 10°? in absorber 
stopped w mesons 


| 2 3 a 10 3 outside absorlbe I 
M-meson decay 


26XK104 u-meson decay) 


response of a Geiger tube to an ionizing particle, we 
carried out the following simple experiment. We 
wrapped a solenoid around a Geiger tube and measured 
the counting rate of the tube when exposed to y rays 
with and without a magnetic field of 800 gauss along 
the axis of the tube. The difference between the rates 
was less than the statistical uncertainty of 0.5%. Al 
though no test was made of the effect of the field on the 
delays of the Geiger tube pulses, it appears to be safe 
to assume that the decay rates are unaffected by the 
direct action of the magnetic field on the Geiger tubes 
Furthermore, the field measurable 
effect on the other rates quoted in ‘Table I so that we 
conclude that the decay rates were unaffected by direct 
action of the field on any of the detectors. 

The radius of curvature of a 20-Mev electron in a 
field of 100 gauss is 670 cm which is large compared to 
the maximum path length of a detected decay electron 
This, together with the fact that G; and G» were sym 
metrically placed with respect to the magnetic field and 
the absorber insure that, if the up and down rates are 
affected at all by the direct action of the magnetic forces 
on the decay electrons, they must be affected in the 


solenoid had no 


same way. Consequently the ratios (down-on)/(down 
off) and (up-on)/(up-off) can be reversed relative to 
unity only through the action of the field on the parity 
violating decay of polarized 4 mesons 

The rate of gates generated by (.8;+S82+G2— 4) 
events was high enough so that the daily average rate 
could be determined with a statistical uncertainty of 
1.2%. We found that the daily averages varied within 


The 


chi-squared test indicated the presence of variations of 


a maximum range of 5% from the over-all mean 


the same order in the much lower rates of delayed events 
(S)+$2+G—S34+Gy') and (S,+.S2+G,— 834-Gy’). Since 
these rates were all determined for long periods during 
which the field was alternately on and off, it is clear 
that the observed variations were not caused by. the 
the field they 


were small. ‘The most important fact, however, is that 


variations in magnetic furthermore, 
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Fic. 4, Histogram plots of expected (solid line) and observed 
(dotted line) relative frequencies of days on which the ratio 
(dlown-on)/(down-off) fell in various intervals. The expected rela 
tive frequencies were computed for the case where the average 
value of the ratio is 1.052 


they cannot effect in a direct way the ratios which ex- 
press the final result of the measurements. 


Ill. EXPERIMENTAL RESULTS ON THE 
u-MESON POLARIZATION 


In Table IT we list the total counts in the four decay 
event registers recorded during a total running time of 
1472.7 hours over a period of about two months. Figure 
4 shows the statistical distributions for the daily values 
of the ratio of rates upon which the final result depends. 

The first objective was to check on the existence of a 
polarization effect. As we have indicated, care was taken 
to avoid instrumental variations in detection efficiency 
which might be correlated with the magnetic field 
strength. Furthermore, the tests described in Sec. I 
strongly indicate the absence of any such variations. 
However, the danger of drawing a false conclusion 
about the existence of a polarization effect can be 
further reduced by computing from the observed data 
the ratio 

(up-off) + (down-on) 


0 


(up-on) + (down-off) 


which should be particularly insensitive to any residual 
instrumental effects correlated directly with the mag- 
netic field. Specifically, if the detection efficiencies of 
G, and G» were both less with field on, then the ratios 
(up-off) /(up-on) and (down-off)/(down-on) would tend 
to be greater than they should be and would not be a 
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true indication of polarization. However, in the ratio Ro, 
any such direct effect would be surpressed, provided it 
affected both “up” and “down” rates the same way. 
The value found for this ratio was 


1.041+0.012, 


where the indicated error is the standard deviation for 
the distr.bution of the ratio of two random variables 
each obeying the Poisson distribution whose mean value 
is equal to one-half the total number of decay events 
recorded. The ratio is different from unity by more than 
three standard deviations, and this constitutes the 
clearest proof that cosmic-ray «4 mesons are polarized. 

Another clear indication of the existence of polariza- 
tion is the fact that the ratios quoted in Table I are 
reversed relative to unity as would be expected for the 
predicted asymmetric decay with a maximum in the 
upward direction. 

As was mentioned earlier, the geometrical evaluation 
of the detection efficiency of G, for decay events is 
greatly complicated by the fact that the decay electron, 
if it goes upward, is likely to pass through the Geiger 
tube which was discharged and rendered insensitive by 
the parent ~ meson. Consequently, the most signifi- 
cant ratio for the evaluation of the polarization is 
(down-on)/(down-off), and its value, as indicated in 
Table II, is 1.052+0.016. We checked the daily varia- 
tion of this ratio for proper statistical behavior. The 
observed distribution should be consistent with the 
hypothesis that the ratio is the quotient of two random 
variables each distributed according to the Poisson 
distribution with mean values equal to the average 
daily numbers of events. The chi-squared test gave a 
test value which should be exceeded with a probability 
of 55% if the hypothesis is true, and this indicates the 
statistical reliability of the results for this, and by 
implication, for the other ratios. It is also apparent from 
Fig. 4 that the expected relative frequencies of the vari- 
ous rates fit the observed frequencies satisfactorily. 


IV. EVALUATION OF THE RESULTS 
The experimental results we have described in Sec. III 
establish the existence of a field-sensitive anisotropy in 
the decay of stopped cosmic-ray » mesons. We shall 
now compare the observed anisotropy with that which 
would be expected for polarized 4 mesons. Specifically, 
we shall calculate the upward and downward fluxes of 


TaBLe IT. Summary of total numbers of decay events recorded 
in each of the four registers corresponding to the four combinations 
of the direction and field conditions. The last column gives the 
ratios of the field-on and field-off rates. 


Rate with field on 
Field — — 
on Rate with field off 

736.6 
8582 
5110 


Total elapsed time (hr) 
“down” 
“up” 


1.052+0.016 
0.977+0.019 
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decay electrons from semi-infinite slabs of absorber in 
which cosmic-ray « mesons come to rest. The results 
depend on the polarization of the » mesons, and on the 
way in which the decay probability of 1 mesons depends 
on the energy and direction of the ejected electron. We 
shall show that on the basis of the u-meson decay theory 
of Lee and Yang’ the upward (downward) flux is 
approximately 


Jun) =0.18MR[1+ (—)0.29EP J, (1) 


where m is the number of » mesons which stop in one 
gram of absorber in one second, R is the average range 
of a beam of 53-Mev electrons into a semi-infinite slab 
of absorber, £ is a theoreti al paramcter, and P is the po- 
larization. We shall also show that the ratio of the ob- 
served downward fluxes with and without a depolarizing 
field gives 

PE=0.19+0.06. (2) 


Figure 5 is a schematic diagram of the decay of a yu 
meson which has stopped at a depth x beneath the 
surface of a semi-infinite slab of absorber. We shall 
measure x in units of R. The angle between the vertical 
direction and the direction of emission of the electron 
will be denoted by 6. It is clear that the effects of 
polarization will manifest themselves in a dependence 
of the decay probability on the angle 6. We call 
dN (u,0,2) = g(u,0,P)du(d2/4m) the fraction of « mesons 
with polarization P which decay into electrons ejected 
with energy between u and u+-du and into a solid angle 
element dQ at an angle 6 with respect to the direction of 
polarization. It is convenient to measure the energy in 
units of the maximum energy of /,,=53 Mev so that u 
ranges from zero to one. Finally, we call Q(x,6,u) the 
probability that an electron of energy u ejected in a 
direction 6 at a depth x in the absorber emerge from the 
surface. With these symbols we can write an expression 
for J which we call the number of decay electrons that 
emerge from unit area of a semi-infinite absorber slab 
in unit time. J is given by the expression 


© x/2 1 sind 
J=nR ax f ao { g(u,0,P)O(x,0,u)——du. (3) 
ren) Gu) es 2 


== () 


If the decay particles were heavy compared to elec- 
trons, then straggling and scattering would be relatively 
unimportant, and to each initial energy u there would 
correspond a well-defined range r(u) subject only to 
small fluctuations. In this case the function O(x,0,u) 
could be well approximated by the expression 


>r(u) 
cosé 
Q(x,0,u) 
1 ~<r(u) 
_ cosé 


9T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 
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Fic. 5. Schematic diagram illustrating the decay of a uw meson 
at a depth x in a semi-infinite absorber 


Actually, electrons above the critical energy (~20 Mev 
for brass) frequently undergo radiation processes which 
cause large fluctuations in the rate of energy loss, while 
electrons below the critical energy are subject to severe 
Coulomb scattering which tends to randomize their 
direction. ‘Thus, in reality, O(+,0,4) is a complicated 
function which could probably, be evaluated only by 
Monte Carlo methods. We have therefore chosen the 
step function given in Eq. (4) to represent ((x,0,) 
approximately for the escape of the decay electrons. 
Wilson® has investigated the ranges of electrons with 
energies comparable to the critical energy by Monte 
Carlo methods. He has demonstrated that the average 
range of electrons can be represented by the formula 


Xo Em 
In2 n( f ') rs, (5) 
R F,\n2 
where /y is the initial energy of the electrons, /, is the 
critical energy in the absorber, Xo is the radiation 
length, and r, is a small correction which is made for the 
effect of Coulomb scattering near the end of the range 
where the the randomized, 
Equation (5) provides a nonlinear relationship between 
u and ¢ which makes the required computations difh- 
cult. In view of the approximate representation of the 
function Q which we have already adopted, and con 
sidering the present accuracy of the experimental value 
for the decay asymmetry, we have approximated the 
relation between r and u by the linear equation 


direction of electron 1s 


r=. (0) 


As yet there is no complete experimental determina 
tion of the function g(u,6,?). We have therefore adopted 
the relation derived by Lee and Yang’ on the basis of 
the two component theory of the neutrino, namely 


g(u,0,P) = 2u*{(3—2u)+éP cos6(1—2u)} (7) 


The evaluation of Eq. (3) on the basis of these as 
sumptions can be carried out analytically and leads to 
the result given by Eq. (1). 
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Before the experimental results can be used with 
Eq. (1) to determine a value for £?, we must estimate the 
importance of the following three effects. 

(1) A small fraction of the negative 1» mesons which 
have been brought to rest and have formed mesic 
atoms decay before they are captured. If we assume 
that they are depolarized through spin orbit magnetic 
interactions within the mesic atoms, then they must 
contribute an isotropic background of decay electrons 
which tends to dilute the observed effect. However, the 
lifetime of negative » mesons in brass is about 0.1 micro- 
the fraction which are left when the 
delayed coincidence gate is initiated about 1.2 micro 


second so that 


second later is negligibly small 

(2) With the field on, the average decay probability 
in a given direction is a time average of the instan- 
taneous probability weighted according to the survival 
probability for the « mesons. At a time ¢ after a « meson 
has come to rest its polarization will have precessed by 
an angle of 2r(t/T) where T is the Larmor period. The 
probability that it survives to the time ¢ and then 
decays during the time interval di is e~“/ "dt where r is 
the lifetime. In the Lee-Yang theory the decay prob- 
ability is proportional to 


a+-EP cosé, 


where @ is the angle between the decay direction and the 
polarization. After precession through an angle w/, the 
original direction specified by the polar angles 6 and ¢ 
now makes an angle 6’ with the polarization which is 


given by 


cost’ 


sin@ sing sin2r(t/T)+-cos6 cos2r(t/T). 


‘Thus the instantaneous decay probability at time ¢ in 
directions making an angle of 6 with the vertical is pro- 
portional to 


a+ EP cos6’. 


Finally, the value of this probability averaged over all 
azimuth angles g and time is proportional to 


etl) w 
| \f (a+-EP cos0')e~“/P'dt= (a4-EP’ cos), 
T ti 


(8a) 


AND J 
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where ; 
sin(2m(t;/T)+arc tan(T/2r7)) 
P wet. _ 


- —-, (8b) 
(1+ (247/T)*)! 


The observed flux of decay electrons in the presence of 
the field can now be calculated as before, but with P 
replaced by P’. In our case r= 2.09 usec, T~0.8 usec 
so that, regardless of the phase of the sinusoidal func- 
tion, we have 


PP’ <0,063P. 


For our particular value of the gate delay ¢; which was 
1.2 usec, the sinusoidal function is nearly zero. Thus we 
shall assume that the magnetic field rendered the decay 
average probability perfectly isotropic. 

(3) P is the polarization of the cosmic-ray 4 mesons 
in the direction of their flight. Since the telescope ac- 
cepts mesons which arrive within a solid cone whose 
half-angle is about 25°, the observed polarization will 
be reduced by an amount which depends on the zenith 
angle distribution of mesons. We shall assume a cosine 
squared law for this distribution so that the observed 
polarization is 0.96P. 

The ratio of the downward fluxes with and without 
field can now be written according to Eq. (1), 


JutJIb 1 


Wn =1—0.29K0.96EP 

If we set this equal to the observed ratio given in Table 
II we find for £P the value given in Eq. (2). According to 
the theory of Hayakawa‘ the corresponding value of a, 
which is the exponent in the r-meson production spec- 
trum, is 2.0+0.6 if we assume that £-1.0, This result is 
consistent with other values of a'® derived from the 
range spectrum of « mesons. 
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Experiments are described that have been designed to measure separately annihilation and reaction cross 
sections for antiprotons of approximately 450 Mev on oxygen, copper, silver, and lead. A new and more 
luminous spectrograph has been built for this experiment. The antiproton cross sections are compared with 
total proton cross sections, and are found to be larger by a factor varying from 1.74 for oxygen to 1.39 for 
silver. Calculations based on the optical model give a reasonable connection between these cross sections and 
the p-p and p-n cross sections. Finally, the information available on antiproton production cross sections is 
collected. There are indications that a free nucleon is several times as effective as a bound one for producing 


antiprotons 


I. INTRODUCTION 


MMEDIATELY following the discovery of the anti 
proton,! experiments were begun to study the proper- 
ties of the new particle which were not immediately 
predictable on the basis of Dirac’s theory. The first 
step in this direction was a study of the interaction of 
antiprotons with complex nuclei.’ The attenuation of 
antiprotons in two elements, copper and beryllium, 
was studied. This first experiment showed two striking 
features of the interaction of high-energy antiprotons 
with complex nuclei: an attenuation cross section that 
as approximately twice as large as that for positive 
protons, and a large probability for annihilation. Several 
other experiments involving both counters and photo- 
graphic emulsions have also been performed* *; all 
have indicated general agreement with these first results. 

It is clear that the original study had to be extended 
in many directions. For instance, it is desirable to have 
information concerning the dependence of the cross 
section on mass number of the target and on the energy 
of the antiprotons. The distinction between annihilation 
and scattering cross section had to be made, and the 
angular distribution of the scattered antiprotons 
determined. This program involves very complex and 
lengthy investigations.* In this paper we report the 
results obtained thus far with complex nuclei. The 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Preliminary reports on this work have been given: E. Segré, 
Bull. Am. Phys. Soc. Ser. II, 2, 36 (1957); Ypsilantis, Keller, 
Mermod, Segré, Steiner, Wiegand, and Chamberlain, Bull. Am. 
Phys. Soc. Ser. II, 2, 193 (1957); Owen Chamberlain, in Proceed 
ings of the Seventh Annual Rochester Conference on High-Energy 
Nuclear Physics (Interscience Publishers, Inc., New York, 1957) 

1 Chamberlain, Segre, Wiegand, and Ypsilantis, Phys. Rev 
100, 947 (1955). 

* Chamberlain, Keller, Segre, Steiner, Wiegand, and Ypsilantis, 
Phys. Rev. 102, 1637 (1956). 

4‘ Brabant, Cork, Horowitz, Moyer, Murray, Wallace, and 
Wenzel, Phys. Rev. 102, 498 (1956). 

*Cork, Lambertson, Piccioni, and Wenzel, Phys 
248 (1957). 

° Barkas, Birge, Chupp, Ekspong, Goldhaber, Goldhaber 
Heckman, Perkins, Sandweiss, Segré, Smith, Stork, van Rossum 
Amaldi, Baroni, Castagnoli, Franzinetti, and Manfredini, Phys 
Rev. 105, 1037 (1957). 

* Chamberlain, Segr?, Wiegand, and Ypsilantis, Nature 177, 11 
(1956). 
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study of hydrogen and deuterium will be reported later. 
We have up to now used only antiprotons of one energy, 
about 450 Mev. give 
separately the annihilation cross sections and attenua 


Qur present measurements 
tion cross sections which cut off angles of 14.3° and 
20.5°. Estimates are also made of the total reaction 
cross sections. 

From the experimental point of view, the first step 
necessary to conduct this investigation was to improve 
the antiproton beam. We describe in Sec. I the new 
spectrograph used to this end. In Sec. IL] we give a 
description of the attenuation and annihilation experi 
ments and of their evaluation. In Sec. IV we give 
whatever information it has been possible to collect 
up to now on production cross sections of antiprotons 
Section V contains a discussion of the experiment and 


conclusions. 


Il. THE SPECTROGRAPH 


The Bevatron beam incident upon the antiproton 
production target was in the energy range 5.8 to 6.3 
Bev. The internal beam intensity was from 2% 10" to 
3 10" protons per pulse, one pulse every 6 seconds. 
or (CH,),. The 
internal proton beam was monitored by means of two 


The production targets used were C 


auxiliary counters in coincidence aimed at the target 
from a distance of about 15 feet. 

The mass spectrograph, which gave a signal whenever 
an antiproton passed through it, was very similar in 
structure to the one used previously, but it contained 
several that greatly the 
luminosity of the apparatus. Indeed, in our original 
run we had approximately one antiproton every 15 


improvements increased 


minutes, whereas here the intensity was increased by 
a factor of approximately 80, This was accomplished 
by increasing the aperture of the spectroscope and, also, 
by accepting 4 momentum interval of + 39% instead of 
only +1% as before. ‘This relaxation of the momentum 
definition made the mass determination less precise, but 
once antiprotons had been identified, we could afford 
this uncertainty. 

The spectrograph used in this run is shown sche 
matically in Fig. 1. The characteristics of the principal 
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Fic, 1, Spectrograph used for the detection of antiprotons. For 
characteristics of parts see Table I 


components of this apparatus are given in Table I. 
The antiprotons produced in a 6-inch-long carbon or 
9.7-inch-long polyethylene target in the Bevatron were 
bent outwards by the field of the Bevatron. A small 
magnet D was placed as close as possible to the structure 
of the Bevatron in order to guide the negatively 
charged beam into the magnetic channel that deter- 
mined the momentum of the particles. The current in 
this magnet was varied until the intensity of the 
negatively charged particle beam was maximum. Upon 
emerging from the magnet D, the beam of those 
particles having a momentum 1,19 Bev/c entered a 
magnetic quadrupole focusing lens (1, which focused 
the particles at the center of a second smaller quadrupole 
lens L. Between these two quadrupole lenses there was 
a bending magnet M1, which deflected the antiprotons 
by an angle of 14°. The lens L served as a field lens to 
guide particles leaving (1 onto the entrance aperture 
of the last lens 02. At the exit of L there was a counter 


ET AL. 


F1 which, in conjunction with another counter F2, was 
used to determine the time of flight. In the second half 
of the magnetic channel the magnet M2 bent the beam 
by another 18.8°, slightly higher than the figure 
mentioned above. The antiprotons reaching the counter 
F2 had a momentum of 1.175 Bev/c because of losses 
in the gas along the trajectory and in the counter F1. 
The final focusing was achieved by a third quadrupole 
lens 02. The momentum of the beam at F2 was 1.175 
Bev/c, with a spread at half maximum of +3%,. This 
corresponds to an antiproton energy of 565+35 Mev. 
The horizontal and vertical intensity distributions of the 
beam at F2 are shown in Fig. 2. The horizontal distri- 
bution shown in Fig. 2 is considerably narrower than 
that at Counter F'1 because the dispersion of the second 
half of the spectrograph (after F1) compensates for the 
dispersion of the first half. Ionization energy losses in 
the remaining counters of the mass spectrograph 
reduced the mean energy of the beam to 497 Mev upon 
leaving $1, the last of these counters. The diameter 
of the beam at this point, defined by Counter $1, was 
4 inches, and the beam had a root-mean-square angular 
divergence of 3°, owing mainly to multiple scattering 
in F2, C1, and C2. 

The scintillator S1 can be considered the source 
of our certified antiprotons, which were identified by 
simultaneous measurement of their momentum and 
velox ity. 

The velocity was determined by the use of Counters 
Fi, F2, Ci, C2, and S1. F1 and F2 were velocity- 
selecting Cerenkov counters that discriminated against 
pions but were sensitive to antiprotons. These counters 
consisted of liquid styrene radiators (index of refraction 
1.543) viewed by one RCA-6810 photomultiplier tube. 
They detected charged particles in the velocity range 


Taste I. Characteristics of components of the apparatus. 


Bevatron target (production target for antiprotons). 
Fitch-type Cerenkov counter of styrene with 2.5% 
ethyl bromide added: po=1.54, p=0.91 g cm; 
diameter 3.88 in. by 2.31 in. thick. 
Same as F'1 except diameter 2.5 in. 
Cerenkov counter of Fluorochemica] 0-75 (CsF iO); 
pup= 1.276; p= 1.76 g cm™; 4 in. square by 1.5 in. thick. 
Cerenkov velocity-selecting counter of lucite; un = 1.50; 
p=1.18 g cm~4; diameter 2.37 in. by 4.25 in. thick. 

S1 Plastic scintillator counter 4.0 in. in diameter by 0.62 
in. thick. 

E Area occupied by apparatus and counters for the 
various experiments 

D Deflecting magnet 18 in. long; aperture 12 in. wide by 

5 in. high; 3.2° bending. 

Quadrupole focusing magnets of 8-in. aperture. 

Deflecting magnets 60 in. long; aperture 12 in. wide by 

7 in. high; 14° bending and 18.8° bending, respectively. 

Quadrupole focusing magnet of 4-in. aperture. 

C* Slotted Cerenkov counter of methy! alcohol. 

S2 Plastic scintillator counter 14.75 in. in diameter by 
0.25 in. thick. 

S3 Plastic scintillator counter 13 in. in diameter by 1.0 
in. thick. 


01, 02 
Mi, M2 





EXPERIMENTS ON ANTIPROTONS 


0.65<B<0.86. Particles with a velocity below this 
range did not emit Cerenkov light in the styrene, and 
the Cerenkov light from particles faster than B=0.86 
was totally internally reflected and hence not admitted 
to the photomultiplier tube. The design of these 
counters is due to Fitch.? However, about 10% of the 
particles with a velocity greater than B=0.86 were 
detected by these counters because they produced fast 
secondaries in the liquid. Hence, Fl and F2 had a 
rejection efficiency of only about 90%. Counter Cl 
consisted of a fluorochemical radiator (CsF yO, desig- 
nated as 0-75 by the Minnesota Mining and Manu- 
facturing Company) with an index of refraction of 
1.276; it counted only charged particles with B>0.78 
and hence did not detect antiprotons, but did detect 
the mesons. 

C2 was a special counter that detected particles in the 
very narrow velocity range 0.74<8<0.77, with a 
rejection efficiency for faster or slower particles of 
97%,.® Finally, S1 was an ordinary scintillation counter, 
4 inches in diameter, which detected all charged particles 
passing through it. This counter defined the size and 
divergence of the antiproton beam incident upon the 
target. Thus, for detecting antiprotons, Counters F1, 
F2, C2, and S1 were connected in coincidence with one 
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Fic. 3. Arrangement of counters for detecting separately the 


annihilation and the scattering of antiprotons. 


another and Cl was connected in anticoincidence. In 
conjunction with the attenuation measurements de 
scribed below, the pulses from various counters follow- 
ing S1 were photographed from an oscilloscope screen, 
and on the same film the pulses from Counters F'1, F2, 
C1, and S1 were displayed to keep a continuous check 
on the mass spectrograph. 

As a means of checking our results, we also used the 
For this 
purpose it was necessary to change the Bevatron-target 


spectrograph to select positive protons, 
position slightly, reverse the currents in all magnets 
of the spectrograph, and then adjust the current in 
magnet D so that the protons were properly centered 
on Counter #2. For these runs the Bevatron internal 
beam was accelerated only to 1.1 Bev. At this energy 
mesons of 1.175 Bev/c momentum could not be 
produced, 


Ill. ATTENUATION AND ANNIHILATION 
IN COMPLEX NUCLEI 

The experimental arrangement used to determine the 
attenuation and annihilation cross sections is shown 
in Fig. 3. The material whose cross sections were to be 
measured was placed in the absorber slots within the 
Counter C*, Counters S2 and $3 served to determine 
whether or not a given antiproton (indicated by the 
selecting apparatus described in the previous section) 
passed through the absorber (attenuator) and the 
material of Counter C*. Special attention was given to 
annihilation events in the attenuator, which could 
frequently give rise to charged particles that traversed 
S2 or S3. These annihilation events were separately 
detected in Counter C*, which was a Cerenkov counter 
containing methyl alcohol (index of refraction 1.33), 

Nuclear-emulsion studies of annihilations of anti 
protons’ have shown that nearly all annihilations give 
rise to fast charged pions (fast enough to give detectable 
light in methyl alcohol) or neutral pions (whose y rays 
frequently are converted within Counter C* and give 
detectable Cerenkov radiation). Thus, Counter C* was 
a very efficient detector of annihilations (efficiency 
> W%). 
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The attenuation materials chosen were copper, silver, 
and lead. The thicknesses of the absorbers and the 
average energy of antiprotons or protons at the centers 
of the attenuators are given below. 


beam considerable 


Because our antiproton had 
divergence (about 3°) and because the last counter of 
the mass spectrograph (S1) was rather large (4 in. in 
diameter), it was not possible to do the attenuation 
experiment in very “good” geometry. We chose cutoff 
angles, as shown in Fig, 3, of 14.3° and 20.5°, angles well 
outside the region of strong diffraction scattering for 
either antiprotons or protons. This choice was intended 
io minimize errors due to small changes in geometry 
of the system. There was some attenuation and annihi 
lation in the methyl alcohol and stainless steel walls of 
(Counter C* so that it was essential to make some runs 
without any absorbers in the slots of Counter C* 
With slots empty, 71% of the antiprotons passed 
through unaffected. or at most scattered to angles less 
than 14.3°. When the attenuators were in place in the 
slots, the corresponding transmissions varied from 32% 
to 44%, depending on the material used 

Each antiproton indicated by the mass spectrograph 
was considered an annihilation if it was accompanied 
by a pulse in the C* counter, irrespective of whether 
counts were registered by S2 or S3. If no pulse was 
seen in the C* counter, then the presence or absence 
of pulses in S2 and S3 indi ated whether the antiproton 
in question passed through without scattering (actually, 
scattered to an angle smaller than 14.3°), or scattered 
to an angle between 14.3° and 20.5°, or scattered to an 
angle greater than 20,5°. A scattering process involving 
scattering by an angle smaller than 14.3° is not detected 
by this apparatus, hence the quoted cross-sec tion 
results do not include diffraction scattering, which is 
predominantly to smaller angles. 

Although the various annihilation and attenuation 
data were recorded electronically during the run, there 
was serious question at the beginning of the run as to 
how the amplifier gain settings should be made in the 
signal channel of the C* counter. The uncertainty was 
aggravated by the fact that some small scintillation 
pulses were observed when slow protons (definitely 
too slow to produce Cerenkov radiation) were passed 
through the C* counter. It was therefore necessary to 
photograph the pulses from the C* counter, and at the 
same time the pulses from almost all the other counters 
were photographed. After the film had been developed 
and scanned, it was then possible to construct detailed 


pulse-height curves (or bias curves) for the C* counter. 
This, in effect, allowed adjustment of the bias of the 


counter after the run was finished, and permitted a 
detailed analysis of annihilation events that gave small 
pulses in the C* counter. The photographic recording 
has unfortunately been very laborious, involving many 
man-months of film-scanning effort. Each event has 
been recorded in detail on an IBM card, and an IBM 
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650 machine has been used to make various types of 
summations and summaries of the data. When positive- 
proton cross sections were measured, it was not neces- 
sary to use the photographic method because there were 
no C* pulses to be analyzed (no annihilations). However, 
a check of these measurements for protons was also 
made by the photographic method and it was found that 
the results agreed with those from the purely electronic 
detection, It was necessary to construct a reliable 
extrapolation procedure in order to decide which 
pulses were due to annihilation and which not. Un- 
fortunately there is no obvious pulse height for which 
one can say that all pulses larger than this value, and 
no others, represent annihilations. Indeed, such a 
sharp distinction is not to be expected, not only because 
emulsion data have indicated that the amounts of light 
to be expected from different stars vary within wide 
limits, but also because the amounts of light resulting 
from the same kind of annihilation occurring in different 
positions in the absorber or C* counter are different. 
For instance, annihilations near the end of the C* 
counter, where the path length for the resulting charged 
mesons is short, give little Cerenkov light. Thus we 
conclude that a few annihilations give small pulses or no 
pulse in Counter C*. 

Qn the other hand, one may ask if small pulses can 
be produced by antiprotons that merely pass through 
C* without undergoing any nuclear interaction. This is 
best answered by studying the pulse-height distribution 
of C* pulses when positive protons are incident. Even 
when the momentum of the protons was lower than 
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TARGET (2000 VOLTS) 
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C* PULSE HEIGHT (mm) 





Fic, 4. Pulse-height histogram for 1.475-Bev antiprotons on Cu 
in the C* counter, with 2000 volts on C*. The solid curve is the 
integral of the histogram from the right, showing the method of 
extrapolation. In this example, only events for which counter ‘$3 
did not count are included 
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1.059 Bev/c, well below the limit at which they could 
produce Cerenkov light, it was found that there were a 
few small pulses in Counter C*, presumably due to some 
scintillation in the alcohol. We may conclude that only 
some of the small pulses in C* represent annihilations, 
and that some annihilations are included in the events 
for which no pulse in C* occurs. In order to resolve this 
dilemma we used the following procedure: We plotted 
in histograms the numbers of events with the C* pulse 
greater than a given value. As an example, such plots 
are shown in Figs. 4 and 5. The points on the solid curve 
represent an integral of the pulse-height histogram 
starting from the right. The integral curve shows a 
reasonable plateau if we omit the very small pulses 
that are almost certainly due to causes different from 
antiproton annihilation. We can then extrapolate from 
the flat part of the plateau and obtain an extrapolated 
number of pulses. Similar diagrams were obtained for 
various values of the photomultiplier voltage on the 
C* counter, and it was verified that the results of the 
extrapolation agreed among themselves regardless of 
the voltage. Using procedures of this type, we deter- 
mined the numbers of events in each of the following 
categories : 

a. Ig 


or protons as the case may be) on the attenuator 


the number of incident particles (antiprotons 
the 
total number of acceptable events. 

b. Ja,= the number of annihilation events. 

co 1(20°) 
a cutoff angle 6,<20.5°. ‘This equals the number of 
nonannihilation events that count in §2. 


the number of pass-through particles with 


Ion (S3)—C* WITH 
Cu TARGET (2200 VOLTS) 


NUMBER OF EVENTS 











6 
C* PULSE HEIGHT (mm) 

Fic. 5. Pulse-height histogram for 1.175-Bev antiprotons on Cu 
in the C* counter, with 2200 volts on C*. The solid curve is the 
integral of the histogram from the right, showing the method of 
extrapolation. In this example, only events for which counter 53 
did not count are included 


ON 


ANTIPROTONS 


TABLE IT. Characteristics of attenuators 


Average beam 
kinetic energy 
at center (Mev) 


Thickness 
(atoms cm™*) 


Thickness 


Material (g cm™*) 


0.644 10" 411 
0.296 10" 131 
0.1678 10” 436 


Cu 67 
Ag 53 
Pb 58 


TABLE IIT, Data obtained for antiprotons incident on a copper 
attenuator. The copper thickness is indicated in Table II. Data 
are also given for the case in which the slots are empty (back 
ground data, indicated in the text as /9’, /'(14°), etc.) 


Number of 
events, slots 
empty 


Number of 
events, copper 
in slots 


Quantity 
evaluated 


Io 1951 1100 
1(14°) 628 785 
7(20°) 651 805 
Ton 1180 250 
Ten( < 14°) 205 65 
I aa( <20°) 332 95 


d. 7(14°)= the number of pass-through particles with 
a cutoff angle @,<14.3°. This equals the number of 
nonannihilation events that count in 83 

é. In( < 20") 
which charged particles count in $2 

ttt te") 
which charged particles count in S3 

g. Tan(> 20°) 
which no charged particle counts in S2. 

hh. Loa 14") 
which no charged particle counts in S3 


the number of annihilation events in 
the number of annihilation events in 
the number of annihilation events in 


the number of annihilation events in 


We have the following obvious relations 


1. I an Pm © 20°) { | > 20°) 


Tan(< 14°)+Tan(> 14°). 


20°) +-7(20°) = total number of counts in 82. 


Font 
Tan( <14°)+J/(14°) 


total number of counts in S3. 


j. 
k. 


Ihe formula for the attenuation cross sections a(@,) 


| Io I'(0) 
n( ) 
N T(0.) Io 


where the / are as defined previously, and the /’ have 


at cutoff angle @, is 


a(6.) 


the same meaning as the corresponding / but are 
measured without any absorber in the slots; they are 
background data. .V is the thickness of the absorber in 
the slots in nuclei per square centimeter. ‘Table II gives 
the data for the various absorbers. 

As an example to indicate how the cross sections were 
determined from the eriginal data, we describe here in 
detail the calculation of the cross sections for anti 
protons on copper. The data are shown in Table II 

To give some idea what was involved in the extra 
polation procedure used to correct for imperfections in 
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TaBLe IV. Antiproton and proton cross sections in millibarns. 7 is the kinetic energy at the center of the attenuator; 7(14°) is the 
cross section for annihilation and nuclear absorption plus the cross section for scattering to angles larger than 14°; 7(20°) is similarly 
defined ; a4, is the annihilation cross section; o, is the total reaction cross section (see text for extrapolation procedure) ; p indicates 


antiprotons, and p* indicates protons 


- @(14") @(20°) 
(Mev) p pe p pt 


457 556410 2924-2 517410 2464-2 

411 1240482 71945 1220488 40+4 

431 16304170 105246 1640+ 183 9244-6 

436 29104222 1722+4-20 26804254 1461410 
2850-4- 225» 1662 4-36" 


Clement 


(* 
Cu 
Ag 
Pb 


* Oxygen cross sections are based upon data to be described in a later paper 
cToss sections 
» Corrected for multiple scattering effects as calculated using the results of R. Sternheimer, Rev. Sci 


traction experiment to determine the hydrogen (and deuterium 


Cu, and Ag were not significant 


the counter C*, we may comment that for /(14°) the 
extrapolation changed the raw number 647 to 628 
(shown in ‘Table IJ). The background extrapolation 
accounted for a change of about the same magnitude. 

Because the elastic diffraction cross section is almost- 
all contained within angles smaller than 14°, it is 
possible to estimate the total reaction cross section by 
extrapolating to zero solid angle subtended by the 
counter (meaning Counter $2 or $3). The method is 
the same as that used by Chen, Leavitt, and Shapiro,’ 
and is not described further in this paper. Since the 
extrapolations add very little to the cross sections, the 
method should be quite adequate for our needs. The 
computed reaction cross sections are listed with the 
results. 

The statistical errors in the determination of the 
cross sections are given by the formula 


17 
ly 


1 1 
NLI(0,) 


Ao (0, ) 


‘To this we must add the error due to the extrapolation 
of the data mentioned previously. This has been 
estimated and Ao has been increased by a factor of 
about 1.4 in order to take the last error into account. 
The results are given in Table IV. In this table we have 
also included for comparison the cross sections obtained 
with a proton beam. These agree reasonably well with 
data obtained elsewhere. The data of Table IV agree 
also with the data previously obtained by us. 


IV. PRODUCTION CROSS SECTIONS 
FOR ANTIPROTONS 


In the course of these experiments it has been possible 
to estimate absolute differential antiproton production 
cross sections, and, by using alternatively two different 
targets in the Bevatron, to compare the differential 
production cross sections for two elements, hydrogen 
and carbon. The cross sections refer to production at 0° 
in the forward direction and are per unit solid angle and 
unit momentum interval of the antiproton. We do not 


“y 


* Chen, Leavitt, and Shapiro, Phys. Rev. 99, 857 (1955); see 
especially Fig. 5 of that paper. 


p " pe ar(p)/ar(p*) 
5904-12 34044 7440.04 
1200491 880+ 10 440.11 
16354188 1170412 39+0.16 
3005 +275 1845+40 62+0.16 


or(P)/oan 


1.36+0.04 
1.19+4-0.10 
1.09+0.17 
1.49+-0.20 


45349 
1040+61 
1500+ 157 
20104182 


The data in question were obtained in connection with a HxO —O: sub 


Instr. 25, 1070 (1954), Similar corrections for O, 


know whether the antiprotons are formed by a 
p+p-3p p rea tion or by a two-step reac tion 
involving the formation of pions as a first step. 

Our mass spectrograph includes two momentum 
analyzers composed of the magnets before 
Counter /'1, the other the magnets following F1, It is 
not trivial to estimate the transmission of this whole 
system, because it is difficult to determine what fraction 
of the particles transmitted by the first analyzer 
succeed in passing through the second analyzer. It is 
possible, however, to make a reliable estimate of the 
effective solid angle and effective momentum interval 
of the first momentum analyzer. One can then deter- 
mine, once the beam intensity is known, the differentia] 
cross section (cross section per unit solid angle and unit 
momentum interval) for production of charged particles 
at the target. The second momentum analyzer and 
associated counters can then be used to determine what 
fraction of the charged particles consists of antiprotons. 
Although the counter arrangement used in the work 
reported here was not such as to allow an accurate 
count of the total numbers of charged particles reaching 
F1 (because F1 was not sensitive to all charged 
particles), we have used this method and the data of an 


one 


earlier run to estimate the differential cross section for 
antiproton production from a copper target. The result 
is 0.6% 10-” cm? sterad™ (Bev/c)! for the production 
differential cross section per nucleon in copper for 
antiprotons of momentum 1.19 Bev/c emerging in the 
forward direction from a copper target bombarded by 
6.1-Bev protons." ‘This result is uncertain by a factor 
of about 3, mainly because the solid angle of the spectro- 
graph has not been determined precisely and the beam 
monitoring was somewhat uncertain. 

In this run we have made a comparison of the anti- 
proton production in carbon (graphite) with the 
production in CH, (polyethylene), and from this we 
have deduced the production in hydrogen relative to 


10 (5. Feldman, Phys. Rev. 95, 1967 (1954) 

" This value supersedes one given previously by E. Segré, in 
Proceedings of the CERN Symposium on High Energy Accelerators 
and Pion Physics, Geneva, 1956 (European Organization of 
Nuclear Research, Geneva, 1956), Vol. 2, p. 107 and normalizes 
the highest point of Fig. 5 of reference 1 
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that in carbon. With available target mechanisms it was 
impossible to have the two alternately used targets 
in the same position within the Bevatron; the centers 
of the two had to be separated by about 1 foot. To 
determine the effects of this difference in target posi- 
tions, the two targets were interchanged during the run. 
Unfortunately it was necessary to admit air to the 
whole Bevatron vacuum system in order to interchange 
the targets, and hence only one such interchange could 
be made during the run. The results are therefore 
somewhat tentative, and it is our expectation that the 
antiproton production in hydrogen will be remeasured 
at the earliest opportunity. Our result may be quoted 
as follows: the ratio of the differential cross section for 
producing antiprotons by bombarding hydrogen to that 
by bombarding carbon is 0.11+0.00. If this is expressed 
as the ratio per nucleon, then the production in hydrogen 
divided by the production in carbon is 1.3+0.7. In 
each case we are discussing differential production cross 
sections for antiprotons of momentum 1.19 Bev/« 
emerging in the forward direction from targets bom- 
barded with 6.1-Bev protons. 

The above result is at first sight surprising, in that 
the statistical theory of antiproton production predicts 
less production per nucleon in hydrogen than in carbon. 
This is because the momentum of the nucleons within 
the carbon nucleus should be important in giving 
increased production in carbon when the bombarding 
energy (6.1 Bev) is so close to the threshold energy 
(5.6 Bev) for producing antiprotons in collisions with 
hydrogen. Also, antiproton production resulting from 
proton-neutron collisions should be greater than that 
from proton-proton collisions near threshold as a direct 
consequence of the Pauli Exclusion Principle. Rough 
statistical calculations of the total antiproton produc- 
tion in hydrogen and carbon have indicated that the 
total production (per nucleon) in hydrogen should be 
not more than 0.12 of the total production per nucleon 
in carbon. (Compare with the experimental number 
1.3.) We have not made a corresponding calculation of 
the ratio of differential cross sections according to the 
statistical theory, but it seems very doubtful that the 
theory would agree with our result. However, the calcu- 
lations have been made without taking into account two 
effects that could well explain the apparent discrepancy : 
the reabsorption of antiprotons within the carbon nu- 
cleus, which may be expected to be quite appreciable, 
and the fact that the antiprotons produced by collisions 
with bound protons acquire a larger transverse mo- 
mentum and are thus spaced over a larger solid angle. 


DISCUSSION 


‘The results given in this paper are, for the most part, 
in reasonable agreement with results given earlier, 
where a comparison can be made. The present measure- 
ment of the annihilation copper, 
(1040+61) mb, agrees well with the previous result, 
(1050+- 220) mb. For lead, the annihilation cross section 


cross section for 





 *1.292.08 
= .292%.08 
l= l3it 01 








hic. 6. Plot of (a/m)* vs A! for the three cross 
sections o¢(P), oan(p), and a,(p*) 


is in good agreement with the trend of the curve of 
(oan/m)* versus A* (see below), whereas the total 
inelastic cross-section measurement seems anomalously 
high. Whether or not this fact can be attributed to 
inadequate compensation for multiple scattering or 
some other systematic error will be shown by further 
experiments. The value of o, for lead given here is 
(3005+ 254) mb, which is to be compared with the 
earlier result* of (2330+650) mb. Finally, our positive 
proton cross sections are in agreement, within about 
7 mb, with those obtained at Brookhaven’ with a 
similar geometry at a somewhat higher energy. 

In order to show some of the trends inherent in the 
present results we refer to Fig. 6. ‘The abscissa is A! 


and the ordinate is (0,/m)4, which we may call the 


reaction radius; o, is the reaction cross section. A 
straight line on this plot would then represent the 
equation 


o,= WR? = 2l(a+9rA 4)? 


The experimental values of a, are indicated in the figure 
for antiprotons incident on O, Cu, Ag, and Pb. These 
points have been fitted by the least-squares method to a 
the radius 
parameter. If the point for lead (about which there is 
some doubt) is omitted, the value of ro thus obtained is 
(1.29+0.08) KX 10-" cm. Similar plots are included for 
the annihilation cross section for antiprotons and for 
the reaction cross sections for ordinary protons. The 
results for the respective slopes are (1.29+-0.08) K 10°" 
em and (1.314+0.01)* 10-" cm, where only statistical 


straight line. The slope of this line is r9 
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Taste V. Experimental and calculated values of the cross 
sections. The calculated values are for zero range (no=0) and for 
no= 2.0K 10°" cm and a= 104 mb. The cross sections are given in 
millibarns 


Calculated values 
0 9 =2 X10" cm 


576 
1181 
1564 
2209 


I xperimental results 


Tan no 


4534-9 493 
1040+-61 1029 
15004157 1406 
20104182 2012 


Mlement a 


590 4-12 
1200 4-91 
1633-4 188 
(3005 + 250 


Oxygen 
Copper 
Silver 
Lead 


errors have been included. Following the line of argu- 
ment suggested by this plot, one may somewhat loosely 
say that all these processes indicate approximately the 
same value of the radius constant ro, but that the 
different intercepts suggest a large range of interaction 
for the antiproton 

In order to make this argument a little more quanti- 
tative, we shall try to treat the p-nucleus collision by an 
optical model.” In order to apply this model we need 
to know the nuclear density in a nucleus. We assume 


r—¢ 
p(r) nf exo( ) t | 


This form of nuclear density distribution is suggested 
by electron-scattering experiments," and we use the 


for this 


(5.1) 


same constants as Hofstadter, 


c=1,08A9X10™% em and 2z=0.57K10~-" cm. 


‘The constant po is adjusted to the correct total number 
of nucleons, instead of correct nuclear charge as in 
Hofstadter’s paper. 

The formula for the reaction cross section is 


Rh hk 
0, an f (1—e *4*")bdb an f (1—e°***)sds, (5.2) 


0 


for a uniform nucleon distribution within a sphere of 
radius R where s*= R’—6*, b is the impact parameter 
with respect to the center of the nucleus, and K is the 
3AG/4rR® with 6 
nucleon-anti- 


absorption coefficient: given by K 
the average total nucleon-nucleon or 
nucleon cross section. In order to refine this formula, 
we first want to replace Ks by 


« 


of p(r)ds, 
0 


which obviously reduces to Ks in the case of uniform 
density. However, we must also take into account the 
finite range of interaction of nucleon and nucleon or 
nucleon and antinucleon. The effect of a finite range of 
interaction is particularly important for incident anti- 
nucleons because the elementary cross sections are large. 
Measurements reported in the following paper give, for 
an energy of 457 Mev, (ototai)pp= 104 mb (to be com- 


2 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 
18 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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pared with (otota1)pp=28 mb), and similar results for 
bn and pn. We take into account the range of interaction 
by replacing the density p by a smeared density p 
given by 


(5.3) 


a(r) = frre )p(r’)d*r’, 


in which F is a smearing function. We have chosen 


F(x)=3/(4ane) 


F(x)=0 otherwise. 


for x<m, 


(5.4) 


The smeared density at a certain point is thus the 
average of the actual density over a sphere of radius no. 
Our calculated reaction cross section is then 


Oy an f bib| exo] 26 f pds ; (5.5) 
0 0 


where f is obtained from Eq. (5.3). 

Accepting the density distribution of Eq. (5.1), we 
have two free parameters, namely the smearing radius 
no and the elementary cross section ¢. We take ¢ as 104 
mb, from experiment. We find 49 by imposing the 
requirement that the cross section of a single nucleon 
[represented by p(r)=6(r) in Eq. (5.3) ] be & also. 

The calculated results are compared with experiment 
in Table V and Fig. 7. Besides the experimental values 
of reaction cross sections and annihilation cross sections, 
we give the reaction cross sections calculated with 
no=0 (no smearing) and with mo=2.0K10~" cm (no 
determined as outlined in the text, above). Comparing 
the first and last columns of Table V, we see that this 
model is adequate—at least for the time being. 


6000 


SQUARE - WELL (RANGE 1.610 °cm) 


ZERO RANGE 








100 
A® 
Fic. 7. 0, versus A‘ for a Fermi density model modified by a 


square-well interaction of range . Note added in proof.— (Range 
1.8 10°" cm) should read (Range 2.0 10~" cm). 
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Experiments on Antiprotons: Antiproton-Nucleon Cross Sections*t 
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In this paper experiments are reported on annihilation and scattering of antiprotons in H,O, D2O, and Oy 
From the data measured it is possible to obtain an antiproton-proton and an antiproton-deuteron cross 
section at 457 Mev (lab). Further analysis gives the p-p and p-n cross sections as 104 mb for the p-p reaction 
cross section and 113 mb for the p-n reaction cross section. The respective annihilation cross sections are 89 
and 74 mb. The Glauber correction necessary in order to pass from the p-d to the p-n cross section by 
subtraction of the p-p cross section is unfortunately large and somewhat uncertain. The data are compared 


with the p-p and p-m cross sections and with other results on p-p collisions 


I. INTRODUCTION 


N the antiproton studies that were planned and 

initiated immediately after the discovery of this 
particle the investigation of the antiproton-nucleon 
cross section had naturally an important part. In the 
preceding paper we have described the results obtained 
up to now in the study of cross sections for complex 
nuclei; we report here our results on nucleons. 

Here also we have endeavored to distinguish between 
annihilation and scattering cross sections, and we have 
tried to obtain information not only on the p-p but 
also on the p-n cross section. The method used is very 
similar to the one described in the preceding paper, but 
the absorber and Cerenkov counter detecting the 
annihilation were different. If we want to observe the 
annihilation of antiprotons with protons, the obvious 
and most direct way—namely, to observe the Cerenkov 
light in a liquid hydrogen target--is not applicable 
because the refractive index of liquid hydrogen is too 
small (n=1.09) and most of the annihilation pions do 
not produce any Cerenkov light. We must then use a 
hydrogeneous substance of suitable refractive index 
and have recourse to a subtraction method. We chose 
water, heavy water, and liquid oxygen, and by taking 
differences we obtain the cross sections of hydrogen, 

* Preliminary reports on this work have been given: E. Segré, 
Bull. Am. Phys. Soc. Ser. II, 2, 36 (1957); Am. J. Phys. 25, 363 
(1957); Steiner, Chamberlain, Keller, Rogers, Segre, Agnew, 
Wiegand, and Ypsilantis, Bull. Am. Phys. Soc. Ser. I, 2, 193 
(1957). 

t Work done under the auspices of the U 
Commission 
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deuterium, and oxygen. ‘The hydrogen-deuterium differ 
ence was also analyzed to obtain the p-n cross section 
Such a subtraction method is inherently delicate from 
the experimental point of view; moreover, the p-n cross 
section cannot be obtained simply from the difference 
between the j-d and p-p cross sections, because the 
proton screens the neutron in the deuteron, The cor 
rection caused by this effect is unusually large because 
the antiproton-proton cross section is large, and this 
adds some uncertainty to the result, On the other hand, 
the only feasible alternative to this procedure seems 
to be to use an antineutron beam on protons, and this 
must wait for the development of a suitable antineutron 
beam. 

In Sec. 
vestigation, in Sec. 


II we give the experimental details of this in 
ITI the results and discussion 


II]. EXPERIMENTAL PROCEDURES 


The spectrograph used for forming the antiproton 
beam has been described in the preceding paper 

The absorber and annihilation detector was a stain 
less steel box"10.75 in. long (Fig. 1), which could contain 
liquid oxygen, water, or heavy water. The box was 
thoroughly insulated with Santocel (SiO. powder) of 
density 0.091 g/cm’. 

The characteristics of the absorbing media are given 
in Table I. The windows of the box added 0.23 g/cm’ 
of Santocel and 0.33 g/cm* of stainless steel. The inside 
of the absorber box was lined with 1-mil aluminum foil 


to reflect the Cerenkov light 
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Fic. 1. C** counter used to distinguish annihilation from scattering 
in antiproton collisions with H,O, D/O, and Oz 


Great care was taken to be sure of the thickness of 
the absorbing substance and to be sure that the changes 
of temperature in passing from liquid oxygen to water 
at room temperature did not produce undesirable 
effects, such as a change in the characteristics of the 
photomultipliers or deformations of. the container. We 
found that the photomultipliers work satisfactorily 
provided they are not immersed in the liquid oxygen 
and have a heat shield. We also found that liquid oxy- 
gen is transparent to the light to which the photo- 
multipliers respond. 

In order to obtain antiproton-nucleon cross sections 
with a statistical accuracy of about 10%, it was 
necessary to take the data for D,O, HO, and Oy» until 
10* antiprotons had been incident upon each of these 
materials. The three absorbers were cycled through 
several times and data were taken with different 
voltages on the C** counter. It is possible that some 
of the annihilations may give small pulses in C** and 
hence escape detection ; for this reason it was important 
to obtain a bias curve of the pulse height and extrapo- 
late to zero pulse height as indicated in the preceding 
paper. Figure 2 exemplifies the manner in which the 
pulse-height distribution for counter C** was extrapo- 
lated to zero pulse height. 

The cutoff angles of 14.3° and 20.5° 
we should expect that the antiprotons that have under- 
diffraction counted as ‘‘pass- 


were such that 


gone scattering are 


Tase I. Characteristics of the attenuators 


k nergy of 
beam at 
center 
(Mev) 


Index of 
refraction 


Density 
(g cm) 


Thickness 
Material (N of text 
atoms 


1.170 10" 1.142 1.22 457 


cm? 


molecules 
HO 0.91510" 


cm? 


molecules 
D,O 0.910 10" 


cm? 


ET AL. 
through.” In other words, ours is a bad-geometry 
arrangement in which we distinguish annihilation from 
scattering (elastic or inelastic) other than diffraction. 

For a black disk the first diffraction minimum occurs 
at an angle 6=0.61/R, where \ is the wavelength and 
R the radius of the disk. If we take for the radius of the 
black disk, R= (o4,,/m)', whereo,, is the p-p annihilation 
cross section, our cutoff angle contains more than 90% 
of the first diffraction peak, even for hydrogen. 

The raw data from which the cross sections were 
calculated are reported in Table LI. The data of ‘Table II 
have been collected photographically in the same way 
as reported in the preceding paper. At each voltage 
used in the C** counter we have made a separate 
extrapolation to zero pulse height in order to correct 
for annihilations giving small pulses in C**. The 


2000 


g 


NUMBER OF EVENTS 











2 —E——E eee 
4 6 6 29 


2 
C** PULSE HEIGHT (mm) 


Fic. 2. Pulse-height histogram for 1.175-Bev/c antiprotons on 
1,0 at C** voltage of 2000. This particular case is for annihilation 
events in which a charged particle did not count in counter 52. 
The integral of the histogram starting from the right is plotted 
above, showing the extrapolation to zero pulse height. 


numbers reported are the extrapolated numbers. The 
extrapolation never amounts to more than 7%, It is 
interesting to that the results obtained with 
different voltage on counter C** agree satisfactorily 
among themselves, as they should. The cross sections 
of 402, H,O, and D,O and their statistical errors are 
obtained by using the formulas 


oslo Ge)-GaIl 
“ak lG)-G)] 


where N is the number of oxygen atoms per square 
centimeter in the target, or the number of H,O or 


note 


and 


Tan 
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D,O molecules per square centimeter in the target. The 
other quantities are defined in the caption for Table II. 


Ill. RESULTS AND DISCUSSION 


The results are shown in Table III. The first three 
rows give the cross sections for O, HO, and D,O for 
both antiprotons and protons. The cross sections for 
positive protons have been measured with the same 
apparatus as for antiprotons, and agree within about 
7 mb with the results of Chen, Leavitt, and Shapiro.' 
From these results we have obtained, by subtraction, 
the antinucleon-nucleon sections listed in 
Table III. 


Annihilation cross sections are given by 


CcTOss 


an 


, . 
Tp, p iT 0 ji, HHO” ~ 4a5,00°" |, 


and 


‘ an’? 1 1 


‘ r an . 
Op, n 21.9 7, DDO" ] 


~0%, HHO ) 


also. a(@), the total cross section as obtained with a 


TABLE IT. Experimental results: /9 is the number of incident 
particles, /(@) is the number of pass-through particles into the 
forward cone of half-angle 6, /,, is the number of annihilations, 
and /,,(0) is the number of annihilations in which a charged 
product is detected in the forward cone of half-angle 0. 


cm 
1 (20°) Tan 


1900 1522 1538 320 518 
2000 2684 2916 668 1090 
2100 714 737 157 237 
H,O 1900 1844 1523 307 505 
HO 2000 2767 ~=2382 516 825 
Oz 2050 3667 2760 704 1000 


voltage Tan(14°) Tan(20°) 


Target 


DO 
DO 
DO 


cutoff angle 6, is given by 


7%, p(9) = 405, uno (0) —4e,%, 00 (8) |, 
and 


"Cp, a?" Al Of, ppo (9) — Op, nno(9) J. 


The angles @ used in our experiment were 14.3° and 
20.5°. 

The cross sections labeled ‘“n” in Table IIL are simply 
the differences between d and H cross sections. In order 
to obtain the true p-n cross section a substantial correc- 
tion has to be applied in order to take account of the 
shielding of one nucleon by the other in the deuteron. 
This correction has been calculated by Glauber.? 


’ 


Calling the correction 


60 = ‘‘a,, on=Cd—Tp—On, 


Glauber gives 
bdo0= (1 


2r)o nll *)a, 


where all the cross sections are absorption (annihilation) 
cross sections. Here (r*)q is the average value of 1/?’ 
over the deuteron wave function. If we take the value 
1 Chen, Leavitt, and Shapiro, Phys. Rev. 103, 211 (1956) 
*R. J. Glauber, Phys. Rev. 100, 242 (1955) 
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TABLE III. Attenuation and annihilation cross sections 
(in mb) for antiprotons and protons 


@(14°) 
Substance p p 
402 556410 292+ 
H,O 763412 3434 
D,O 902411 4004 
H 104+8 254 
d 17448 544 
ld 704-8 294 
n 113 


mm NO BO hb 


— Nw Sh th 


given by Chen, Leavitt, and Shapiro,' then we have 
(1/2m)(r-*) 4=0.00732 mb“. 


This form of the correction is valid only for (60/a))<1. 
This is not the case for antiprotons, anda more elaborate 
correction procedure becomes necessary. For equal 
neutron and proton cross sections this also has been 
worked out by Glauber, and the same method has been 
used by Blair’ to extend Glauber’s results to unequal 
cross sections. Glauber and Blair give numerical results 
which applied to our case give the values of the last line 
of Table III. It is hard to assess the error of these cross 
sections. ‘There is about 14 mb of purely statistical 
error, but the Glauber correction is large and it is also 
somewhat uncertain, 

The calculation of the Glauber correction is based 
on the following assumptions: 

(a) Ais much less than interaction range of the anti- 
proton. In our case A~0.2K10°" cm, and we assume 
an interaction range of h/m,c=1.4X10-" cm, 

(b) Energy transfers from antiprotons to nucleons 
in the deuteron are neglected, which corresponds to the 
statement that 
must be slow with respect to the velocity of the anti- 


the internal motions in the deuteron 


proton relative to the nucleon, Also this condition is 
reasonably satisfied in our case, 

Jecause our measurements show that the p-inter 
action ranges are not small compared with the size of 
the deuteron, an accurate calculation of the shielding 
effect requires knowledge of the interaction radii and 
opacity distributions. However, information from which 
conclusions about these could be reached is still lacking 
Measurements of the 
example, would furnish an estimate of the interaction 
radii. The only information we have on scattering, 
Orcutt reaction, indicates that the nucleon should be 


scattering cross section, for 


described as a gray sphere of radius larger than the 
black sphere with the same @posetion. 

In addition to the parameters mentioned above, the 
magnitude of the Glauber correction depends on the 
choice of the deuteron eigenfunction, especially in the 


region where the two nucleons in the deuteron are in 


close progimity. In calculating the present correction 


4J.S. Blair, University of Washington (private communication). 


We wish to thank Professor Blair for sending us his manuscript 
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we have used a Hulthén potential as described in 
reference 2 
In conclusion we must say that 6¢7=43 mb should 
probably be considered as an upper limit to the Glauber 
correction 
after measurement of the p-p scattering cross section. 
With these corrections the p-n and p-p cross sections 
appear to be about equal in both the annihilation and 
the reaction part. If we admit charge independence 
and use isotopic spin formalism, we note that the p-p 
system may, with equal probability, be in a singlet or 
triplet isotopic spin state, whereas the j-n system is 
always in a triplet isotopic spin state. If we call a, the 


A better estimate will be possible only 


reaction cross section for triplet states and oo the 
analogous cross sections for the singlet states, we have 


o pp=4(ai+0), 


Tnp a}. 


If the two annihilation cross sections are indeed equal 
we have o;=09. Better accuracy is needed to confirm 
this relation. There is a relation between the charge 
exchange cross section and the p-p, p-n cross sections: 


da ky? 
( ) (0°) -( ) (sal) Frotal (Pp)}’, 
dw pponn 4 


in which the differential charge-exchange cross section 
is taken in the forward direction, For the value esti- 
mated in the following paper for this quantity, we find 


Frotai( PN) —Ororu(Pp) | S50 mb, 


which is amply satisfied by our results. 

(ur results should be compared with results obtained 
in good geometry by Cork, Lambertson, Piccioni, and 
Wenzel.‘ ‘They find (we interpolated slightly), for an 
energy of 450 Mev, a total p-p cross section of 994-7 mb. 


In our experiments the diffraction scattering does not 


‘Cork, Lambertson, Piccioni, and Wenzel, Phys. Rev. 107, 248 
(1957) 
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appear because we use a 6,=14.3°, and if we take the 
two results at their face value we should conclude that 
there is only (—5+11) mb of cross section correspond- 
ing to scattering between 4° and 14°. This result, even 
taking account of the errors, does not seem to leave 
enough leeway for the expected diffraction scattering. 
Also, the two results can be reconciled with the relation 


Im/(0) = (2/4) ators 


only by the assumption of a very precipitous decrease 
of {(@) with increasing 6. 

The clarification of this point can be obtained by 
further experiments giving a detailed measurement 
of the forward scattering as a function of angle. 

The cross sections in Table III have been used to 
calculate cross sections of complex nuclei by an optical 
model, with satisfactory agreement. 

A particular model has been tried by Koba and 
‘Takeda® to see whether the large observed antinucleon- 
nucleon cross sections could be reconciled with theory. 
Their model consists essentially of a black sphere of 
radius 4(h/m,c) =0.4710-% cm surrounded by a rec- 
tangular attractive potential well 70 Mev deep and of 
radius #/m,c=1.4%10-" cm. There model, at least in 
its original form, does not seem entirely adequate 
because their annihilation cross sections 
seem too small and their calculated scattering cross 


calculated 


sections somewhat too large. As yet we know of no 
model that isin fullagreement with the results discussed. 
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Antineutrons produced by 440- Mev antiprotons incident upon Pb, C, and CH, targets have been observed 
The antineutrons were detected by their energy release upon annihilation. Charge-exchange cross sections 
for antiprotons in the three targets have been calculated. The results show that the effective charge-exchange 
cross section per proton of the target nucleus decreases rapidly with increasing 7 


I. INTRODUCTION 


HE observation of antiprotons produced in high- 
led us to 
such 


energy nucleon-nucleon collisions 
believe that antineutrons are 
processes and that they can be formed from antiprotons 
by charge exchange.' This process has been recently 
demonstrated by Cork, Lambertson, Piccioni, and 
Wenzel.? The antineutron, like the neutron, is elec- 
trically neutral, but it has a magnetic moment that is 
parallel to its spin angular momentum, in contrast to 
the neutron, for which these two vectors are anti 
parallel. Because the antineutron has zero charge, a 
mass spectrograph similar to that employed in identify 
ing the antiproton® could not be used to observe the 


also created in 


antineutron. 

Antineutrons are able to annihilate in ordinary 
matter with the subsequent release of 2 Bev of energy. 
We have utilized this property, which is characteristic 
of antinucleons, to detect the antineutron. For this 
purpose a counter was constructed in which the anni- 
hilation process could be detected. This counter was 
constructed to satisfy two requirements: first, a large 
fraction of the 2 Bev of energy released upon anti- 
nucleon annihilation must be spent within the counter 
without any appreciable fraction escaping through the 
sides; secondly, the response of the counter should be 
a monotonic function of the energy deposited in it. 
Antineutrons produced directly by nucleon-nucleon 
collisions are difficult to detect by this method because 
of the presence of a background of very high energy 
neutrons that can deposit energies in the counter that 
are comparable to the annihilation energy. We therefore 
sought an alternative method for production of these 
particles. In analogy to the observed n-p charge 
exchange scattering, it is reasonable to expect that 
antiprotons also are capable of undergoing an exchange 
process with protons of ordinary matter, thereby 

* This work was performed under the auspices of the U. S 
Atomic Energy Commission 

t Preliminary reports on this work have been given: E. Segré, 
Am. J. Phys. 25, 363 (1957); Bull. Am. Phys. Soc. Ser. II, 2, 
36 (1957). Chamberlain, Elioff, Segre, Steiner, Weingart, Wiegand, 
and Ypsilantis, Bull. Am. Phys. Soc. Ser. II, 2, 193 (1957). 

' Chamberlain, Segre, Wiegand, and Ypsilantis, Nature 177, 
11 (1956) 

2? Cork, Lambertson, Piccioni, and Wenzel, Phys 104 
1193 (1956). 

3 Chamberlain, Segr?, Wiegand, and Ypsilantis, Phys 
100, 947 (1955) 
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producing a neutron-antineutron pair.’ We have 
utilized this method of production to observe anti 
neutrons produced by 1080-Mev /¢ antiprotons incident 
on Pb, C, and CHe targets. Charge-exchange cross 
sections for these materials have been calculated from 
the experimental data on the assumption that the 


antineutrons is identical to that of 


attenuation of 
antiprotons. 


Il. EXPERIMENTAL PROCEDURE 


A well-defined beam of 1080-Mev/c negatively 
charged particles, containing antiprotons and lighter 
particles (mostly m mesons) in the ratio of 1:30 000 was 
incident upon the antineutron production detection 
system shown in Fig. 1. Approximately 10 antiprotons 
per minute entered this system through the 4-inch 
diameter scintillation counter, S1. The antiprotons 
were identified by a system of analyzing magnets and 
counters described in the preceding article. 

The counter $1 was the last counter of the antiproton 
identifying system. Counter C* was a Cerenkov counter 
filled with methyl alcohol and slotted as shown to 
accommodate various targets. It was the purpose of 
this counter to distinguish between inelastic events in 
the target involving the emission of charged particles 
with 6>0.75 and all other processes. The particles 
registering in this counter were predominantly fast 
charged pions arising from annihilations in the target 
or in the methyl alcohol of the counter, Counter C* has 
been described in the preceding paper.’ S4 and S5 were 
plastic scintillation counters that were used as “guard” 
counters to discriminate between charged and neutral 
particles entering counter D, Counter D was used to 
distinguish between antinucleons and all other particles 
entering it, on the basis of their energy release in D 
‘This counter was constructed in the form of a multilayer 
sandwich of lead and plastic scintillator viewed by 
48 photomultiplier tubes. This type of construction 
enabled us to obtain a rather thorough sampling of the 
energy released by various particles in this counter 

Antiprotons arriving at the target could undergo 
annihilation, suffer elastic or inelastic scattering, pass 
through the target and Cerenkov counter C* without 
any nuclear interaction, or undergo a charge-exchange 


‘Agnew, Chamberlain, Keller, Mermod, Kogers, Steiner, and 


Wiegand, Phys. Rev. 108, 1545 (1957), this issue 
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Experimental arrangement. 


process resulting in the formation of a neutron-anti- 
neutron pair. Annihilations in the target were in most 
cases characterized by large pulses in the Cerenkov 
counter C*. Scattering, pass-through, and charge- 
exchange events either did not register in C* or were 
accompanied by only an occasional small pulse in this 
counter (the source of these small pulses is discussed in 
the preceding paper). ‘The formation of an antineutron 
in the target should thus be characterized by the signal 
of the arrival of an antiproton in $1 followed by: no 
pulse in C*, no pulse in the subsequent scintillation 
counters S4 and S5, and a pulse in D of a size commen- 
surate with that produced by an antinucleon annihila- 
tion in D (ie, S1, C*, $4, Ss, large pulse in D), The 
pulse size corresponding to antinucleon annihilation in 
D was obtained by calibrating this counter with 
antiprotons. 

The function of C* was to detect fast charged pions 
produced in the annihilation of an antiproton in the 
target, but there is a small probability that the fast 
pions produced in the annihilation are all neutral, in 
which case the Cerenkov counter C* may not reg- 
ister a pulse. The gamma rays resulting from these 
neutral pions could simulate antineutrons by giving 
rise to large pulses in D without being detected by the 
guard counters. It was the purpose of the 1.5 inches of 
lead between counters $4 and S5 to convert these 
gamma rays. In the first run with the CH, target, 
counter C* was connected in anticoincidence with the 
others in such a way that an antineutron was defined 
by a signal from S1 indicating the incidence of an 
antiproton on the target, followed by C* §4, 85, and 
a large pulse in D. We found that the information given 
by C* was redundant because whenever S4, 85 occurred 
in coincidence with a large pulse in D there was no 
pulse in C*. It was then decided to remove the Cerenkov 
counter C* for the subsequent runs on carbon and lead. 


The pulses from all counters were displayed on a four- 
sweep oscilloscope and recorded photographically. The 
oscilloscope was triggered each time an antiproton 
passed through counter S1 into the system shown in 
Fig. 1. A record of the type of interaction for each 
antiproton entering the target was obtained in this way. 
Three different types of events are shown in Fig. 2 for 
the CH, target. 

‘The primary purpose of counter D was to contain 
the 2 Bev of energy given up upon antinucleon annihila- 
tion in this counter, thereby enabling one to differentiate 
between antinucleons and other particles passing into it. 
It was constructed of 48 identical cells measuring 24 
by 12 by 2 in., each with a sensitive area of 12 by 12 in. 
Each cell contained a 12-by-12-by-2-in. Lucite light pipe, 
six 12-by-12-by-0.25-in. plastic scintillators, and five 
12-by-12-in. lead sheets 0.090 in. thick which were sand- 
wiched between alternate layers of the plastic scintilla- 
tor. The scintillators were cemented to the Lucite with 
Epon (Shell Chemical Corporation product), and this 






































(c) 


Fic. 2. Oscilloscope record of three antiproton events in the 
target. The pulses from counters identifying the antiproton are 
displayed on the top sweep. The signals from the Cerenkov 
counter C*; the scintillators S1, $4, and S5; and the counter D 
were displayed on the lower three sweeps as shown. (a) An 
antiproton annihilation in the target sending charged particles 
into D. (b) An antiproton pass-through into D. (c) An antineutron 
produced in the target and passing into D. 
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entire unit was then enclosed in a light-tight steel box. 
Each cell was viewed by a RCA 6810 photomultiplier 
tube. The 48 individual cells were assembled in layers, 
four cells per layer, so that the entire counter was 12 
cells thick along the beam direction. The active volume 
of this counter formed a cube roughly 2 feet on a side 
whose average density was 3.84 g/cm*. The assembled 
counter weighed 2.5 tons. The thickness along the 
beam direction was 156 g/cm? lead, 45.7 g/cm? plastic 
scintillator, and 60 g/cm? iron (from the steel covers of 
the individual cells). This counter presented approxi- 
mately three annihilation mean free paths to incident 
antinucleons. The ionization energy loss of charged 
particles traversing D was divided in such a way that 
about 47% was spent in the lead, 25% in the iron, and 
28% in the plastic scintillator. 

Range-energy relations indicate that a 1080-Mev/c 
antiproton is capable of penetrating at most only 16 in. 
into this counter. Therefore all antiprotons incident 
upon the central region of D were expected to annihilate. 
The observed antiproton spectrum for 2000 events is 
shown in Fig. 3. Most of the “tail” of this curve at 
small pulse heights (<7 mm) is attributed to anti- 
protons that annihilated in the lead converter between 
counters S4 and $5. An additional contribution is due 
to antiprotons that were scattered by the target and 
converter into the outer region of D. The dashed 
histogram is the spectrum obtained from negative pions 
of the same momentum. In Fig. 4 the distribution of 
pulses produced in D by positive protons of 450 Mev 
has been plotted. Calibration of D on the basis of the 
positive-proton spectrum leads to an apparent average 
antiproton energy release of 1350 Mev in the D counter. 


Ill. EXPERIMENTAL RESULTS 


Antineutrons that are produced by charge exchange 
and are projected forward so as to enter, D must be 
characterized by C* (when counter C* is present), 
54, and §5. All events satisfying this condition are 
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Fic. 3. The solid histogram is the antiproton pulse-height dis 
tribution in the D counter for 2000 “pass-through” events in the 
CH; target. The dashed histogram is the #~ spectrum obtained 
under the same conditions. 
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4. Pulse-height distribution in D for 450-Mev 
positive protons incident on this counter 
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recorded in Fig. 5 with the accompanying pulse height 
in D. In order to confirm the interpretation of these 
pulses as due to antineutrons we require also that there 
should be a pulse in D comparable to those observed 
from antiproton annihilations in this counter, The 
large pulses appear to be quite consistent with the 
antiproton spectrum. The grouping at small pulse 
heights is most probably caused by: 


(a) inelastic events in the target that have resulted 
in the entry of neutral particles other than anti 
neutrons into D without giving rise to a pulse 
in C*: 
antiprotons that have annihilated in the insensi 
tive portion of the D counter, a small part of 
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which was not guarded by the scintillators $4 
and $5; 

antineutrons produced at an angle with respect 
to the beam direction such that they were incident 
near the edge of the active volume of counter D. 


Events of the types (a) and (b) have been observed in 
other phases of our work to give rise to pulses as large 
as 5 mm in D. In view of this and also of the require- 
ment that antineutron pulses in D be large, we have 
classified as antineutrons only those events giving 
pulses of 7 mm or more in counter D. On the basis of 
the antiproton spectra in D we estimate that approxi 
mately 10% of the antineutrons entering this counter 
give rise to pulses less than 7 mm, One possible reason 
for these small pulses is Case (c)—if an antineutron 
enters near the edge of the active volume of D it may 
deposit only a small fraction of the annihilation energy 
in the counter, in which case it causes only a small pulse. 
In determining the effective solid angle subtended by D 
(at the target) we imposed the requirement that all 
antineutrons produced into this solid angle should have 
an opportunity to traverse at least one mean free path 
for annihilation before escaping from the counter. By 
assuming an annihilation mean free path in D for the 
antineutron equal to that for an antiproton we have 
determined this effective solid angle to be 0.275 stera 
dian, corresponding to a cutoff angle of 17°. This angle 
is shown in Fig, 1 

In ‘Table 1 we have summarized the results obtained 
the The charge-exchange cross 
sections were determined from the expression 


for each of targets 


I(n) 
EXP Nigidige tN se 00 N pro pp), 


lp) Nees 


where o, = charge-exchange cross section per. molecule 
for production of antineutrons into a solid angle of 
0.275 steradian in the forward direction, /(p) = total 
number of antiprotons incident on the target, /(n) 

total antineutrons dD, 
EXP( Negrete), EXPCV con), and exp(Npyom,) are the 
attenuations in the target, the scintillation counters 
S4 and SS, and the 1,5-in. Pb converter, respectively. 
The product of these attenuation factors is between 


number of observed in 


Pab_e I. Summary of experimental results, /(p) is the total 
number of incident antiprotons, /(n) is the observed number of 
antineutrons, and 7’, is the average antiproton energy in the 
target; o, is the charge exchange cross section per molecule for 
production of an antineutron into a solid angle of 0.275 steradian 
in the forward direction 


Thickness 


larget (g/cm? 


CH, 21.4 


ET AL 
3 and 4 for all targets if we assume the same attenuation 
cross sections for antineutrons of the energies in this 
experiment as for 450-Mev antiprotons. 

The values for these cross sections are given in the 
preceding two papers. q 

The CH, target was used together with the Cerenkov 
counter C*, which contained 11.07 g/cm? of methyl 
alcohol, CH,;OH. We have considered the oxygen atom 
in the alcohol molecule equivalent to a carbon atom, in 
the production of antineutrons. Because it appears 
that the charge-exchange cross section does not vary 
rapidly with Z, this step is justified. This assumption 
leads to the effective CH, target thickness given in 
Table I. 

A value for o(p+p-n-+n) can be obtained from 
the CH, and C data by subtraction. We find 


a (p+ p—i-+n) = (3.041.6)X10-*? cm? 


for antineutron production by protons into a solid 
angle of 0,275 steradian in the forward direction. This 
value corresponds to a differential cross section of 
(10.9+5.8)K10-*7 cm?/steradian averaged over a cone 
of half-angle 17° in the forward direction. 

The charge-exchange cross section for carbon given 
above should be compared with the estimate of 8X10 *7 
cm* given by Cork, Lambertson, Piccioni, and Wenzel? 
for charge exchange into a comparable solid angle. 


IV. DISCUSSION 


The experimental results show that the charge- 
exchange cross sections for lead, carbon, and hydrogen 
are the same within statistical limits. This indicates 
that the effective charge-exchange cross section per 
proton of the target nucleus decreases rapidly with 
increasing Z. Much of this effect can be attributed to 
the large nucleon-antinucleon annihilation cross section. 
In the first place this large cross section prevents 
antiprotons from penetrating into the nucleus, thus 
leaving only the hemispherical surface of the nucleus, 
which the beam strikes first, effective in producing 
antineutrons. Secondly, most of the antineutrons that 
are produced in the forward direction at this surface are 
swallowed up before they can escapé’irom the nucleus. 
We may therefore expect that observable antineutrons 
are produced only when the incident antiprotons make 
a grazing collision with the nucleus. Neutron-antiproton 
collisions are less likely to give rise to antineutrons 
than proton-antiproton collisions because the emission 
of an antineutron in a pn collision requires the forma 
tion of at least one negative pion, which is energetically 
unfavorable and probably competes poorly with anni 
hilation. These circumstances add reasons for 
depressing charge exchange further in heavy nuclei: the 
ratio V/Z is higher in heavy nuclei than in light nuclei, 
and there is reason to believe that there are more 
neutrons than protons near the surface of these nuclei.*'° 

If we assume that the angular distribution of the 


two 


*R.C. P. Voss and R. Wilson, Phys. Rev. 99, 1056 (1955). 
*Q, Miyatake and C. Goodman, Phys. Rev. 99, 1040 (1955). 
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pp charge-exchange cross section is the same as that 
for the n-p exchange process, we find that approxi- 
mately 40% of the charge-exchange antineutrons were 
produced into the solid angle defined by counter D. 
This comparison also leads to an estimate of the 
p+p-n+n differential cross section at 0° in the lab 
system of 38+20 mb, which is to be compared with a 
value of 54 mb at the same lab angle for the p-n charge- 
exchange cross section at 400 Mev.’ 
Charge independence requires that the following 
inequality be satisfied : 
da 
(0°) 
dQ 


’ Hartzler, Siegel, and Opitz, Phys. Rev 


total P 
7 ’ 


> (k/4r)*Lo5n'**!—o5, 


ppofnn 


95, 591 (1954) 
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where & is the wave number of the incident antiproton in 
the laboratory system. If we assume the value for the 
charge-exchange cross section at 0° stated above, then 
the difference between the total antiproton-proton and 
and the antiproton-neutron cross sections at 440 Mey 
must be less than 50 mb. The p-p and p-n cross sections 
quoted in the preceding paper are consistent with this 


prediction, 
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Anomalous K* Decay* 
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Department of Physics, Columbia University, New York, New York 
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Out of 5000 K+ mesons, one has been found with a w* secondary of 60 Mev which exceeds the 54-Mev 
upper limit for the alternate tau decay mode. In view of the estimate of Dalitz, it is reasonable that this be 


the first observed case of the possible decay mode: Kt-+rt+7°+-. There is strong evidence against the 
possibility that this event is a r’ decay in flight, and also against the possibility that the secondary might 


be a w* rather than a xt 


INTRODUCTION 


HE Columbia Nuclear Emulsion Group has ex- 

amined about 5000 K* decays from Bevatron 
exposures primarily for the purpose of obtaining 7, 7’, 
and K,, lifetimes and energy spectra.’~* A search was 
made for secondaries of ionization heavier than 1.25 
times minimum. All except one (a w+ of 4.8-cm range) 
turned out consistent with the 7’ or Ky3. The maximum 
range for the alternate tau decay mode is 3.95 cm. 


+ 


1’ 
The only other known decay mode with a single 
secondary is the A,» with a unique * range of 11.7 cm. 
This 4.8-cm r* secondary is 60 Mev and could be from 
one of the following possible new decay modes: 

(1) 
(2) 


(3) 


Kt—rt+n+7 


or wt+ 27 
or wh+e+d. 


Assuming mode 1, and a r* of 60 Mev, the photon 
energy would be between 55 and 158 Mev. An abun 
dance of one in 5000 is consistent with the order of 


* Research supported in part by the Office of Naval Research, 
the U. S. Atomic Energy Commission, and a research grant from 
the National Science Foundation. 

! Orear, Harris, and Taylor, Phys. Rev. 102, 1676 (1956). 

? Orear, Harris, and Taylor, Phys. Rev. 104, 1463 (1956). 

* Taylor, Harris, and Orear, Bull. Am. Phys. Soc. Ser. IT, 2, 20 
(1957). 


magnitude evaluation of the matrix element for mode 1. 
The matrix element for mode 2 would be significantly 
smaller.‘ We do not consider mode 3 because so far all 
observed interactions involving neutrinos have each 
neutrino accompanied by a charged lepton. We have 
calculated the wt and the photon spectra for mode 1 
assuming a direct electric dipole or magnetic dipole 
transition from the K* state to the (wt+-°) state and 
using the matrix element in the paper of Dalitz.* These 
spectra, which are peaked in the energy region of our 
event, are shown in Fig. 1. Dalitz also considers the 
mechanism of “internal bremsstrahlung’ where the 
photon is emitted as radiation from the wt. Such a 
photon spectrum would decrease rapidly with photon 
energy 
EXPERIMENTAL DETAILS 

In order to establish this event as an example of a 
new decay mode, one must demonstrate beyond all 
reasonable doubt that (a) the secondary is a w*; and 
(b) the secondary energy is greater than the 53.3-Mev 
cutoff of the r’ and less than the 107.7 Mev of the K,» 


a) Identification of Secondary 


Visually, the secondary ending appears to be a 
legitimate w-u-e decay. The position which is taken to 


*R. Dalitz, Phys. Rev. 99, 915 (1955), and private com 


munication 
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Fic. 1. Photon and wt energy spectra for the decay mode 
K*t—+n'+-9+-y using the dipole matrix element in the paper 
of Dalitz.‘ 


be the w-y junction has a residual range of 647 microns 
and a 39° change in direction. Decay muons have 
range greater than 647 microns about 5% of the time.® 
Visually, the secondary does not at all appear to be a ut 
which had a scattering at 647 microns residual range. 
A sensitive test for this possibility is a plot of accumu- 
lated gap length vs residual range. In Fig. 2 are shown 
such plots for the secondary in question and for a known 
m-4 decay from the same plate where both and uw have 
dip angles always less than 22°. Although gap and 
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@e ANOMALOUS SECONDARY 


| 
1500 
(MICRONS) 








RESIDUAL RANGE 


Fic, 2. Accumulated gap length vs residual range for a known 
m-y decay and for the anomalous secondary. 
*W. F. Fry and G. R. White, Phys. Rev. 90, 207 (1953), and 
Barkas, Smith, and Birnbaum, Phys. Rev. 98, 605 (1955). 
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track lengths have been corrected by the cosine of the 
dip angle, this technique is still dip-angle-dependent. 
A steep track gives a smaller rate of increase of gap 
length per unit length. The first 250 microns of the 
track in question has a dip greater than 45° which 
accounts for the initial slow rise in its curve. After 400 
microns the track stays reasonably flat. The curve 
shows a sharp change in slope at the same region which 
by eye appears to be a r-u decay. This change in slope 
cannot be attributed to change in dip angle, because the 
average dip both before and after the region of change 
in slope is ~25°. We consider Fig. 2 as convincing 
evidence of a m-u decay. 





- 


DEGREES 


IN 





| | 
500 1000 
RESIDUAL RANGE 








Fic. 3. Sum of the absolute value of scattering angle vs residual 
range for the anomalous secondary. The a, are the angles between 
successive 20-micron chords. 

In addition, the variation of scattering with residual 
range should show a sudden change at a m-u junction. 
For the track in question, the scattering angle between 
successive 20-micron chords was measured from camera 
lucida drawings. The sum of the absolute values of 
these angles vs residual range is plotted in Fig. 3 which 
also shows a sudden change in slope at the same region. 
The contributions to these scattering angles are both 
from multiple and single scatterings. 

It is possible to get some measure of the mass of the 
secondary by grain-counting its track from 1 to 4.8 cm 
residual range and comparing with the grain counts of 
known pions and muons by using the beam pions in the 
plates for an intermediary calibration. This technique 
was tried first and gave the result that the track in 
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question was closer to that of a mw than a yw, but not 
conclusively so. 


(b) Energy of the Secondary 


The measured secondary range is 4.81+0.04 cm 
which is 60+1 Mev for a pion when straggling is taken 
into account. The K ending has all the appearances of a 
true ending rather than that of a decay in flight. 
However, we have attempted to make quantitative 
estimates of the possibility that this event is a 7’ 
decaying in flight. Pushing the measurement of the 
angle between K ending and secondary to its lowest 
possible limit gives 49°. Such an angle would require a 
7’ with greater than 60-micron residual range at the 
time of decay. From gap and scattering measurements, 
and the lifetime, abundance, and decay spectrum of 
the 7’, one can estimate the probability of a 7’ decay in 
flight which appears like this K ending relative to the 
probability of a similarly appearing K ending which is 
not a decay in flight. For this case our estimated relative 


DECAY 1563 
probability is ~10-". One should also consider the 
remote possibility that in the last grain the A* scatters 
~60° and then decays in the forward direction as a r’ 
before reaching the next grain. This has a relative 
probability ~107"*, 

At the K ending the secondary grain counts are more 
than 30% above minimum. However, another remote 
possibility would be a A,2 where the wt interacts very 
close to the K ending and gives a zero-pronged star 
except for an outgoing pion of lower energy. We estimate 
a relative probability of ~10~° for this possibility. 

Because of these extremely low probabilities and of 
the appearance of the K ending, we rule out 7’ and Ky 
as reasonable explanations for this event. 
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Initial Stages in the Propagation of Cosmic Rays Produced by Solar Flares* 


R. Listt anp J. A. Simpson 
Enrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
(Received June 14, 1957) 


The propagation of solar cosmic rays produced in the February 
23, 1956 flare has been studied from the time they leave the flare 
region to the time when the terrestrial cosmic-ray intensity 
reaches a maximum value. Within this interval there are observed 
not only strong anisotropies in the incident radiation, but also 
relatively large differences in time (<9 minutes) between the 
commencements of the intensity increases in different parts of the 
world. This distribution of time delays is superposed upon the 
transit-time delay which all particles experience between pro 
duction and detection. 

From these experimental results, and the calculations of orbits 

onnecting the sun and earth at the time of the flare, it is shown 
that there are broad impact zones on the earth within the first ten 
minutes of the cosmic-ray intensity increases. Using the recently 
deduced flare-particle spectrum, cosmic-ray intensities at the top 
of the atmosphere have been determined for the different impact 
zones. For this flare event the “2000 hour” impact zone becomes 
as important as the 0900” and ‘‘0300” hour impact zones. 

These results demonstrate that the first flare particles arriving 
at the earth were not of low energy, and that the low-energy par 
ticles arrived later—the delay being an inverse function of energy. 
This energy-dependent spread of first arriving particles is called 
the dispersion effect arising from the mode of particle propagation 
from the flare source to the earth. These conclusions show that 
back scattering from disordered magnetic fields beyond the orbit 
of the earth does not account for the time delays. 


I. INTRODUCTION 
HE energy spectrum and time dependence of 


cosmic-ray particles produced in the solar flare 
of February 23, 1956, have been investigated for late 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 


Various alternatives are considered for production of this 
distribution of onset times. The most likely process appears to 
be propagation through magnetic fields by diffusion. Since the 
impact-zone data for all geomagnetic latitudes, including both 
polar regions, predict a distant source in the direction of the sun 
but of order one radian solid angle in the sky, and since sufficient 
diffusion around the earth to produce the required time delays 
would destroy the observed impact-zone effects, it is suggested 
that there may exist a diffusing envelope around the sun which 
accounts for both the apparent source size and the dispersion 
effect. Small irregularities in the general solar dipole field are 
invoked to proluce the diffusion that the 
predicted dispersion effect agrees with the observations, and that 
There is 


Calculations show 


other details following from diffusion are satisfied 
evidence of a dispersion effect for the flare particles of November 
19, 1949 

The implications of these results for possible uniform magnetic 
field distributions between the sun and earth are reviewed, and it 
is shown from the orbit calculations and the dispersion effect that 
the predictions are not in agreement with observations 

Ther 


zones are dominant and the time when isotropy sets in 


when impact 
Ihe sub 
further 


is a transition period between the time 


sequent storage of the solar cosmic-ray particles is not 
considered in this paper, except for the bearing of these obser 
vations at early times upon the character of the interplanetary 
storage magnetic fields. 


times in the development of the increase of cosmic-ray 
intensity.' At these late times there was convincing 
Center, Air Research and Development Command, U. S. Air 
Force 

t Fulbright Fellow. On leave 
Physik, Géttingen 1955-1956 

1 Meyer, Parker, and Simpson, Phys. Rev. 104, 768 (1956) 
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evidence that the radiation approached the earth 
isotropically over a wide range of particle energies. 
From the slow decline of intensity with time it was also 
clear that particles could be stored within the solar 
system for approximately 15 hours or more after the 
termination of the solar event. Since there were pro- 
nounced anisotropies in the radiation which first ar- 
rived at the earth, the isotropy which developed later 
must be produced by the storage magnetic fields. 
Interplanetary magnetic fields provide the only 
known present for producing both 
storage and isotropy. Disordered magnetic fields were 
invoked for the storage and diffusion of charged particles 
out of the solar system. Recently, alternate suggestions 


mechanism at 


have been made that the magnetic fields should be 
uniform, or ordered, rather than disordered.’ * 

To understand the physical processes by which 
cosmic-ray particles are propagated from the region of 
production at the sun, we shall investigate in this paper 
charged-particle propagation from the time of produc 
tion at the source to the time when the directions of the 
particle trajectories arriving at the earth become almost 
random. Though the influence of the external geo 
magnetic field and scattering in the interplanetary 
fields are poorly understood, the main effects are 
sufficiently outstanding to justify a quantitative study 
of this phenomenon 

We shall show that strong anisotropies existed in the 
form of impact zones only during the early period of the 
cosmic-ray intensity increase and that these anisotropies 
are satisfied by a large apparent source of cosmic rays 
located in the direction of the sun. We find that the 
first particles arriving at the earth do not include low 
energy particles, The low-energy particles arrive sub 
stantially later with their delay being a smooth function 


of particle energy. These conclusions lead us to suggest 


TIME > 


Fic, 1. This curve illustrates the definition of pre-onset time, o° ; 


onset time, fo; and the time of maximum intensity, tn 


Cosmical 
1956 (un 


2A. Ehmert, Proceedings of the Conference on 
Electrodynamics, Stockholm, Sweden, September, 
published) 

*S. Hayakawa (private communication). Also Cocconi, Gold, 
Greisen, Hayakawa, and Morrison (communication received 
September, 1957) 
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a diffusion model for the escape of cosmic-ray particles 
from magnetic fields in the source region. 

We also find that these observations during the early 
part of the intensity increase place severe restrictions 
upon possible models for the storage magnetic fields and 
particle propagation at late times. 


II. DELAYED ARRIVAL OF LOW-ENKRGY PARTICLES 


The times for which cosmic-ray particles begin to 
arrive at detectors distributed over the world may be 
compared by defining on onset time fo as shown in Fig. 
1.4 We have determined this onset time rather ac- 
curately for the 19 detectors whose positions and onset 
times are indicated on the map, Fig. 2. There is a range 
of 9-10 minutes in fo which cannot be accounted for by 
timing, or other experimental errors. The earliest onset 
times are spread out in longitude from Cape Schmidt® 
to Freiburg,® and perhaps as far west as the British 
Stations. This is a longitude range of over 160° in the 
northern hemisphere, extending from early morning to 
early afternoon hours local time. 

The observations from the Asia-Europe areas have 
been compared with Chicago (U.S.A.)' and Ottawa 
(Canada)’ in Fig. 3. We find no evidence for particles 
arriving before 0349 U.T. at Chicago, or before 0350 
at Ottawa (the respective onset times are 0350 and 
0353), whereas the detectors in Europe and Asia 
experienced a sharp increase of intensity at about 0344 
U.T. for all types of detectors.* Fortunately, the 

* Several cosmic-ray recorders display intensity as a function of 
time in sufficient detail to reveal a small increase leading into the 
sharp rise of intensity. This is identified as a “foot” on the intensity 
curve. We define this foot as the pre-onset increase and specify 
the beginning of this pre-onset as fo*. The steep slope of the in 
tensity increase when extrapolated to the time axis defines the 
onset time fo as illustrated in Fig. 1. These are times observed at 
the earth. 

’ Dorman, Kaminer, Koivava, 
Nuclear Phys. 1, 585 (1956). 

6 Sittkus, Kahn, and Andrich, Z. Naturforsch. Ila, 325 (1956), 
and to be published. 

7D. C. Rose and J. Katzman, Can. J. Phys., 34, 884 (1956) 

®S. N. Vernov [Dorman, Feinberg, Giokova, Grigorov, 
Kopilov, Sanin, Shafer, and Vernov (private communication, 
June 22, 1957) ] has recently provided us with a re-evaluation of 
all the data from the cosmic-ray intensity increases recorded in 
the U.S.S.R. Using our criterion for onset times, we list below the 
revised onset times for the Soviet stations: 


Shafer, and Schwarzman, 


Geomagnetic 
coordinates 
Lat. 
36°N 
48°N 
51°N 


to 
0341 
0341-2 
0342-3 
51°N 193 0343-4 
63°N 227 0344-5 


According to this report an over-all error of about 1 min is to be 
assigned to each of the foregoing values for to 

We wish to make two comments regarding these new data 
First, even taking into account the assigned errors in timing, there 
appears to be a systematic delay in onset time with increasing 
geomagnetic latitude. It is well established that within any given 
impact zone the magnetic rigidity of particles which are permitted 
to arrive decreases with increasing geomagnetic latitude. Conse 
quently, this small and systematic spread in onset times is ex 
plained if we assume that the highest energy particles arrive first, 


Long 
122 
141° 
120 


Station 
Tbilisi 
Sverdlovsk 
Moscow 
Yakutsk 
Cape Schmidt 
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2. World-wide distribution of cosmic-ray intensity recorders for which the onset time has been established 
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symbol * indicates those stations for which a prompt onset time has been inferred from the data 


magnitude of this solar cosmic-ray effect was sufficiently 
large to obtain a measure of the effectiveness for 
excluding particles from some regions of the earth at 
this time. An increase as small as 15-20%, beginning 
near 0344 would have been readily detected at Ottawa, 
but no effect was observed even though the primary 
intensity in Europe exceeded background by > 5000%, 
We conclude that the mechanism preventing the arrival 
of solar-produced particles at Chicago and Ottawa must 
have been exceedingly effective. These arguments also 
apply to the observations in the southern hemisphere 
wherein time for the neutron monitor in 
Wellington Harbor! was delayed at least 4 minutes with 
the time at Hobart, 


the onset 


respect to ion-chamber onset 
Tasmania. 

We shall investigate the implications of this range of 
onset times, and their distribution over the earth, for 
understanding the propagation of solar cosmic rays 
during the first half hour of the event. 


The observations reported in Figs. 2 


2 and 3 were 
i.e., that there is a small dispersion effect within an impact zone 
similar to the large dispersion effect (Fig. 6) we find between the 
“(900 and the “2000” hour impact zones. Second, although this 
small effect may be real, it is small compared with the observed 
time differences of 9-10 minutes, and represents a small spread 
of particle energies. Therefore, the assumption we have made in 
this paper, namely, that the onset time in Europe and Asia is 
represented by a unique, prompt onset at 0344+1 U.T. is still 
satisfactory for studying the initial phases of propagation and 
does not change appreciably the results shown in Fig. 6 


obtained with either ion chambers, counter telescopes 
or neutron-intensity monitors. If a beam of particles 
arrives at the top of the atmosphere containing a 
mixture of high- and low-energy particles, then all 
three types of detectors would respond to the see 


ondaries of the high energies and at least the neutron 


Fic. 3. The intensity increases with prompt onset are shown for 
Cape Schmidt (U.S.S.R.) Freiburg Delayed 
intensity increases are shown for the neutron monitors at Chicago 
and Ottawa. Note the absence of any increase of intensity at 
Ottawa before 0349 UT 


and (Germany) 
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monitor would respond to the secondaries from the 
low-energy particles (>1 Bev). Thus, a spread in the 
measured times of onset among a group of detectors 
cannot be accounted for by the response characteristics 
of the detectors. 

We now examine the behavior of the primary beam 
in the geomagnetic field. If the solar cosmic radiation 
arrived isotropically at the earth, then, from Fig. 2, the 
promptly arriving particles in the geomagnetic latitude 
range 0°-55° would also have access to the North 
American stations where the geomagnetic cutoff is low, 
i.e., Chicago and Ottawa. Since there was no prompt 
onset at these latter locations, we conclude that the 
radiation did not arrive isotropically ; hence the source 
as seen at the earth must be limited in size. 

The problem of determining at what positions inside 
the terrestrial magnetic field particles arrive as a func 
tion of their energy, if the source at infinity is of finite 
size, has been treated extensively recently. The allowed 
regions of impact on the earth are called impact zones. 
Krom the above general arguments we conclude that 
impact zones of some kind existed during at least the 
first 10 minutes of solar-particle arrival at the earth. 

It was shown in earlier papers from this laboratory?" 
that, although the exclusion of high-energy particles 
from regions outside the main impact zones may be 
complete, there is a background region extending over 
all longitudes which arises from connecting orbits of 
low-energy particles—energies near the geomagnetic 
cutoff for the observing position in the background 
zone. Thus, even though we may account for the 
exclusion of high-energy particles for some regions of 
the earth, we cannot argue that low-energy particles 
are similarly excluded. Since the discrimination against 
the arrival of prompt particles is exceedingly good as 
shown in Fig. 3, it then follows that the promptly 
arriving particles were of high energy: the low-energy 
particles arrived later 

With the two assumptions that the impact ZONES 
existed during the first 10-15 minutes of the cosmic-ray 
increase, and that the low-energy particles arrive late 
in this time interval, we are led to the following al- 
ternative explanations for the late-arriving particles: 


(a) Either 
directions other than the limited source so that they 


the late-arriving particles come from 


have access to regions of the earth otherwise forbidden 
for a source at the sun, or 

(b) ‘They arrive from the same source as the prompt 
particles but with lower energy so they may enter the 
background zone inaccessible to high energy partic les. 


For alternative (a), two extreme possibilities have 
been proposed, both of which involve the question of 
how magnetic fields are distributed in the interplanetary 

* J. Firor, Phys. Rev. 94, 1017 (1954) 


ws Jory, Phys. Rev 103, 1068 (1956) 
“ R, List, Phys. Rev. 105, 1827 (1957), 
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medium. If disordered magnetic fields exist beyond the 
orbit of the earth as is suggested by the study of the 
flare event at late times,’ then cosmic-ray particles 
might be backscattered from these fields to arrive late 
with respect to the high-energy particles. This back- 
scattering rests upon the erroneous assumption that 
Chicago and Ottawa were in highly forbidden zones for 
particles of all energies; we discard backscattering to 
account for the delayed onsets. The opposite extreme 
assumes a uniform field throughout the space between 
the sun and the earth with its direction inclined with 
respect to the sun-earth line so that only high-energy 
particles can arrive promptly.” We shall show later that 
this suggestion does not agree with experimental evi- 
dence for early or late times in the history of the flare. 
We, therfore, explore alternative (b) wherein the 
particles of all energies during the first 10-15 minutes 
come from the source direction but only the high 
energies arrive promptly at the earth. The time delay 
in transit as a function of particle energy arising from 
particle velocity distribution does not account for more 
than 10% of the time-delay effect reported in Fig. 3. 
Before investigating further the origin of the assumed 
time delays as a function of energy, we shall critically 
discuss the properties of the impact and background 
regions on the earth at the time of the giant flare. 


Ill. SUN-EARTH ORBITS AT THE TIME OF THE FLARE, 
AND THE DISTRIBUTION OF COSMIC-RAY 
INTENSITIES OVER THE EARTH 


To understand more fully the characteristics of 
impact and background zones for the first half hour of 
the solar flare, we have extended earlier orbit calcu- 
lations both in numbers of orbits and their rigidity 
range, beyond those recently reported, using the 
AVIDAC computer. We are aware that idealized orbit 
calculations take into account neither the imperfections 
in the geomagnetic field nor particle scattering which 
may arise from disordered fields in the interplanetary 
volume. But since we know from our discussion in the 
previous section that these defects in the model are 
insufficient to destroy pronounced anisotropies pro- 
duced by a source of finite size, we shall use the orbit 
calculations as a guide in drawing our conclusions on 
the behavior of impact zones at the time of flare onset. 

We 


primary-particle rigidities and relative counting rates 


wish to know for each detector location the 


at the top of the atmosphere under the assumption that 


particles are deflected only by the geomagnetic dipole 
field. 

Methods have been discussed by which the counting 
rates RK at the top of the atmosphere may be determined ; 
the counting rates for different impact zones mainly 
depend on the allowed opening angles 2 in which the 
particles arrive, on the range of allowed rigidities, and 
the form of the differential rigidity spectrum 7(pc/Ze) 
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= j(N) at the source. Thus 


N max 
j(N)Q0,¢)4N, 


N min 


R(\,¢) = 


where \ and ¢ are the geomagnetic latitude and longi- 
tude, respectively. 

For late times during the intensity increase we have 
already derived a differential rigidity spectrum pro- 
portional to V~* near the earth.! The spectrum at the 
source during the early part of the event may not have 
been quite as steep; therefore, we have assumed that 
the differential rigidity spectrum was V~ at the time 
of onset. 

We have also assumed that the range of magnetic 
rigidities extends out to 30 Bev since there was an 
appreciable increase of intensity at the geomagnetic 
equator. The solid angle of the solar source was selected 
as +15° in latitude, and +10° in longitude. It has 
already been shown that even if the source area exceeds 
the size of the sun by a much larger amount than we 
have taken here, there still exist distinct impact zones." 

Since we are concerned primarily with observations 
deep within the atmosphere, the principal contributions 
from primary particles come from particles arriving 
within <30° from the vertical, and we limit the se- 
lection of orbits to these small angles with respect to 
the vertical. For this study we have used the AVIDAC 
computer to obtain the flare-particle orbits and used 
them along with the orbits recently published by Jory’® 
and Liist."'? 

The results are shown in Figs. 4(a) and 4(b) with a 
relative logarithmic scale for the counting rates at the 
top of the atmosphere with the source position A, 
= —20°. This was nearly the position of the sun with 
respect to the geomagnetic field coordinates at the time 
of flare onset. If the sun had been located in the plane 
of the geomagnetic equator (A,,=0°) the three most 
important impact zones would occur at longitudes 
centered at approximately “0900,” “0300,” and “2000” 
hours local solar time for particles of positive charge. 
But since the sun was south of the geomagnetic equator 
for the flare of February, 1956, we see from Fig. 4(a) 
that the “0900” and “0300” impact zones merge as one 
broad impact zone in the northern hemisphere. In the 
southern hemisphere, Fig. 4(b), the “0900” zone 
remains apart while the “0300” and “2000” hour zones 
have merged. 

If the solid angle of the source is increased, the impact 
zones will extend over a wider range of longitudes than 


2 Space limitations make it impossible to include these orbit 
solutions here. A table containing the orbit parameters for the 
study of the solar flare has been deposited as Document No. 5356 
with the ADI Auxiliary Publications Project, Photoduplication 
Service, Library of Congress, Washington 25, D. C. A copy may 
be secured by citing the Document number and by remitting $2.50 
for photoprints, or $1.75 for 35-mm microfilm. Advance payment 
is required. Make checks or money orders payable to: Chief, 
Photoduplication Service, Library of Congress. 
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Fic. 4. The calculated 
counting rates expected at 
the top of the atmosphere 
at the time of the February, 
1956 flare using a differ 
entia] particle-rigidity spec 
trum af PC/Ze}*, (a) for 
the northern hemisphere; 
(b) for the southern hemi 
sphere. 











shown in Fig. 4. It is clear from Vig. 2 that, since the 
prompt onset time associated with the merged “0900” 
and “0300” impact zones is observed over a 160° 
longitude band, the effective source at the time of the 
flare must have had a larger solid angle than the source 
used for our calculations; we shall discuss this matter 
later. 
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ATITUDE OF INCIDENCE 
Fic. 5. For low particle magnetic rigidities the particles ad 
mitted to the “2000 hour” impact approach asymptotically the 
geomagnetic cutoff rigidity, 


For a given geomagnetic latitude it has been shown 
that the magnetic rigidities of particles arriving close 
to the vertical are different in different impact zones. 
Particles with highest rigidity arrive in the “0900” 
hour zone, whereas particles of successively lower 
rigidity arrive in the “0300” and “2000” hour zones. 
Particles with magnetic rigidities very close to geo- 
magnetic cutoff rigidity at a given latitude produce 
background radiation for that latitude distributed over 
all geomagnetic longitudes. For latitudes above about 
600° this background radiation will have rigidities less 
than 1 By and, hence, will not produce any observable 
effect deep in the atmosphere at these high latitudes. 

The relationship between source latitude and latitude 
for arrival is shown graphically for particles of 2 By 
and 10 Bv rigidity in Fig. 5 (derived from reference 9). 
We observe that for a given source latitude and particle 
rigidity the impact points approach asymptotically the 
geomagnetic cutoff latitude for that rigidity. Therefore, 
outside the two major impact zones the incoming par 
ticles are restricted in rigidity to a small spread of 
rigidities near the value of the geomagnetic cutoff 
prevailing at the location of the observation, In the 
vicinity of the 2000-hour zone this effect forbids higher 
energy particles from arriving at the intermediate and 
high geomagnetic latitudes. For example near \= 50° 
the particles arriving within +32° of the vertical are 
admitted only in the rigidity range 3.04+0,2 By." On 
the other hand, in the merged ‘‘0900” and “0300” hour 
impact zones, particles with a much wider range of 


48 A large number of orbits were integrated especially to obtain 
the counting rates in the “2000” hour impact zone. For this zone 
as well as for background rafliation—the asymptotic values for 
orbits at infinity depend critically on the rigidity. This increases 
the integration time on AVIDAC by a factor 10 over orbit inte 
grations for the “0900” hour zone. Hence, it was not practical to 
determine the counting rates in the higher order impact zones and 
for background radiation. 
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Fic, 6. The dispersion effect. The time delays for the first 
arriving particles as a function of energy. The results of calcu 
lations for diffusion through a solar dipole field with irregularities 
of scale size \ are shown for comparison. 


rigidities, and of higher rigidity, are admitted within 
the same solid angle and for latitudes extending from 
0° to high latitudes. 

Since the differential spectrum of flare particles is 
approximately N~®, most of the radiation is of low 
rigidity and contributes strongly to the spread-out 
“2000” hour zone. Figure 4(a) gives the important 
result that the intensities in the “0900-0300” zone and 
the “2000” hour zones for the northern hemisphere 
should be comparable for this spectrum. This is in 
agreement with the observation that maximum in- 
tensities for the nucleonic-component increases in 
Europe and North America are of the same order of 
magnitude. (See reference 1, Fig. 1.)'* In the southern 
hemisphere the maximum intensity of Wellington was 
unusually large for a background-zone location, but 
the results in Fig. 4(b) show that this is to be expected 
if Hobart lies in or near the “0900” hour spread-out 
impact zone. 

rom the foregoing results it is clear that if a burst 
of particles from the source contained particles of all 
magnetic rigidities, then the prompt onset time ob- 
served in the “0900-0300” hour regions would also have 
been obtained in the spread-out “2000” hour zone, 
which includes Chicago and Ottawa. Since this did not 
occur (Fig. 3), we conclude that the radiation of high 
magnetic rigidity began to reach the earth first. Hence, 
the prompt onset time will only be observed in the 
merged “0900-0300” hour zone in the northern hemi- 
sphere, and the “0900” hour zone in the southern 
hemisphere, whereas the delayed onset times in the 


4G. Pfotzer [Proceedings of Varenna Conference on Cosmic 
Rays (to be published) ] finds a spectrum near N~ from his 
analysis of the anisotropic radiation. This spectral form will 
change the computed cosmic-ray intensities in the various impact 
zones which we report here but does not change the results of our 
analysis. 





COSMIC RAYS 
“2000” hour region and background zone for both 
hemispheres will critically depend upon the magnetic 
rigidity of the arriving particles. For the longitude band 
centered at “2000” hour the delay in onset time, Af, 
with respect to prompt onset, is shown in Fig. 6. We 
have expressed the time delay over a particle energy 
range of 1-10 Bev, assuming that the incoming particles 
are principally protons. The delay in onset time appears 
to be a smooth function of primary-particle energy. 


IV. ORIGIN OF THE DELAYS IN ONSET TIMES FOR 
THE ARRIVAL OF SOLAR COSMIC RAYS 


If the impact zones at the earth during the early 
portion of the flare event are even approximately 
correct, then the first high-energy particles arrive ahead 
of successively lower-energy particles so that the time 
difference A’ depends upon particle energy, and may 
be as large as A‘=9 minutes for particles differing in 
energy by an order of magnitude. We therefore seek a 
physical explanation for this effect and the phenomenon 
associated with it. 

Differences in transit time arising from the range of 
8 for the particles account for less than 10% of the 
effect. Also the time spent in the geomagnetic field, even 
for complicated orbits belonging to higher order impact 
zones, is less than 0.1 second. We are then led to either 
(a) possible differences in the production time for 
cosmic-ray particles within the flare, or (b) mechanisms 
operative during the propagation of the particle between 
the flare region and the geomagnetic field. There are 
not, at present, any arguments for delayed production 
of the low-energy particles in the visible flare region'® "*; 
indeed, it is likely that even for a rapid acceleration 
process the low-energy particles will tend to appear in 
the source first, or at the same time as high-energy 
particles. If we tentatively discard time delays during 
production, we then consider mechanisms which may 
produce the effect during cosmic-ray propagation out- 
side the flare volume. 

In addition to the differences of onset time At for 
cosmic-ray increases observed at the earth, there exists 
the elapsed time between production and first detection 
of particles which may be even larger than the difference 
in onset times. We define the elapsed time from the 
beginning of production at the sun to the first arrival 
at the earth as the initial transit time U'. It is clear from 
the four earlier large cosmic-ray flares that this time 
may be many-fold the value of the transit time for 
electromagnetic radiation, and it is this time delay 
which has already been discussed in the literature. 

16 We have already shown that the kinetic energy stored in 
solar, cosmic-ray particles exceeds 3 10” ergs for the flare of 
February 23, 1956.! This would imply that if the efficiency for 
cosmic-ray production were as high as 1%, as seems improbable, 
the total flare energy exceeds 3X 10” ergs. We know that the flare 
was seen in white light and hence was of comparable intensity to 
the photospheric background'®; these observations are consistent 
with the total flare energy being confined to the visible flare region 

16 Notuki, Hatanaka, and Unno, Publ. Astron. Soc. Japan 8, 52 
(1956). 
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Thus, Af is the dispersion arising from the time delay 
in transit /’ and is a function of particle energy as shown 
in Fig. 6. (This dispersion may also be a function of ¢’.) 

The value of ¢’ for particles of a given energy depends 
upon our assumptions regarding the time of solar 
production. In this paper we shall consider the time of 
maximum energy per unit volume of the flare as the 
time when cosmic-ray production begins.” For the 
February, 1956 flare this would correspond to maximum 
light output and to the time approximately 0342 U.'T. 
If solar radio emission should turn out to be the domi- 
nant mechanism for cosmic-ray production, it would 
be necessary to specify the time for initial production 
as 0335 U.T., thus increasing (’ so that it would be 
approximately equal to the dispersion time. 

We shall now discuss possible explanations for the 
time delays and begin by considering the dispersion 
effect in time, Af. 

The alternatives are not numerous. Assuming prompt 
production of all particle energies within the flare 
volume, we are left with the problem of invoking 
suitable magnetic fields in order to increase the effective 
lengths of the low-energy particle trajectories relative 
to the high-energy particles. We also require temporary 
storage of the short burst of radiation, since the ob 
served arrival of solar-flare particles for more than 16-18 
hours is difficult to attribute to continuous production 
in the flare region. Interplanetary magnetic fields appear 
to be the most likely means for charged-particle storage. 
The question then arises: do the magnetic fields invoked 
for storage also introduce the observed spread in onset 
times at the earth? The possibility, that the inter 
planetary volume is pervaded by a uniform magnetic 
field,?* yields spiraling orbits which may introduce 
some spread in the arrival times of particles, but 
arguments given in Sec. VIII indicate that a uniform 
field does not satisfy the experimental observations. A 
second possibility is the assumption of disordered 
magnetic fields located outside the orbit of the earth 
in the form of an enclosing barrier to provide tem 
porary storage—a model which appears to fulfil some 
of the requirements for the late development of the 
cosmic-ray flare event.! 

Although we have shown that “reflection” of charged 
particles from the inner boundary of such a barrier field 
cannot be the origin of the onset time delay A‘, we shall 
consider other ways by which the spread of onset times 
may be produced by particle diffusion through irregular 
magnetic fields. 

If we make the tentative assumption that irregular 
fields are extended throughout the region within the 
earth’s orbit, we see that a burst of radiation at the 
sun containing particles of all energies will diffuse 
outward through the field and that, since the diffusion 
mean free path will in general be a function of particle 


‘7 The total energy output of the flare in nonradio emission is 
at least of the order 10” ergs, whereas the total energy emitted in 
the radio spectrum is of the order 10° ergs 
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energy, there may develop significant differences in the 
arrival time between the first high-energy and low- 
energy particles. 

However, continuous diffusion throughout the region 
between the sun and earth cannot represent the physical 
conditions at the time of onset on February 23, 1956. 
Enough diffusion to produce the observed time delays 
leads to the smearing out of impact zones'* and, con- 
trary to observations, there would be a unique onset 
time for all observed intensity increases. We, therefore, 
discard uniform diffusion between the sun and the earth. 

The remaining possibilities for using diffusion to 
produce the time delays require that the diffusion be 
restricted to either a region around the sun or one 
around the earth. Even though some diffusion near the 
earth is likely, and is a possible way to account for the 
large lorbush-type decrease of total intensity underway 
prior to the onset of the flare event,' the earth would 
have to be immersed in a much larger volume of dis- 
ordered fields to produce the observed diffusion-time 
differences At=9 minutes than the volume required to 
produce the observed Forbush decrease. Also, the 
requirements on the scale size of the disordered mag- 
netic-field region and the retention of observed impact 
zones at the earth are mutually exclusive. 

The flare of November 19, 1949 provides an inde- 
pendent argument against the time differences arising 
from disordered fields in the vicinity of the earth. At 
that time there was no evidence for a Forbush decrease 
having occurred prior to the flare. (The Carnegie 
Institution ionization chambers displayed a 1% 
decrease in intensity below the average for the period.) 
Even so, the time delay between the arrival of the first 
high- and low-energy particles was approximately 11 
minutes as we shall indicate in Sec. V. 

Consequently we explore solar particle diffusion in 
the vicinity of the sun. 


V. DIFFUSION OF SOLAR COSMIC RAYS OUT OF 
THE GENERAL SOLAR MAGNETIC FIELD 


Babcock has demonstrated beyond doubt that the 
sun possesses a general magnetic field.” He has shown 
that the field intensity near the photospheric surface 
is of the order 1 gauss. However, irregularities in the 
general field are certain. From the Babcock data there 
are obvious irregularities, and eclipse pictures taken at 
various phases of the solar cycle emphasize the changing 
distortion of the general field in the solar corona 
throughout the solar activity cycle. From independent 
solar-terrestria] observations there is extensive evidence 
that ionized matter in the form of streams and clouds 
emanate from deep in the solar atmosphere—these 
bursts of ionized matter inevitably squeeze and spread 


For example, particles starting out from the sun in the 
direction of the earth will arrive over a solid angle>5 radians at 
the earth. 

#H. W. Babcock and H. D. Babcock, Astrophys. J. 121, 349 
(1955). 
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the general field in such a way as to produce small-scale 
irregularities. 

In view of these arguments we shall assume as a 
working model that, although when observed as a 
large-scale phenomenon the general solar field is 
roughly coherent, it is not a “good” dipole field—it is a 
general field containing more or less random small-scale 
irregularities extending from photospheric level out to 
50-100 solar radii.” We now ask how cosmic-ray 
particles in the energy range 1-30 Bev will propagate 
out of this solar field from the visible flare region. 
Trapping orbits will have very short lifetimes because 
the magnetic-field irregularities will scatter the particles 
into ever-changing orbits. Indeed, if the general solar 
field were sufficiently perfect to sustain trapping orbits, 
it is difficult to see how low-energy cosmic rays could 
ever escape from the vicinity of the sun,” without 
invoking special effects.” The fact that a high yield of 
low-energy cosmic rays exists is a strong argument that 
the field is not a perfect dipole. Furthermore, the flare 
produces an enormous outburst of radiation and matter 
which may extend one solar radius, or more, above the 
photosphere. Cosmic-ray particles may then be carried 
in this outburst from regions of intense magnetic fields 
to the higher corona where the general solar field is 
weaker before the diffusion we discuss here becomes 
effective. 

If the magnetic-field irregularities are distributed 
throughout the solar corona, they may be considered 
to be scattering centers for charged particles of cosmic- 
ray energy with successive scatterings leading to more 
or less isotropic diffusion of particles in the general solar 
field. In the following discussion we shall assume that 
the propagation of charged cosmic-ray particles away 
from the solar flare region may be treated as particle 
diffusion out of the general solar magnetic field. The 
time required for a low-energy particle to travel through 
a diffusing medium is in general longer than for a high- 
energy particle, and it is this possibility that we invoke 
to generate the delay in arrival time of the flare particles 
at the earth. 

Sekido and Murakami® have proposed that the 
magnetic field around the sun be a trapping field for 
flare particles in order to account for the initial transit 
time ¢’ defined earlier. We wish to point out that from 
our preceding arguments it would be difficult to sustain 
trapping orbits because of field imperfections and that, 
in addition to the bulk time delay /’, we must explain 
the dispersion time difference Af, For these reasons we 


* R. List and A. Schliter, Z. Astrophysik 38, 190 (1955). These 
authors found a similar radius for the region which should rotate 
with the sun. 

*1 For a proton of 2 Bev/c in a field of 10~* gauss, the Larmor 
radius is= 7X 10* cm, which is 10~* solar radius. 

2 Forbush, Gill, and Vallarta, Revs. Modern Phys. 21, 44 
(1949). 

% Y. Sekido and K. Murakami, Proceedings of the International 
Conference on Cosmic Rays, Guanajuato, Mexico, 1955 (un- 
published). 
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prefer to try exploring diffusion rather than trapping 
as the dominant mechanism in the vicinity of the sun.™ 

From the observed spread of the main impact zones 
we assume that the source, or diffusing region, centered 
at the sun extends out at least 50 solar radii. To simplify 
the calculations the diffusing region shall be represented 
as a spherical envelope of radius r’ concentric with the 
sun. If the photospheric radius is ro, then ror’. All 
particles that enter the volume defined by r<ro are 
absorbed. In addition to the symmetry of the model, 
we also assume that the diffusion coefficient «(£) 
throughout the envelope is constant and nonzero, i.e., 
Ox(E)/dr=0. The particle density, J(£) is represented 
in the diffusion equation as: 


OJ (E)/dt=}tcL(E)V(E), : (1) 


where «(E)=4cL(E), L(E) being the scattering mean 
free path. 

The solutions of the spherically symmetric diffusion 
equation have already been considered for several 
cases.! 

Since the scale size of the flare region is rr, where 
r7<Kro we may assume that the particles are injected 
instantaneously at /=0 into the solar envelope at r=0. 
Then the particle density, at time />0 and at r>ro, is 


A r? 
J(£)=— exp( - ), (2) 
(xt)! wl 


From the exponential factor we see that (xt)! is pro- 
portional and comparable to the distance / beyond ro 
to which particles of a given energy have diffused in 
the time ¢. 

If the relative distances that particles of energies 
Fk, Ey travel in the times 7, 72 are represented as 


lengths /;, l2, then 
KiT] L(E )T1 
fotar * 
KeT?2 L(E2) 


In general, for an irregular magnetic field whose 
root-mean-square B is decreasing as ~1/r', the lower 
energy particles will experience diffusion out to greater 
radial distances than will high-energy particles, i.e., if 
E, <2, then 1,/l,.<1. 

However, to simplify the problem we let /,/l,=1 so 
that the distances for particles of all energies to escape 
are equal; the time differences we calculate for particles 
of energy E, and F, will, therefore, tend to be a lower 
limit for the true time differences with the assumption 


L(E,)11/L(Es)72=1. (4) 


“1. I. Dorman and, independently, G. Pfotzer [Proceedings 
of Varenna Conference on Cosmic Rays (to be published) ], have 
also suggested that there may be a diffusing region in the vicinity 
of the sun. The magnetic clouds near the sun which Dorman 
invokes to produce his “scatter” radiation could be modified to 
explain the dispersion effect. 


PRODUCED 


BY SOLAR FLARES 1571 

Our next task is to obtain an explicit function L(£), 
and the discussion which follows is directed towards 
that end. We know very little about the properties of 
the general solar field and its extension out to great 
distances. However, there is sufficient qualitative 
evidence to limit the number of possibilities. (1) Ir- 
regularities in the field we have already discussed. 
(2) The irregularities have a much smaller scale size 
than the scale size of the general solar field near the 
photosphere (~r9) since the over-all character of the 
field is one of order. (3) The regions between strong, 
small-scale irregularities are not field-free, i.e., between 
collisions with irregularities the particle trajectories 
will have Larmor radii po(B). 

If we call \ the scale size for an irregularity capable 
of deflecting a particle of relativistic energy, then 
\<Kro= 7X10! cm. If py is the Larmor radius of the 
particle inside a scattering region, the scattering process 
will depend upon the relative magnitudes of p; and X, 
Since, on the average, the general solar field will be 
present throughout the diffusing volume, the scattering 
centers may be concentrations of the field or regions of 
depressed field intensity; i.e., pi>po Or pi<po, where po 
is the Larmor radius in the average field at radius r. 

These conditions are stated relative to the energy of 
the charged particle undergoing the scattering. For a 
sufficiently high-energy particle pj>A under all condi- 
tions; for a sufficiently low-energy particle pj <) under 
all solar conditions. The energies to be considered here 
are within the range 1-20 Bev. As one possible case the 
irregularities in magnetic-field intensity may be treated 
as concentrations of strong fields interspersed with 
regions of very weak fields. Then for sufficiently large 
and dense concentrations piy<A and p;<po so that the 
particles over a wide range of energies will undergo 
wide-angle deflections in collisions with these irregu- 
larities. Under these conditions the scattering mean 
free path L(E) depends very little, if at all, upon 
particle energy. But if this diffusion is the main process 
which leads to the differences in onset time at the earth, 
we know from Fig. 6 that the process is strongly energy- 
dependent and the limiting case py<A does not apply 
to solar conditions at the time of the February, 1956 
flare. We are led to the conclusion that p;2 A. 

The general question of how cosmic-ray particles 
diffuse through a plasma cloud containing a disordered 
magnetic field has already been considered by Mor- 
rison” and by Parker.”* The conditions we have assumed 
for the field irregularities in the solar envelope approxi- 
mate closely the case for the transmitting scattering 
centers described by Parker, From the work of Mor- 


rison and Parker, we find that for 
L(E) « p@lo/m, 
L(E) « pilo/d, 


26 P. Morrison, Phys. Rev. 101, 1397 (1956) 
6 EF. N. Parker, Phys. Rev. 103, 1518 (1956) 
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Fic. 7. The percent increase above preflare intensity, shown as 
a dashed line, represents events which occurred very close to 
1055-1058 U.1 


where Ly is the mean free path between scattering centers 
and is here taken to be independent of particle energy 
in first approximation, Since 


E/E , 
Ey ( +2) | / (eb, (6) 
Ky Fo 


where /y and EF are the rest and total particle energies, 
respectively, we may write for the ratio 
L(E\)71/L(E2)r2= 1; 


Ey sky Ei f/k. * 

et?) /ala?)) 

Eo Ko Eo Ey 
n=1 for 


n= for pid, 
nO for pi<r, 


where 


pimdA, 


for ky . Fa, T\> T2. 


Rate of cosmic-ray intensity increase as a 
function of onset time 


TABLE I 


to Time for intensity to increase to 50% tn» 


4 min 
6 min 
8 min 
11 min 


0344 
0348 
0349 
0353 


Prompt arrival 
Cheltenham 
Chicago 
Ottawa 
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If we call 7’ the transit time, assumed independent 
of particle energy, from the outer boundary of the solar 
diffusing envelope to the orbit of the earth, and Af the 
difference in the observed onset times for particles of 
energy /;, £2, we may write 


rot Al+ ro! =71+1771'. (8) 


All particles are relativistic and travel with the 
velocity c. Since we have assumed that the envelope 
radius, 7’, will be independent of particle energy, then 
7)'=72' and r2+Al= 7}. 

If R=72/1,, then 
R 


= At. (9) 
1—R 


T2° 


From experimental observations we have the time 
of onset as a function of geomagnetic cutoff energy for 
five different geomagnetic latitudes, all in the region 
of the spread-out ‘‘2000” hour zone, as shown in Fig. 6. 

The ratio R is best determined for a wide spread in 
At and particle energy; the Ottawa and Huancayo* 
data are, therefore, used to obtain the value 72 for the 
diffusion time out of the solar envelope for particles of 
energy 10 Bev or greater. It then follows that, using the 
two end points of the curve in Fig. 6, we can calculate 
the values for At under the alternate assumptions 
pi>A or py=~X. The results are shown in Fig. 6 where it 
appears that p;~A is the better assumption. The errors 
of At= +1 minute do not justify further approximations 
in the calculations, especially in view of the fact that 
the effective solar-envelope radius must be a function 
of particle energy. 

An order-of-magnitude estimate can now be obtained 
for the radius of the solar diffusing envelope from the 
high-energy particles £210 Bev which have prompt 
onset at the earth: r=2.6 minutes for these particles, 
therefore, r’ <rc and r’~0.3 au. This represents an 
approximately 35° source in the sky. Independent 
estimates of the source size from the width of the 
“0900-0300” hour impact zone require a source of at 
least this size as noted in Sec. VI. 

If diffusion through the general solar magnetic field 
accounts for the dispersion in onset times Af, then there 
are two consequences which follow for the behavior of 
the cosmic-ray intensity during the first minutes of the 
increase of intensity. First, the rate of rise of cosmic-ray 
intensity following /o must be a function of the lateness 
of onset time over the entire energy range. The time 
required for the intensity to rise to 50% of maximum 
intensity is given in Table I for each station. These 
results are in the right direction and of the correct 
magnitude for agreement with the diffusion hypothesis. 
Second, for any given energy, the growth of intensity 
at the outer boundary of the envelope will at first be 
gradual: the increase of intensity everywhere at the 
earth should, therefore, have a “foot” on the curve for 


27S. E. Forbush (private communication). 





COSMIC RAYS PRODUC 


ED BY SOLAR FLARES 


TABLE II Cosmic-ray intensity increases at polar stations. 


Estimated 
geomagnetic 
latitude 


Geographic 
longitude 


Mawson* 
MacQuarie Island* 
Cape Schmidt 
Kiruna? 

Godhavn® 
Resolute! 


65°F 
160°E 
180°E 

20°E 

55°W 
100°W 


Est. 


* See reference 28. 
> See reference 5. 
* See reference 8 
4 See reference 32. 
* See reference 27. 
' See reference 7, 


intensity increases. This is observed in some cases and 
has been defined here as the gradual pre-onset increase 
to*. For example, the preflare increase began about 0341 
U.T. and amounted to 20% (ionization) at Hobart, 
Tasmania,” and 10% (ionization) at Freiburg.® For 
low energies and late onset the foot is also evident in 
the Ottawa neutron intensity data, Fig. 3. 

If this explanation for the observed dispersion in 
arrival times of particles is correct, then these disper- 
sion effects must have occurred at the time of 
previous cosmic-ray intensity increases. For example, 
on November 19, 1949, the ion chamber at Climax, 
Colorado was in an impact zone with onset time 
to=1045 U.T.% Whereas the neutron detector at 
Manchester, England® was in a higher order region. 
For Manchester we see from Fig. 7 it is unlikely that 
the onset was earlier than about 49~1055; hence 
At=~10 minutes. 

The simplified model for a solar diffusing envelope 
which we presented here to account for the dispersion 
effect is undoubtedly, in nature, a mixture of magnetic 
field regions, since not only are there the field irregu- 
larities in the envelope, but also radially stretched 
magnetic fields in the equatorial regions, in addition 
to the enormous channel of disordered fields produced 
by the giant flare itself. Hence, each flare event may 
display some differences in the energy dependence of 
At and apparent source size. The magnitudes of /’ and 
At for the five great flares may depend upon how far 
into the corona the flare burst carries the production 
region before diffusion outward takes place. 

Because of diffusion, cosmic-ray particles may reach 
the back side of the solar envelope and escape. There 
may be, therefore, a difficulty with the model since few 
increases of cosmic-ray intensity have occurred without 
an observed solar flare. Perhaps the outward diffusion 


28 A. G. Fenton et al., Nature 177, 1173 (1956). We are indebted 
to Dr. Fenton for his review of the ionization data. 
*® Forbush, Stinchcomb, and Schein, Phys. Rev. 79, 501 (1950). 
* We are grateful to Dr. H. J. J. Braddick and Dr. N. Adams 
for providing us with more accurate data on the neutron-intensity 
increase at Manchester (November 19, 1949) than has heretofore 
been published. 


Time of 
onset 


UT. 


Est. 
Est. 


Time of 
maximum 
intensity 


Detector 
and 
absorber 


Vertical; 10 cm Pb 
Vertical; 10 cm Pb 
Ionization; 12 cm Pb 
Vertical; no absorber 
Ionization; 12 cm Pb 


Vertical; 14 cm Pb 


< 0358 
0400 
0358 

< 0400 

< 0420-30 
0415 


0344-50 
0344 
0344 
0344 
0353-4 
0353 


is limited more to a radial diffusion channel than we 
suspect at present. 


VI. COSMIC-RAY EFFECTS IN THE POLAR REGIONS 


For the first time cosmic-ray detectors were located 
in both polar regions, and in this section we consider 
the main results derived from the data in Table II. We 
define the polar regions by the limiting latitudes 
>+060°. The intensity curve at Mawson’ is shown in 
lig. 8 where it is clear that no matter what onset time 
is assumed, the maximum intensity must occur before 
0358 U.T. This fact, along with the restriction for a 
reasonable rate of intensity increase, limits the probable 
onset time to a range near the prompt onset time 
fo= 0344 U.T. Thus, the intensity increase at Mawson 
is of the impact-zone type. This agrees with the calcu- 
lated position of the “0900” hour impact zone at — 70°, 
as shown in Fig. 4(b). Liist, Schliiter et al., also found 
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Fic. 8. The cosmic-ray intensity at Mawson, Antarctica 
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connecting orbits in this region at high latitudes.” By 
similar arguments the intensity increase at Macquarie 
Island* and at Kiruna, Sweden,” should be in impact 
zones. 

As we earlier noted for Fig. 4, the Cape Schmidt® ion 
chamber behaves as though it were in an impact zone, 
but from Fig. 4(a) we see that this would only be true 
if the source size were very large. Consequently, this 
station establishes the boundary condition for source 
size at 0344 U.T. The prompt onset at Cape Schmidt 
cannot arise from very high-energy particles passing 
relatively undeflected from the sun.* We know that the 
energy spectrum of solar particles is steep and from 
impact-zone theory that only particles of greater than 
10 By rigidity reached Tokyo from the direction of the 
sun. But particles above 10 Bv rigidity produced only 
a 10% increase at Tokyo.” Since the maximum intensity 
at Cape Schmidt was approximately 215% above 
normal, the incoming radiation was of lower energy. 

These four stations provide strong evidence for 
impact-zone effects in both polar regions and are in 
agreement with reasonable extensions of the calculations 
for the zones shown in Figs. 4(a) and 4(b). In contrast 
with this the intensity increases at Resolute and 
Godhavn show that only late-arriving particles con- 
tribute to the onset of the increases at these stations. 

There is convincing evidence that the particle in- 
tensity observed at Resolute’ and Godhavn”’ is not 
restricted to these regions but rather extends over the 
entire North Polar region and Cape Schmidt. 

First, an examination of the intensity increase at 
Cape Schmidt shows that it may be represented roughly 
by the sum of two components: (a) a moderately high- 
energy component producing an intensity-time curve 
similar to that observed at lower latitude stations such 
as at Yakutsk® or Freiburg and including the promptly 
arriving particles, and (b) the radiation curve as a 
function of time for Godhavn with a slight reduction 
in intensity which takes into account the difference in 
geomagnetic latitudes of these two stations. It should be 
noted that after the first hour of the flare, Cape Schmidt 
and Godhavn data are remarkably similar. 

Second, from Fig. 3 we note that for more than an 
hour, changes of intensity in the Ottawa neutron pile 
and the Godhavn chamber are identical, within ex- 
perimental errors, if the percent increase at Godhavn 
is increased by the factor 50 to account for detector 
response. It is highly unlikely that the detailed shape 
of the intensity-time curves would be the same unless 
the radiations reaching the two sites were identical in 
composition and intensity with time. 

Third, the counter telescopes at Resolute and at 
Ottawa showed almost identical behavior under 14 cm 
lead, 


® List, Schliiter, and Katterbach, Nachr. Akad. Wiss. Gét 
tingen, 8 (1955). 

# A. Sandstrom (private communication). 

® Y. Sckido (private communication). 
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From these three arguments we conclude that the 
radiation which began to arrive at Ottawa after 0353 
U.T. was also admitted at Resolute, Godhavn and Cape 
Schmidt and, hence, over a wide range of polar latitudes 
and longitudes. 

Within the South Polar regions, due to insufficient 
data, the only evidence for late-arriving radiation 
continuing beyond the first hours of the flare event is 
derived from the Mawson telescope, where the intensity 
remained above normal level for more than six hours; 
this was a period which certainly took the telescope 
outside the impact zone shown in Fig. 4(b), even if the 
width of the zone is expanded by 4 hours. The time 
above normal preflare intensity was about the same as 
for Resolute, and it suggests that the radiation arriving 
at late times in both polar regions followed the same 
intensity-time curve. 

From this discussion we conclude for the flare of 
February 23, 1956, that there were impact zones ex- 
tending into the lower polar regions for the promptly 
arriving particles, and that after about 0353, the kind 
of radiation arriving at Ottawa extended throughout 
the north polar and probably the south polar regions. 
At late times, especially after 0500 hour U.T., the 
highest total particle intensities are found in the polar 
regions. Experimental results indicate that the polar 
radiation at late times is composed of the entire radi- 
ation which has access to the earth. The four previous 
large cosmic-ray increases support this view since the 
intensity at Godhavn at late times is always farther 
above preflare intensity than any other comparable ion 
chamber anywhere in the world. 


VII. TRANSITION FROM IMPACT ZONE EFFECTS TO 
ISOTROPIC INCIDENCE 


Since Godhavn and Resolute are located at latitudes 
inaccessible to the solar source, the polar observations 
show that the radiation reaching Ottawa and Godhavn 
was beginning to come from directions other than the 
sun after 0353 U.T. During the following hours there 
was no further evidence that the incoming radiation 
arrived from a preferred source position except for small 
anisotropies measured at high energies in Stockholm™ 
and Rome.*® We believe that this anisotropic effect 
after the first hour may arise from the north and south 
telescopes observing particles of different energies. If 
so, the observed steep particle spectrum will produce 
appreciable differences in intensity between the two 
telescopes. Also, the telescope anisotropy persisted for 


more than a quarter revolution of the earth which 
suggests that there was not a unique position for the 
apparent source, 

We argue, therefore, that the period following 0353 


“T). Eckartt, Proceedings of the Conference on Cosmical 
Electrodynamics, Stockholm, Sweden, 1956 (unpublished). 

4% F. Bachelet and A. M. Conforto, Nuovo cimento 3, 1153 
(1956). 





COSMIC 


U.T. represents the transition from a preferred source 
direction to isotropic incidence. 

In Sec. V we made the simplifying assumption that 
the source size was constant, and independent of particle 
energy. However, if our calculations of the impact-zone 
locations are even approximately correct, then the 
solar cosmic rays came from a region which included the 
position of the sun. The size of this diffusion source for 
different particle energies may be estimated, both from 
the longitude spread of the merged first and second 
zones in Asia and Europe, and from the time for 
particles to diffuse out of the source. At the time of 
prompt onset (0344 U.T.) the source as observed at the 
earth was less than 1 radian in solid angle. However, 
for approximately 1 Bv magnetic-rigidity particles first 
arriving about 0353 U.T. the source would appear to 
occupy an exceedingly large solid angle. It is at this 
time, we believe, that the transition from particle 
arrival in impact zones to more or less isotropic inci- 
dence begins. 


VIII. CONSEQUENCES OF THE DISPERSION EFFECT 
AND IMPACT ZONES FOR PROPAGATION 
IN UNIFORM FIELDS 


Recently Ehmert? and Hayakawa ef al.’ have sug- 
gested that the region including the sun and the earth 
was pervaded at the time of the flare by a more or less 
uniform magnetic field along which the solar cosmic 
rays may propagate to the earth.** We shall consider 
here briefly the implications which (a) the existence of 
impact zones and (b) the dispersion effect have upon 
this hypothesis during the early stages of the cosmic-ray 
intensity increase. 

The first step is to show how particles moving in a 
uniform field will be distributed just outside the in- 
fluence of the terrestrial magnetic field near the time 
of prompt onset, fo, and at later times, fo+At. The 
second step is to find out what distribution the particles 
will have within the magnetic field and at the top of 
the atmosphere for these respective times. We shall 
give here only the main features and principal effects. 

Call g the angle between the direction of the mag- 
netic-field lines of force and the sun-earth line, /. 
Charged particles with a wide range of magnetic 
rigidities are assumed to be emitted isotropically by 
the flare into this magnetic field; we define a as the 
angle which a particle trajectory makes with respect 
to the field lines. We also assume that all particles are 
relativistic and travel at the same velocity, v= 8c. Then 
the time to travel along the field in the sun-earth direc- 
tion is =1 cosg/fc cosa. Clearly, if ¢=0 particles of al] 
energies traveling along the line will reach the earth, 
But if ¢#0, then only particles above a lower rigidity 


%© Tf the uniform magnetic-field model is modified to produce a 
field which diverges from the sun to the earth, the observed 
storage of particles becomes a problem. At late times storage is 
difficult, and the spectrum is expected to become rapidly steeper 
with time, a result which does not agree with the observations. 
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Fic. 9. The loca 
tions of impact zones 
inside the terrestrial 
field from a “line” 
source of particles 
outside the field and 
covering <180° in 
the sky. This type of 
source is predicted 
for propagation of 
flare particles in uni 
form magnetic fields, 
within which lie the 
sun and earth. 


limit N’(=pc/Ze) may reach the earth, and only at 
late times. If we define p to be the radius of curvature 
of the trajectory projected on the plane perpendicular 
to /, then there is a value p’(=/ sing) determined by ¢ 
which establishes the lower rigidity limit N’ for solar 
particles observed at the earth. Particle trajectories 
with a radius of curvature less than p’ will not reach 
the earth at any time. 

To account for the prompt onset time fo, high-energy 
particles are required to move along a small spread of 
orbits about /. As time elapses, ¢>¢, particles will begin 
to approach the earth with a—»90° to form an apparent 
particle source in the sky which lies in a plane approxi 
mately 90° with respect to the sun-earth direction, but 
this depends upon the bending of the field lines between 
the sun and earth. Thus, the apparent source moves 
from a position coincident with the sun at fo to a position 
approximately 90° away from the sun by approximately 
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t=0353 U.T., if the arrival of particles in forbidden 
zones is to be explained by this model. 

We have investigated the distribution of impact 
points at the top of the atmosphere for this line source. 
The results for half the sky are shown in Fig. 9. It is 
clear that the impact zones are remarkably well defined 
and, since the line source must persist for as long as 
there are solar cosmic-ray particles stored in the 
uniform field, the impact-zone effect at the earth as 
shown in Fig. 9 will remain for hours after its initial 
formation 

We believe that the experimental observations argue 
against a uniform magnetic field pervading the sun- 
earth region at the time of the flare. 

birst, the uniform-field model does not produce 
de 8 in onset times of the kind shown in Fig. 3. The 
time delays must arise in a uniform field from the spiral 
trajectories of the particles, rather than from the 
difference in velocities of the particles, since this latter 
effect is less than 10% of the observed dispersion. Then, 
for the initial burst of solar cosmic rays, the first ar- 
riving particles were those of all energies which travel 
along the field direction, i.e., for a~0°. Since the transit 
time is (/=1/fc cosa for small values of yg, the radiation 
first reaching the earth contains particles of both low 
and high energies. Similar conditions will exist for a 
slowly diverging or radial magnetic field. 

On the other hand, Ehmert? has suggested that the 
time delay comes about by making ¢ large and by 
invoking the progressive shift of the apparent source 
from the sun direction to a position in the sky far from 
the sun-—as we have noted above. This requires that 
the impact zones be well defined at all times during the 
shift of the apparent source, and for later times, It also 
requires that very low-energy particles (<6 Bev for 
protons) have no access to the earth at any time during 
the intensity increase. Neither of these requirements 
appear to be fulfilled by the observations. 

0353 U.T. 


uniform-field model requires the presence of a line 


Second, for times in excess of to the 
source which produces impact zones distributed as 
shown in Fig. 9. During the rotation of the earth, many 
stations on the earth have access to the main impact 
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zone at some time during the decline of solar cosmic-ray 
intensity. At these times the intensity is predicted to 
be substantially greater than at other times. No effects 
of this kind have been reported, and we conclude that 
the intensity was almost completely isotropic in the 
vicinity of the earth at later times. 

Once the transition to nearly isotropic conditions 
occurs, the storage mechanism takes over the further 
propagation of the solar-produced particles. 

The experimental evidence, both for early and late 
times in the development of the solar flare effect does 
not exclude the possible existence of a uniform or radial 
magnetic field lying between the sun and earth, even for 
a field intensity as large as 10~® gauss at the orbit of 
the earth. However, the experiments indicate that even 
if these field distributions are present, they do not 
account for the dispersion effect or isotropy and storage 
at late times. This problem of cosmic ray storage by 
magnetic fields in interplanetary space extending be- 
yond the orbit of the earth has been discussed else- 
where,'*” and will not be discussed further here. 
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The nuclear matrix elements of 1p-nuclei for intermediate coupling, which have been worked out in a 
previous paper, are used here in the case of C to calculate the elastic form factor and the inelastic form 
factor corresponding to the excitation of the nucleus to its 4.43-Mev level. For the 7.65-Mev level only the 
monopole transition matrix element has been calculated. The difficulty that has been faced in making a 
tentative 2+ assignment to the 9.61-Mev level has been pointed out by discussing the observed magnitude 
of inelastic 4.43-Meyv scattering and position of the 15.09-Mev (J =1, T=1) level. 


1, INTRODUCTION 


N a previous paper’ a cross-section formula was 

worked out on the intermediate-coupling model of 
(1p)-shell? nuclei for high-energy electron scattering 
using the Mller potential and Born approximation 
method. It can be easily seen that the detailed formula 
for the differential cross section given by Amaldi et al.’ 
gets much simplified insofar as all the terms containing 
Jiz become very small compared to those containing 
only piy. Omitting all terms containing J.y, one gets 
ultimately the simple formula 


Zé cos*(6/2) 


ois (0) =—— ——— 
4E? sin*(6/2) 


1 
x |Z exp(—iK-RO)r- |]. (1) 


In this form 1/Z times the nuclear matrix element can 
be interpreted as the form factor F. 

In this paper we have calculated for C” the elastic 
form factor and the inelastic form factor corresponding 
to the excitation of the nucleus to its 4.43-Mev level 
(2+) using the formula for nuclear matrix element 
derived in paper I. For the 7.65-Mev level (O+) we 
have calculated only the monopole transition matrix 
element, and have refrained from calculating the 
detailed behavior of the differential cross section with 
angle. The difficulty that we have faced in making a 
tentative assignment of 2+ to the 9.61-Mev level has 
been pointed out by an examination of the possibility 
of simultaneously reproducing with the intermediate- 
coupling model this level and the 15.09-Mev level at 
their correct positions and also the observed order of 
magnitude of the 4.43-Mev inelastic scattering. The 
experimental data made use of for comparison with the 


1M. K. Pal and S. Mukherjee, Phys. Rev. 106, 811 (1957); to 
be referred to as paper I 

2 In paper I we designated the same shell by (2p) in conformity 
with Jahn, Elliott, etc. [See, e.g., Proc. Roy. Soc. (London) 
A218, 345 (1953).] In this paper we are using the shell nomen 
clature used by B. F. Sherman and D. G. Ravenhall, Phys. Rev. 
103, 949 (1956). 

§ Amaldi, Fidecaro, and Mariani, Nuovo cimento 7, 758 (1950). 


calculated values have been taken from the paper of 
Fregeau,* and the incident electron energy for these 
data is 187 Mev. 

In making intermediate-coupling calculations for the 
nuclear wave function V, a departure has been made 
from paper I in that here we have used a total nuclear 
potential of the form 


A A A 
V=>oV(R) +1 al 8+ SS VIRGO) |. (2) 
j=l j=l i<j=l 
The zero-order potential V(R®) has been taken, as 
before, to be the isotropic oscillator potential with well- 
parameter do; but the higher order potential, enclosed 
in the square bracket, for which matrices corresponding 
to different (/,7) are to be set up with the L.S-coupling 
states as basis, has been assumed to consist of a single- 
particle type spin-orbit interaction (in contrast to the 
two-particle Case-Pais type of paper I) and a central 
interaction V(R‘”) given by Rosenfeld’s prescription, 


V(R?) = Vof(R){ O.13Vyw4 0.93 V 4 
+0.46V » 0.26V 7}. (3) 


A Gaussian form of radial dependence, 
f(R©) =expl— (R“”)?/re?], (4) 


has been assumed. Following Inglis and Lane,® we 
have introduced the intermediate-coupling parameter 
¢=a/K, where K is the exchange integral for the central 
interaction. Our work differs from the manner of 
analysis of C” data by other authors*” in two respects: 
(i) we have used intermediate-coupling wave functions 
which have already reproduced many observed features 
of (1p)-nuclei, and (ii) we have analyzed the data in 
terms of the oscillator well-parameter do and the inter- 
mediate-coupling parameter ¢, both of which can be 
physically interpreted. 

In Sec. II we have referred to the relevant formulas 
of paper I made use of herein, and have pointed out 


‘J. R. Fregeau, Phys. Rev. 104, 225 (1956) 

‘TD. R. Inglis, Revs. Modern Phys. 25, 390 (1953) 

*A. M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953); 
AG67, 167 (1954); A68, 189, 197 (1955). 

7R. A. Ferrell and W. M. Visscher, Phys. Rev. 104, 475 (1956). 
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TABLE I, Energy matrix for J=0, T=0, with V= —0.13Vw+0.93Vy+0.46V p—0.26V q+a 2, I) -9, 


M. A. 


(422000 


NAGARAJAN 











[422202 (332]101 





[AJLTS [44 000 (431101 


A. Matrix elements in terms of direct and exchange integrals.* 


9.56L+4-12.92K —fa/6 


6.76L+14.02K + ta 


[44 000 
[431101 
[422 000 
[422 ]202 
[332 }101 


~0.4K/10 0 0 
-far/15 
3.981. +-20.06K 


(7/12)ax/6 (ha—0.1K)/15 
0 —a 
6.74L+-10.78K + Ja hav/10 
3.04L+-19.38K + (5/4)a 


B. Matrix elements in terms of the intermediate-coupling parameters ¢.*» 


[44 000 70.28 
[431 ]101 
[422 000 
[422202 
[332101 


54.58+ it 


he matrix is symmetric 


iv - 
—arV/15 


0.44/10 0 0 
(7/12)¢+/6 (4¢—0.1)\/15 
43.94 0 st ¢ 
51.22+4¢ f/10 
37.62+-(5/4)t 


*T 
+ The matrix elements in B all have to be multiplied by the exchange integral K. 


the necessity of considering the 7.65-Mev level as 
arising from configurations other than (1s)*(1p).® 
Section IIT deals with the elastic scattering. In Sec. IV 
we give our treatment of the monopole transition 
matrix element of the 7.65-Mev level. Section V 
describes results of our calculations for the inelastic 
4.43-Mev scattering. In Sec. VI we examine the diffi- 
culties that we have faced in making a 2+ assignment 
to the 9.61-Mev level in view of the observed magnitude 
of inelastic 4.43-Mev scattering and the position of 
15.09-Mev level. Section VII contains concluding 
remarks. 


Il. SCATTERING FORMULAS AND 7.65-MEV 
LEVEL CONFIGURATION 

By a diagonalization of the energy matrices for dif- 
ferent (J,7) corresponding to the potential terms 
enclosed in the square bracket in Eq. (2) one obtains 
the eigenvalues and eigencolumns. The former give 
the shifts of the (J,7) levels concerned from the zero- 
order configuration-energy value and the latter enable 
one to express the intermediate-coupling wave functions 
as a superposition of the LS-coupling wave functions 
used as basis in the above matrix representation. One 
writes, with known coefficients Cys, 
ie) 


xW((1s)(1p) "(A LTS, IMM). 


Cijis 


VvV(JTMMyz) 
(5) 
The general matrix element in the form factor is 
((1s)*(1p)"[N LTS, IMM 
« |S; exp(—iK-R™)7_™| 

x (15)*(1p)"[T\"JL’T"S’,J'M'Mr). (6) 
Within the s-shell and p-shell this gives respectively 
formulas (3a) and (3b) of paper I.* To obtain | F'|*, one 


* In paper I these formulas are quoted wrongly; they have to 
be multiplied by 4 and (—1)4~“"t/’~/ respectively. 


has to sum and average over the final and initial 
M values according to the following formula: 


|Fl?=(29'+1)7 Sow So’ | Pm’ |?. (7) 


Now both the 7.65-Mev level and the ground level of 
C" are J=0, T=0. The Clebsch-Gordan coefficients, 


a: 4. 7 y 2 
and ; 
Mr 0 Mr MOM 


vanish by the triangular inequality rule when T= 7’ =0, 
J=J'=(. The remaining terms of the matrix elements 
require L=L’, S=S’, J=J', M=M"’ for their non- 
vanishing. 

If the 7.65-Mev level belongs to the same configura- 
tion as the ground level, then the intermediate-coupling 
wave functions of these states are given by expressions 
like Eq. (5) with coefficients C’,,),s for the ground 
state and C*,,)18 for the excited state, the summation 
in both ‘cases running over the five LS-coupling states 
of Table I. These coefficients satisfy, for orthogonality 
of the two states, the relation 


D> CepjrsCpjrs=0. (8a) 


[A] LS 


In view of the orthogonality of the fractional parentage 
coefficients we get 


(W7.65| 04 exp(—iK- RR), |Wo) 


=48 SY CpyrsCtprjrs=0. 
(AJLS 


(8b) 


Since experimentally inelastic scattering correspond- 
ing to this level has been observed, one has to postulate, 
therefore, that this level does not belong to the con- 
figuration (1s)*(1p)*. Sherman and Ravenhall*® have 
demonstrated the same fact by considering the mono- 


*B. F. Sherman and D. G. Ravenhall, Phys. Rev. 103, 949 
(1956). 
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pole transition matrix element (27,”), or (2(R™)?r™) 
according to our notation. 


III. ELASTIC FORM FACTOR 


With the interaction potential given by the portion 
enclosed in the square bracket in Eq. (2), we have set 
up the energy matrix for the ground state /=0, T=0 
of the (1s)*(1p)* configuration. This is shown in Table 
1A, in which L and K are direct and exchange integrals 
given respectively by” 


L=F + (4/25) F® =} V ( 308— 054307}, 
K = (3/25) F® =4Vo{ 0'—20°+ 07}, 


(Ya) 
(9b) 


with 


= (26?+- 1 ) J 6= o/To. (9c) 


By a proper choice of @ (i.e., ro for given do) it is 
possible to satisfy the requirement L=6K suggested 
by Inglis.° With this relationship between the two 
integrals and putting {=a/K, we get Table IB. We 
have diagonalized this matrix for ¢=3, 4.5, 6, 10, and 


TABLE II. Highest eigenvalue (29) and the corresponding 
eigencolumn of the energy matrix for J/=0, 7 =0. The eigenvalue 
given here must be multiplied by K(=+0.0214Vo for 0=1). The 
expression for K contains the potential well depth Vo which is 
negative and hence the highest eigenvalue is the lowest on the 
energy-level diagram. 


0 3 4.5 6 10 20 

Eo f 70.28 72.03 74.56 78.43 92.09 131.25 
.of [44)000 (; 1 0.939 0.850 0.726 0.503 0.358 
.of (4313101 Cs: O 0.332 0.481 0.588 0.661 0.651 
. of [422]200 Cs O 0.007 0.072 0.130 0.223 0.272 
it. of [422]202 Ca O 0.088% 0.181 0.301 0.440 0.487 
of (332}101 Cs O 0.036 0.093 0.160 0.278 —0.370 


20. The highest eigenvalue, which gives the ground 
state, and the corresponding wave functions are given 
in Table II. 

To obtain the elastic form factor we note that in the 
matrix element (3b) of paper I the © term drops out 
, ad 
MOM 
for the intermediate-coupling state, again with the use 
of the orthogonality of the fractional parentage coef- 
ficients, the following matrix element 


through the vanishing of | . The rest gives 


Pel =22+48 Canis =24+48 


{AJLS 


> Cows=1 


[AJLS 


by the normalization requirement. Hence 


1 
[Fai?=— lal? = (1— 4K")? exp(— K’/2). 


4 


” For an explanation of the symbols F® and F®), see J. P. 
Elliott, Proc. Roy. Soc. (London) A218, 345 (1953). 
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TABLE III. Square modulus of the elastic form factor. 


0.833 
0.479 
0.183 
0.0417 
0.0041 


Faltat K’= 3.00 


First zero of 


It is seen, therefore, that in the case of C” the elastic 
form factor does not depend on the nature of‘ angular 
momentum coupling. The values of | F,)|? are tabulated 
in Table III for different K’. Figure 1 displays the 
| Fi|? vs K’ curve and the fit of the experimental data 
for two different choices of the oscillator well-parameter, 
viz., dg= 1.64 and 1.72K10~-" cm. The former choice is 
definitely better and it leads to an rms value of the 
radius of @” equal to 2.41 10~" cm. 


IV. MONOPOLE TRANSITION MATRIX ELEMENT 
FOR THE 7.65-MEV LEVEL 


By an extrapolation of the inelastic scattering curve 
to K—0 Schiff" has evaluated the monopole transition 
matrix element for the 7.65-Mev level. l'regeau‘ quotes 
a value ~5X10~** cm? for this quantity obtained by 
this method. Schiff! obtained too large a value for this 
quantity on the collective model and too small a value 


J 


O EXPERIMENTAL POINTS 
WITH Qy = 1.72% 10"“cm 


& EXPERIMENTAL POINTS 
WITH Ay = 1.64 X 10° Pom 





a 
1.0 15 20 





K2a,K — 


Fic. 1. | Fei|? versus K’. Fit of the curve with the experimental 
values for ao= 1.64% 10" cm has been demonstrated 


“L. I. Schiff, Phys. Rev. 98, 1281 (1955) 
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on the jj-coupling shell model, Sherman and Ravenhall® 
have considered the 7.65-Mev level as a mixture of 
(1s)*(1p)* and (15)*(1p)’(2p) configurations, the mixture 
of the latter in the former being determined by the 
perturbation method. They also report, in brief, inter- 
mediate-coupling calculations with some of the possible 
states omitted but fail to reproduce the high magnitude 
of the monopole matrix element. 

Following the suggestion of Hill and Wheeler,” 
Ferrell and Visscher” have given a treatment of the 0* 
excited level of O'*. These last-named authors’ have 
recently used the same type of collective (“breathing 
mode”) wave function to describe the 7.65-Mev level 
of C” and conclude that with 35% LS mode and 65% 
collective mode of excitation for this level the observed 
inelastic form factor can be reproduced. The mixture 
of LS and collective modes is necessary because the 
former gives too low and the latter too large scattering. 

We have used Ferrell and Visscher’s way of writing 
the 7.65-Mev 0* state wave function in terms of shell- 
structure configurations; 


v(J=0, T=0) 


+ (10/13) W((1s)*(1p)7 (2p) ; J=0, T=0). 


(3/13)'W((1s)8(2s) (1p)*; J=0, T=0) 
(10) 


Making certain simplifying assumptions, stated below, 
and treating the ground state on the intermediate 
coupling model, instead of pure LS model, we find it 
possible to reproduce the proper value of the monopole 
transition matrix element without having to postulate 
a mixing of different modes of excitation. 

The simplifying assumptions mentioned above are 
regarding the LTS values in (1s)*(2s)(1p)*® and (1s)* 
(1p)'(2p) that couple to give the final J=0, T=0. 
Because (1s)*(2s)(1p)* and (1s)*(1p)7(2p) will each be 
about 30 Mev above the ground state configuration 
(1s)*(1p)*, it is necessary that the 7.65-Mev level be 
the lowest states of the above configurations depressed 
by VLR) and Yel” -s™ through about 22 Mev. 
Kor (1s)*(2s)(1p)* we, therefore, assume a coupling 


W((15)04 4, (25)04 4: 000; (1p)*44 000; J=0). 


As regards the (1s)*(1p)"(2p) configuration there may 
be as many as thirteen (1p)’ states that can be linked 
with (2p)144 to produce J=0, T=0, Of these the 
states of maximum symmetry of (1p)’ are those be- 
longing to [43] and they are two in number, 144 and 
244. To simplify matters we consider only the former 
and take 


W((1s)4000; (1p)"[43 JI 44, (2p)144: 
L 


=0, T=0, S=0, J=0). 


By an application of Racah’s' equation (27) we get 
the monopole transition matrix element between the 


#1). L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953) 
13 R.A. Ferrell and W. M. Visscher, Phys. Rev. 102, 450 (1956) 
4G. Racah, Phys. Rev. 63, 367 (1943). 
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7.65-Mev level and the ground state, given by 
ajgC [44] 000 
(Rr) i deaianeen 
(13)! 
+2(5)!a(W,V py (1p)¥(2p) }o'dp 

= aC 144} 000(2/13)*{ 5a(¥, Vp) +3} 


= aC ua} 000(13/2)!. 


J esvasves 


(11) 


a(¥,¥p) is the single-particle fractional parentage coef- 
ficient corresponding to the coupling of ¥({43]1 44) 
with (1p)144 to form ¥((44 ]000). Its value unity has 
been used to obtain the last step of Eq. (11). This 
equation at once suggests the possibility of reducing, 
with intermediate coupling for the ground state, Ferrell 
and Visscher’s “breathing mode” value because the 
weight of the state [44 ]000 in the ground state is less 
than unity and in fact adjustable with ¢. The values of 
this monopole matrix element for different ¢ and do 
are tabulated in Table IV. 
V. INELASTIC FORM FACTOR FOR 
4.43-MEV LEVEL 


Morpurgo"® deduced the value of this quantity on 
both LS- and jj models and found that the former 


TABLE IV. Monopole transition matrix element for the 7.65-Mev 
level. (Zr,*) = ag?(13/2)4C;. (For explanation of C; see Table IL.) 


0 3 


6.42 
6.04 
7.08 


4.5 


5.82 4.98 
5.48 4.68 
641 5.48 


ao X104% cm 6 10 


3.45 
3.24 
3.79 


20 
2.45 
2.31 
2.70 


f 


1.64 6.86 
1.59 6.44 
1.72 7.54 


(Zr p*) XK 10% cm? 


gives a value lower by a factor of 2.5 and the latter 
lower by a factor of 6. Ferrell and Visscher’ have, 
therefore, treated the 4.43-Mev level in close analogy 
with their treatment of the 7.65-Mev level. They have 
postulated a 90% LS mode and 10% collective mode 
for this state to explain the observed magnitude of the 
inelastic form factor. We thought that it may be worth 
while to see if an intermediate-coupling treatment of 
both the ground and 4.43-Mev levels can increase the 
value of the form factor for the pure LS model. In fact 
for intermediate coupling we obtain a number of LS 
coupling matrix elements in the form factor weighted 
by suitable numerical factors. If some of these other 
matrix elements be larger than the single matrix 
element for pure LS coupling and if there is no chance 
cancellation among the different matrix elements whose 
sum has to be evaluated to get the final value, the form 
factor may increase from the LS value. 

In intermediate coupling, eight LS states will be 
superposed to build up the state /=2, 7=0. In a pre- 
liminary calculation we have omitted four of these 


16 G. Morpurgo, Nuovo cimento 3, 430 (1956) 
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TABLE V. Energy matrix for J/=2, 7=0, with V= 


( 
the states, namely, [422 }002, [422 ]200, (422202, [332101 


[\]LTS (44 ]200 (321 }101 


COUPLING 


O.13 Vag +-0.93 V9 +0.46V 2 
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)026V n-4 Z, ail 1)-s9)), and omission of four of 


(431201 


A. Matrix elements in terms of direct and exchange integrals." 


[44200 
[431 }101 
[431201 
[431301 


9.56L-+-10.52K (1/15)ay/ (105) 


6.76L+ 14.02K — ta 


hay (42) (2 Say 30) 
(3/40 )av/ 10 0 
6.76L4+13.52K + (1/12)a (1/15)ay (35) 


6.761 + 10.52K 4 fa 


B. Matrix elements in terms of the intermediate coupling parameter.®” 


[44200 67.88 
(431101 
[431201 


[431 ]301 


— (1/15) f+/ (105) 
54.58— if 


*® The matrix is symmetric 


bty/(42) (2/15) &+/ (30) 

(3/40) 4/10 0 
54.08+ (1/12)¢ (1 
51.08 + § 


Tf 


15)¢4/(35) 


b+ The matrix elements in B all have to be multiplied by the exchange integral K 


states. This has been done from the argument that these 
omitted states, namely, [422 j002, [422 ]200, [422 }202, 
[332 ]101, are not linked by a= 1™-s to the state 
[44 ]200 (which is the first excited state in pure LS- 
coupling) and hence their mixture with [44 ]200 in 
intermediate-coupling will be smaller compared to that 
of the remaining three states. The resulting 44 energy 
matrix is shown in Table VA and VB. The highest 
energy value and the eigenfunction for various values 
of ¢ are given in Table VI. 

In the present case, inserting known values of J, 7, 
J’, T', we get 


iK-R)7_% 
X[A’JL’0S’, J’=0) 


(LA ]LOS, J = 2! 3° ; exp( 


CY al, Vp)a(v', Vp) 


KU(LIA2;1L’). (12) 


The nonvanishing matrix elements that will contribute 
to the form factor are 


2|X) exp(—iK-R™)_| 
« [44 000, J’=0) 
2/3, exp(—iK- RO) r_| 
[431 ]101, J’=0)= (7/10) v2e 
> j exp! iK-R)r ‘4 
[431 ]101, J’=0)= 
> ; exp! iK- R)7_& 
[431 ]101, J’=0) 


({ 44 ]200, J 
4(35)4e, 


((431 101, J 


(13) 
(431201, J=2 


([431 301, J=2 
2(7)4@., 


With the help of these results and Tables II and VI 
for the wave functions we get Table VII for | /’\,|? per- 
taining to the 4.43 level. The first line of Eq. (14) 
multiplied with 1/Z gives Fj, for this level with pure 
LS coupling. It may be mentioned that Morpurgo’s 
result for LS coupling differs slightly from the value 
given here because he used an approximate value 


(= v3) for his constant A. It can be seen from ‘Table VII 
and Fig. 2 that the intermediate-coupling result is very 
disheartening and | F/\,\? 
the LS limit with increase of ¢. Many of the matrix 


decreases from the value at 


elements do not occur through the 6-9 selection rule 
of electron scattering and among the four that occur, 
one appears with positive and three with negative sign 
causing enough cancellation. It might be pointed out 
that the inelastic curves of Fig. 2 cannot distinguish 
between do values within wide limits because of the 
large errors in the experimental data. 


VI. SPIN ASSIGNMENT OF 9.61-MEV LEVEL; 
CHOICE OF ¢ 
If the 9.61-Mev level belongs to the same con- 
figuration as the ground level and its J differs from the 
ground level J’ then obviously, through the property 
of the Clebsch-Gordan coefficient 


a Z ‘] 
Mo MI] 


J can have only one value, and that is 2 (because 


TasLe VI. The highest eigenvalue (/,) and corresponding 
eigencolumn of the energy matrix for /=2, T=0 
given here has to be multiplied by A 


The eigenvalue 


5 4.5 10 20 


ky f 6911 70,44 77.07 90.98 


[44 }200 
431 )101 
431 )201 
[431 )301 


0.971 
0.114 
0.1483 
0.103 


0.942 
0.151 
0.227 
0.169 


0.847 
0.259 
0401 
0.244 


0.7481 
0.295 
0.465 
0.280 


TasLe VII 


Square modulus of the inelastic 4.43-Mev form factor 


0 5 4.5 6 10 20 


0 0 0 0 0 0 
0.00022 0.00016 0.00010 0.00005 0.000004 0. 0000006 
0.002643 0.00189 O.00118 0.00056 0.000047 0.0000066 
0.00672 0.00482 0.00401) 0.00144 0.000121 00000164 
0.00930 0.00667) OOOAI6 O.0019% O.000168 0.00002747 
0.00739 O.00OS5431) 0.00431) 0.00158 0.000154 O0.0000184 
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SIPERIMENTAL POINTS 
WITH By * 164x107 cm 
THEORETICAL @*0 OR: 
MULTIPLIED BY 1.7 


WATES 





- 


A's a,K 


Fic, 2. | F\,(4.43)\* versus K’ for different values of ¢. All the 
theoretical curves lie beneath the experimental points. {=0 curve 
is closest to the experimental points 


J'=(). In this eventuality the scattering form factor 
will contain only the © term, just as in the case of 4.43- 
Mev inelastic scattering. Because the 6 dependence of 
the form factor arises only through @ one can, therefore, 
easily explain the parallellism on a logarithmic plot of 
the two inelastic curves corresponding to the 4.43-Mev 
level and 9.61-Mev level. 

From the a-particle model'® and also from the fact 
that the 9.61-Mev level decays by a emission to Be’, 
it has been suggested that this level can be either 1~ 
or 2+. Fregeau‘ has analyzed the nature of the multipole 
transition of the 9.61-Mev level by a method suggested 
by Ravenhall'’ and concludes that this level is 2*. 
Ferrell and Visscher," however, have cited a (d,n) 
experiment by Graue'® which establishes this level to 
be 1~. These authors" have, accordingly, analyzed the 
electron scattering data of this level on the assumption 
that it is 1~. The situation seems to be rather puzzling 


Tasie VIII. In this table 2, is the highest eigenvalue of the 
energy matrix for J/=1, 71, and E, is the second highest eigen 
value of the energy matrix for J/=2, T7=0. If we identify the 
former with the 15.09-Mev level and the latter with the 9.61-Mev 
level respectively then observed values of the ratios «: and e 
tabulated herein are: «:= 3.41, eg= 1.17 (see reference 20). 


t= 0 3 4.5 6 10 20 


52.54 44.76 42.04 
75.15 
1.39 
1.22 


52.70 
58.06 60.20 65.25 
4.79 348 2.14 
5.62 3.06 


54.58 
56.24 
5.85 
3.91 


Fy(9.61) 
E,4(15.09) 
E;)/( Ko 
E,)/( Eo 


Fi) 
FE) 


a= (Eo 
ee™ (Ei 


2.14 


16 A. EF. Glassgold and A. Galonsky, Phys. Rev. 103, 701 (1956). 
17D, G. Revenhall, Phys. Rev. 100, 1797 (1955). 
18 A. Graue, Phil. Mag. 45, 1205 (1954). 
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in view of the fact that both the assignments have been 
claimed to be corroborated by experiments. 

Under these circumstances we tried to make a ten- 
tative assignment of 2+ to this level but faced the dif- 
ficulty discussed below. 

We have given in Table VIII the highest eigenvalues 
of the energy matrices corresponding to (J=2, T=0) 
and (J=1, 7=1) for different values of ¢. The energy 
levels corresponding to these eigenvalues are obviously 
to be identified with the ground level, and the observed 
levels at 4.43 Mev and 15.09 Mev respectively. The 
calculated ratio as defined in Table VII has been plotted 
as a function of ¢ in Fig. 3. The observed value” of 
this ratio corresponds to a ¢ value of 4.5. This may be 
compared with the value given by Inglis® by extra- 
polation between LS and jj limits. 

In the same table we have also included the second 
highest eigenvalue of the (J=2, T=0) energy matrix. 





Fic. 3. Choice of ¢(=4.5) to produce the 4.43-Mev level 
(2+, T=0) and 15.09-Mevy level (1*, 7 =1) at their observed 
positions. A ¢ value of 20 is shown to be the requirement for pro- 
ducing the 4.43-Mev level (2+, T7=0) and the 9.61-Mev level 
(assumed to be 2+, T=0) at their observed positions. 


The ratio €, defined in the table is also plotted against 
¢ in Fig. 3. The observed value of this ratio corresponds 
to a ¢ value of 20. Because this ¢ value is widely dif- 
ferent from that quoted in the preceding paragraph by 
the matching of levels of known spin and parity, we 
could not make the assignment 2* to the 9.61-Mev level. 

We, however, point out the approximate nature of our 
eigenvalues for the state J = 2, 7=0 because we dropped 
four of the states in constructing the energy matrix. 
The omission of these states will cause more deviation 
from the eigenvalues, with none of the states omitted, 
in the case of the second highest eigenvalues than in the 
case of the highest. Therefore, our choice of {=4.5 has 
a smaller error than the value of {=20, concluded by 


1” F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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us to be requisite for producing a 2+ level at 9.61 Mev. 
However, since this second value deviates widely from 
the first, the conclusion that it would be impossible 
with a single value of ¢ to produce a 2* level at 9.61 Mev 
together with a 2+ level at 4.43 Mev and a 1*(T=1) 
level at 15.09 Mev may be taken as credible. 


VII. SUMMARY AND CONCLUSIONS 


It has been shown that the elastic form factor in the 
case of C” is not dependent on the nature of angular 
momentum coupling. This is a consequence of the 
general result that the matrix element p..“™ for elastic 
scattering reduces to the simple form 


20+7,0+| : ~ CpyersCp'y'rs 
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where Z, is the 1p-shell charge number. Since only the 
€ term above is coupling-dependent, the elastic form 
factor does not depend on ¢ if this term drops out 
through selection rules on J. By fitting the elastic 
curve, we have obtained a9=1.64K10~" cm, which 
corresponds to a proton rms radius of 2.41 10~" cm 
for C, 

We have also shown with certain simplifying assump- 
tions that the proper value of the monopole transition 
matrix element for the 7.65-Mev level can be produced 
by taking the “breathing mode” wave function for this 
level and the intermediate coupling wave function for 
the ground level. The “breathing mode” wave function 
can really be looked upon as a wave fraction with 
mixing of the configurations (1s)°(2s)(1p)* and (1s)* 
(1p)7(2p). It may, therefore, be suggested that for 
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arriving at definite conclusions a more general pro- 
cedure would be to allow adjustable mixture of the 
above configurations, set up the full energy matrix 
with all the states having J=0, 7=0 belonging to 
these two configurations, and check if the highest 
eigenvalue agrees with the position of this level and if 
the corresponding wave function produces the observed 
| Fin|? when taken along with the ground-state wave 
function given in this paper. Here we have considered 
only the monopole transition matrix element because 
of the simplifying assumptions that we have introduced. 
Regarding this part of the work, no claim at arriving 
at conclusions can obviously be made. Only a suggestion 
is made that the language of intermediate coupling in 
itself may be adequate to describe the 7.65-Mev level 
without the import of collective-mode language and of 
simultaneous excitation of particle and collective modes 
accidentally coincident in energy (without actually 
verifying if they are really coincident), 

For the inelastic scattering to the 4.43-Mev level 
we have extended Morpurgo’s observation in the LS 
and jj limits to the intermediate-coupling region. It 
has been shown.that | /’;,|? decreases from the value at 
the LS limit with increase of ¢. In the LS limit one gets 
the closest approach to the observed value, the theo- 
retical value still remaining about one-third of the 
latter. In this connection we would like to mention a 
contradictory conclusion by Banerjee” from the analysis 
of inelastic p-p scattering data for this level of C¥ 
that the jj-coupling wave function is more nearly 
correct for it. Though the accuracy of p-p scattering 
data may be greater than that of electron scattering 
data, the mode of analysis of the p-p data is more liable 
to uncertainties due to the nuclear interactions in- 
volved ; this point, therefore, calls for a closer examina- 
tion. 
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The mean lifetimes of r and K mesons have been measured using mesons produced by the cosmic radiation 
in a large generating layer of brick and Pb. The particles come to rest in a 64-kg liquid scintillation detector, 
where they are identified by pulse height and by the time pattern of 2.2-usec decay electrons arising from 
the heavy-meson secondaries. A novel pulse-forming circuit generates a fiducial pulse at time zero and a 
pulse corresponding to the heavy-meson decay, all within the same scintillator. A sample of 158 K particles, 
mostly Kyo’s, yields a lifetime value of (10.94-1.3) K10~ sec. The lifetime of the 7 is (11.3_23*4°) X10 
sec, based on 20 events. These results are in good agreement with values obtained at the accelerators. 


I. INTRODUCTION 


oe mean lifetimes of the various modes of 
K-particle decay have been of great interest 
lately, especially because of their bearing on the crucial 
question of whether these modes of decay arise from 
a single particle or different particles. The masses of 
the parent particles in each mode are closely the same, 
and identical spins are strongly indicated. Also, experi 
ments prior to the one reported here have shown that 
the lifetimes are the same, or nearly so. However, 
according to the observed energy distribution and 
angular distribution of the decay products of the 
r particle, as analyzed by Dalitz,' the + and the 6 
cannot have the same spin and the same intrinsic 
parity. This situation, in which the 7 and 6 appear to 
be identical in every respect yet to decay into final 
states of opposite parity, is the celebrated r—@ puzzle 
which led Lee and Yang’ to propose the abandoning of 
parity conservation in weak interactions. The sub- 
sequent experimental verification of parity non- 
conservation in 6 decay, r—p decay, and p—e decay 
makes it seem reasonable to regard the r—@ puzzle as 
evidence for the nonconservation of parity in K-meson 
decay also 

The experiment reported here provides further evi 
dence that there is but one K-meson mean life, and the 
value found is in good agreement with the results of 
other workers. ‘The experiment differs from previously 
reported work in that (a) cosmic rays are used as a 
source, (b) the events are identified by means of the 
decay electrons from p—e decay, and (c) the decays 
are observed closer to production than in the accelerator 
work. However, the number of decays observed, par 
ticularly in the case of the r, was not very large and 
the rates were so low that it did not seem advisable to 
continue the experiment in the face of relatively copious 
beams of K particles at the accelerators. 

Previous cosmic-ray measurements on the K,» 


* Assisted by the National Science Foundation and by the 
University Research Committee 
t Now at Los Alamos Laboratories, Los Alamos, New Mexico 
t Now at Atomics International, Canoga Park, California 
1R. H. Dalitz, Phys. Rev. 94, 1046 (1954) 


*T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956) 


mean life have tended to give somewhat lower values 
than those obtained with artificially produced K par- 
ticles. We find no such discrepancy. 


II. APPARATUS 
A. Scintillation Detector 


The experimental disposition consisted simply of a 
single large liquid scintillation detector mounted be- 
neath a generating layer of common red brick (thickness 
112 g cm”) and Pb (thickness 113 g cm™) as shown in 
Fig. 1. Energetic nuclear interactions in the generating 
layer produced secondary mesons, including occasion- 
ally a slow heavy meson. These were detected if the 
slow meson stopped in the detector, or in the surround- 
ing brick, provided certain triggering requirements 
were met. 

The scintillation detector consisted of a cylindrical 
spun-aluminum container of inner diameter 45 cm 
filled to a depth of 47 cm with a solution of 4 g/I of 
terphenyl and 0.08 g/l of aNPO in toluene? The 
choice of aNPO as a wavelength shifter was important, 
as we found that the decay time of the solution was 
significantly longer with POPOP (6.3 mysec) or 
diphenylhexatriene (9.0 mysec) than it was with aNPO 
(3.8 mysec).4 These decay times were measured in a 
small scintillator. Additional contributions to the rise 
time of the large detector came from photon time of 
flight and from the rise times of the photomultipliers 
and electronics. Each contributed about 4 mysec, so 
that the over-all rise time was about 7 musec. All 
times thus quoted are times to reach 1/e of the final 
value. In order to minimize the photon time-of-flight 
contribution, we deliberately avoided a very high wall 
reflectivity. Crinkly aluminum foil was used as a tank 
liner, giving a reasonable compromise between uni- 
formity of light collection and fast rise time. 

The mass of the scintillator solution was 64 kg. The 
scintillator tank was viewed from the top by four two- 


§ The toluene was reagent grade from Baker Chemical Company 
The terpheny! was from Eastman Kodak, and the aNPO from 
Arapahoe Chemical Company, Boulder, Colorado 

4R. K. Stitt, thesis, University of Utah, 1956 (unpublished). 
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inch type 6342 photomultipliers and one five-inch 
type 6364 photomultiplier. 

The experiment was performed at the University of 
Utah, altitude 4700 ft, in a frame building with a thin 
roof. 


B. Triggering System 


Pulse-height and time delay pulses from the scintil- 
lation detector were presented on an oscilloscope trace 
and photographically recorded. The oscilloscope trig- 
gering system made use of the fact that all the known 
K+ decay modes produce (either directly or via an 
intermediate w+ decay) a ut meson, with its character- 
istic 2.2-ysec decay electron. By basing the trigger on 
the time pattern of the events in the scintillator, we 
avoided the inefficiency of conventional triggering 
methods based on the spatial structure of penetrating 
showers. The system selected with high efficiency 
events where at least one ~ meson came to rest and 
decayed in the scintillator, and in addition, the total 
energy released was greater than 150 Mev-~a threshold 
great enough to eliminate single stopping m or pw events. 

Almost all single 7’s coming to rest in the scintillator 
produce more than 150 Mev, since the slow energy 
discriminator in the triggering system (resolving time 
0.1 usec) responds to the integrated effect of the stop- 
ping 7 and its decay products. To the 75-Mev (Q value 
of the r decay itself one must add the energy released 
by two mt—y* decays (4.1 Mev each) and one mr star 
in carbon. According to Menon,° the capture of a m 
meson in carbon usually results in the production of 
two a@ particles, a proton, and three neutrons. Most of 
the energy is carried away by the neutrons. The two 
a’s may have perhaps 15 Mev between them and the 
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Fic. 1. Experimental disposition. The scintillator is cylindrical, 
and is viewed by four type 6342 photomultipliers and one type 
6364 photomultiplier. The thickness of the red brick in the 
generating layer is 112 g cm™, while the thickness of the Pb is 
113 g cm™. 


6 Menon, Muirhead, and Rochat, Phil. Mag. 41, 583 (1950). 
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Fic. 2. Block diagram of the electronic equipment. The fast 
timing circuits coupled to the tenth dynodes of the 6342’s are in 
the upper portion of the figure, and produce the ten-pulse chrono 
tron pattern shown on the representative oscilloscope trace at 
the bottom. In the center of the figure is the amplifier used for 
direct scope presentation of the pulse from the 6342's (which 
measures the energy of the event) and the pulses from the space 
charge-limited 6364 (which show the time pattern of the event 
in the microsecond region of delays). The w-selector triggering 
circuit is in the lower portion of the diagram 


proton 10 to 20 Mev. However, the light output pro 
duced by the slow particles is greatly reduced by the 
nonlinearity of the scintillator response, and we may 
count on the equivalent in photons of, say, 90 to 105 
Mev from the r decay all told. The stopping r itself 
will yield 50 Mev if it penetrates #y the depth of the 
scintillator, or 190 Mev if it stops near the bottom. 

While the selection system is thus highly efficient for 
the detection of 7’s, the situation is somewhat different 
for the K,» and @ decay modes. (We ignore the less 
frequent K,3; and K,3 types of decay.) The ranges of 
the K,» and 6 secondaries (64 and 33 g cm™, respec- 
tively) are of the same order as or larger than the 
dimensions of the scintillator. Consequently, if the 
secondary of a K,» or @ stops in the tank, as it must to 
satisfy the requirement of a 2,2-ysec delayed pulse, the 
primary will usually have missed the tank and stopped 
instead in the brick nearby. It is then necessary that 
the K particle should be accompanied by at least one 
other shower particle which traverses the tank. For- 
tunately, shower particles are expected to accompany 
a good fraction of the K particles, but an accurate 
estimate of this fraction is difficult. 

The requirements on the key element of the trigger- 
ing system, the “y-selector circuit,” are quite stringent. 
It must be capable of detecting small pulses delayed 
but a few tenths of a microsecond coming in the wake 
of a very large pulse in the same scintillator. In order 
to do this, the 6364 photomultiplier was operated in a 
space-charge-limited region, a positive signal being 
taken off the tenth dynode with the collector only 30 
volts positive with respect to dynode 10, The limiting 
was then such that the output voltage was substantially 
constant for events from 50 Mev up to at least 500 Mev. 

A block diagram of the electronics is shown in Fig. 2. 
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The pulses from the number 10 dynode were shaped to 
a sharp spike 0.1 wsec wide and fed to a fast crystal 
diode coincidence circuit. A rectangular 10-ysec gate 
pulse was derived from the 6342 photomultipliers,* 
which were operated linearly in the usual fashion. The 
gate was delayed 0.25 psec, and then fed to the co- 
incidence circuit. In this way, a coincidence output 
occurred only when there was a pulse large enough to 
actuate the discriminator in the gate circuit, 
followed by another pulse with sufficient delay to 
overlap the artificially delayed gate. In practice, the 
uw selector functioned on delayed pulses 9 Mev or 
greater, with a minimum delay of about 0.4 usec.’ It 
gave a negligible number of spurious triggers on single 
pulses at least up to 300 Mev, which was the largest 
pulse accepted by the discriminator window; as we 
shall see, pulses larger than 300 Mev could not be 
handled by the timing circuit either. 

The efficiency of the yw selector was checked by 
lowering the total energy requirement in the triggering 
system until atmospheric slow ~ mesons were accepted. 
The counting rate (about 33 min~) was then in agree- 
ment with the estimated geometrical efficiency of 83% 
and a “time window” efficiency of 80%. This counting 
rate showed a reasonably flat plateau as a function of 
either total energy threshold or delayed pulse sensi- 
tivity. The rate was checked daily, as was also the 
counting rate of the scintillator without the delay 
requirement. 


C. Direct Scope Presentation 


The triggering requirements were purposely rather 
loose. Further selection of events was done with the 
aid of pulses presented in the conventional manner on 
the oscilloscope trace as illustrated in Fig. 2. Pulses 
from the space-charge-limited tube were presented on 
the first part of the trace, and permitted the identifica- 
tion of r-meson events by the characteristic pair of 
delayed pulses. The pulse from the linearly-operated 
6342's, artificially delayed to the end of the trace, 
measured the total energy of each event. 

The scintillation detector was calibrated energy-wise 
by photographing a large number of penetrating cosmic- 
ray » mesons. The distribution of pulse heights from 
such a run yields a Landau distribution with a peak of 
known energy. ‘The amplifiers used for presenting the 
pulses on the scope trace were also calibrated frequently 
by photographing pulses from a mercury switch pulser. 

* The linear signal could equally well have been derived from 
say the eighth dynode of the 6364, but the 6342’s were found to 
give better uniformity of response for pulses from different 
regions of the tank. The slow rise time of the 6364 was no problem 
since its sole function was to detect the decay electron pulses in 
the microsecond region of delays. The long average transit time 
of the 6364 was of course compensated by extra cable in the 
gate delay. 

7 The minimum observable delay on the oscilloscope trace was 
about 0.15 usec, so that in the case of a r meson, a short delay 
would be recorded if the later of the two decay electrons served 
to trigger the apparatus. 
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edge of \, 
output pulse 

Fic. 3. Pulse forming circuit. The function of this circuit is to 
produce a short pulse referred in time to the top portion of the 
wave form. A conventional clipper circuit (not shown) produces 
a pulse referred to the leading edge of the wave form. The time 
interval between these two pulses is measured with the chronotron. 


Both calibration pictures and actual run were read 
with the aid of a microfilm reader and a millimeter 
scale. The energy calibration remained constant at 25 
Mev/v within a few percent over a long period of time. 


D. Fast Timing Circuit 


It was mandatory to use a chronotron-type timing 
circuit®® in this experiment in view of the triggering 
system used. The fast-timing information had to be 
stored for several microseconds while waiting for the 
delayed pulse from y» decay required for the trigger, 
and it is quite impossible to delay a fast pulse that long 
(as one would have to do with a conventional oscil- 
loscope presentation) without excessive dispersion. 
With a chronotron, the timing information is stored 
as pulse heights corresponding to the outputs of ten 
detectors arrayed along a coaxial line, and these slow 
pulses may be delayed at will. The chronotron has also 
the advantage that both a fast and slow time scale 
may be presented on a single scope trace. 

The fast part of the wave form associated with a 
stopping r or K meson at the 6342 dynode-10’s is 
illustrated in Fig. 3. It consists first of a step due to 
the stopping particle and/or accompanying shower 
particles, and riding on top of this, a second step due 
to the decay. In order to measure the delay of the 
second step with respect to the first, a novel pulse- 
forming circuit was developed, which derived from this 
wave form pulses suitable for operating a chronotron. 
Referring once more to Fig. 2, the pulse is transmitted 
via the delay calibrator to the common grid connection 
of cathode followers CF-1, CF-2, and CF-3. The pulse 

* J. W. Keuffel, Rev. Sci. Instr. 20, 197 (1949). 


* Keuffel, Harrison, Godfrey, and Reynolds, Phys. Rev. 87, 
942 (1952). 
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from CF-1 is amplified and clipped in a conventional 
manner, thus generating a 5-mysec trapezoidal pulse of 
standard height which serves as a fiducial time refer- 
ence. A similar pulse, referred in time to the top portion 
of the wave form, is produced by CF-2, CF-3, V,, and 
V2 as shown in Fig. 3. The sharp cutoff pentode V» is 
normally biased just at cutoff. The pulse from CF-2 
is delayed while a pulse from CF-3 is inverted by V, 
and drives the grid of V2 more negative still. With a 
V, gain of minus one and proper adjustment of the V; 
bias, the pulse arriving from CF-2 exceeds the effective 
bias of V2 by a constant amount A. It was possible to 
hold A constant at 1.7 v to within 0.1 v, over a range 
of input voltages from 6 to 12 v, corresponding to 
energy releases from 150 to 300 Mev. 


E. Timing Calibration 


The time interval between the pulses produced by the 
pulse-forming circuit, and hence the time delay read by 


the chronotron, is a linear function of the true delay of- 


the step in the wave form only at delays sufficiently 
long to avoid rise-time effects. For this reason the 
over-all timing arrangement was calibrated by using 
“live” pulses from the scintillator itself. Steps of 
known height and delay, with just the characteristic 
rise time of the apparatus, were generated with the aid 
of the delay calibrator, CF-a and CF-b, shown in Fig. 
2. Cosmic-ray events, mostly soft showers, of a given 
narrow energy range were selected by means of a 
differential discriminator. For such events, CF’-a and 
CF-b produce identical single-pulse outputs. By delay- 
ing the pulse from CF-a, and introducing T attenuators 
as needed, the mixed pulse at the common grids of 
CF-1, CF-2, and CF-3 could be made to take the shape 
expected of pulses from 7 and K decay. When the real 
events were being studied, the delay calibrator was 
left in the circuit but with equal delay cables. Thus 
conditions were the same as in the calibration tests. 
Great care was exercised to see that all cables were 
matched, and in addition, the cables were so long that 
a reflection would appear well beyond the range of 
delays studied in this experiment. 

Timing calibration curves are shown in Fig. 4. 
These curves were taken with a delayed step /, of the 
average height expected for a r or K secondary (about 
3.4 v). The total pulse height £; (stopping plus delayed) 
is indicated on each curve. The value of E; is known 
for each individual + or K event from the direct- 
presentation pulses on the trace. Consequently, the 
true delay may be deduced from the chronotron reading 
and the calibration curves by a simple interpolation 
procedure. 

The actual delayed steps do not all have the value 
3.4 volts or 85 Mev, but fluctuate about this value, 
particularly in the case of the K particles. Although 
the pulse-forming circuit functions for values of Fy 
down to about 40 Mev, the calibration curves are 
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Fic. 4. Calibration curves for the timing circuit, taken with 
“live” pulses derived from the scintillator. The delayed step was 
3.4 v, equal to the average pulse expected for a r or K decay; the 
figures on the curves refer to different total pulse heights. — 


displaced somewhat. ‘To see how often small delayed 
pulses occur in K decay, the pulse-height distribution 
of 4 mesons which come to rest in the scintillator 
(as is the case with K secondaries) was studied by 
means of a sample of atmospheric ~ mesons. ‘The 
average value was around 85 Mev and 80% were 
greater than 60 Mev. Cases where £, is less than 40 
Mev appear as zero delays, and borderline cases are 
easily recognized from the appearance of the chronotron 
locus. (There were, in fact, a negligible number of 
borderline cases observed among the K events.) The 
conclusion is that the use of the calibration curves 
corresponding to the average Ey should not introduce 
a significant error in the mean lives, provided that 
short delays in the nonlinear portion of the calibration 
curve were not used in the analysis. A minimum delay 
of 17.5 mysec was therefore adopted. 


Ill. RESULTS 


The triggering rate of the apparatus was 1800 pictures 
per day. The great majority of the pictures showed a 
single pulse in the microsecond range. About 12 per 
day showed two delayed pulses, and once every six 
days a triple delay was observed. The time distribution 
of the delayed pulses in all categories agreed well with 
a 2.2-usec exponential decay, and their pulse-height 
distribution was close to that observed for decay ele 
trons from atmospheric « mesons. Thus the triggering 
system was indeed a “‘y selector.” 

Of the pictures showing a single delay, we estimate 
very roughly that one-half were atmospheric 4 mesons," 
and the other half mesons and a few K particles. The 


The estimate is based on a rough extrapolation of the pulse 
height distribution of stopping atmospheric y’s. Half our picture 
rate corresponds to 2% of all atmospheric y’s. Since a diagonal 
stopping at the bottom can release 160 Mev, and our threshold 
was at 150 Mev, this does not seem unreasonable particularly 
since scattering and statistical fluctuations in pulse height will 
also come into play 
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hic. 5. Decay curve of K particles. A background of 3.5 counts 
per 10-mysec channel, substantially constant over the range of 


delays used, has been subtracted off. The net number of counts 
was 158. 


time delay indicated by the chronotron was noted for 
each picture as the film was scanned, and those with a 
definite delay selected for analysis. The true delay was 
then found from the total energy of the event and the 
timing calibration curves. The rate of such events, 
with true delays exceeding 17.5 mysec, was 2.3 day”. 
The distribution of time lags is consistent with a single 
exponential of mean life 


(10.9+ 1.3) K10™ sec. 


TK 


In view of their decay into a single w or u meson, these 
particles are interpreted as a mixture of K,». and 6* 
mesons. The decay curve for a total of 158 events is 
shown in Fig. 5. A flat background of 3.5 counts per 
10-mysec channel has been subtracted. The background 
was evaluated by counting the delays in the region 
62.5 to 102.5 mysec after a rough first-approximation 
correction for spillover of K decays into this region. 
Although the chronotron does not give an accurate 
measurement of the delay beyond about 65 mysec, 
delays up to 102 musec are easily recognizable. This 
background is consistent with that to be expected from 
double stopped wt events where one of the decay 
electrons gives a large pulse with a short delay. The 
background from double r’s is not strictly flat, of 
course, but it has a very broad flat maximum in the 
important region near the end of the K-decay curve. 
The pictures showing two delays in the microsecond 
range were analyzed in a like manner. The rate of 
pictures with a delay greater than 17.5 mysec was one 
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every three days. These events are identified as r decays 
because of the double decay electrons. The decay curve 
of + mesons is shown in Fig. 6. We find a mean life 


T,= (11.3_2,3+*") K 10sec. 


The background in this case was negligible; no counts 
were found in the region 62.5 to 102.5 mysec. A back- 
ground of 0.08 per 10 myusec channel would be expected 
from the three-r events, if we refer back to the two-r 
background data in K decay. A small correction of 
this magnitude was applied to the data in arriving at 
the above mean life. 

If we extrapolate the integral K and 7 rates to zero 
delay, and multiply the K rate and also the single 
rate |.y two to compensate for events missed when a 
shower particle did not accompany a K or m, we arrive 
at a w:K:7 ratio of 1800: 24:1.5, in satisfactory agree- 
ment with currently accepted production ratios. 
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Fic. 6. Decay curve of r mesons. The background for this curve 
was negligible—approximately 0.08 counts per 10-mysec channel. 
The low background gives the curve some significance even though 
only 20 measurable 7’s were detected. The flags on the points are 
the square roots of the total counts. They are to be taken merely 
as an indication of errors and do not have a precise statistical 
meaning 


Our values for the mean life agree with those of other 
workers. Fitch and Motley" found for the K,2 or 6, 
(12.1_; ot!) K10~ sec, for the Kyo, (11.7_0.7*°:*) K10~° 
sec, and for the 7, (11.70,7+°%)K10~* sec. Alvarez 
el al.” obtained the value (13.0+1)10~* sec for a 
mixture of K,2 and @ decays. The cosmic-ray experiment 
of Mezzetti and Keuffel gave the result rx = (9.6+0.8) 
X10~* sec. Thus the cosmic-ray measurements appear 
to be in agreement with the mean lives of artificially- 
produced particles. 


1 V. Fitch and R. Motley, Phys. Rev. 101, 496 (1956); R. 
Motley and V. Fitch, Phys. Rev. 105, 265 (1957). 

2 Alvarez, Crawford, Good, and Stevenson, Phys. Rev. 101, 503 
(1956). 

3. Mezzetti and J. W. Keuffel, Nuovo cimento 4, 1096 (1956). 
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Measurements have been made of the circular polarization of the decay photons emitted from an 
“unpolarized” sample of w® mesons, the asymmetric emission of wt mesons from cyclotron-produced 
a* mesons, and the asymmetric emission of u4* mesons from #* mesons produced in weak interactions. All 


three experiments give negative results. 


I. INTRODUCTION 


HIS report describes three different investigations 
of the spatial properties of the pion. 

The complete failure of the laws of conservation of 
parity and of charge conjugation demonstrated in the 
beta and m—y-—e decay interactions! led us to search 
for deeper violations of accepted symmetry principles 
in two classes of interactions involving m mesons. It 
appeared to us that the K+ decay into 2 or 3 pions 
offered one intriguing possibility, involving the produc- 
tion in a weak interaction of pions, which in strong 
interaction experiments behave like pseudoscalar spin- 
zero particles. Our investigation was directed towards 
demonstrating that such pions exhibit identical spatial 
properties as those produced in nucleon-nucleon 
collisions.” 

Another interesting point is that conservation of 
linear and angular momentum imposes on the 2-photon 
decay of the r° the requirement that both photons in 
a given decay be right-circularly polarized or both be 
left-circularly polarized, but these considerations in 
no way forbid the emission exclusively of right- (or of 
left-) circularly polarized photons.’ Indeed, one can 
easily visualize a spin-zero system which radiates only 
right-handed photons, e.g., singlet muonium (yte~) in 
the bremsstrahlung that accompanies yu* decay.‘ 


II. CONSERVATION OF PARITY IN x’ DECAY 


The w° experiment was carried out by using the 
spin-dependent Compton effect to detect the handed- 
ness of photons emitted at 90° from the target in the 
Nevis cyclotron. Since the 7° lifetime is ~ 107" sec, all 


* This work is supported by the U. S. Atomic Energy Com 
mission and the Office of Naval Research. 

t Also at International Business Machines Watson Laboratory 

1 Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957); Garwin, Lederman, and Weinrich, Phys. Rev. 105, 
1415 (1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 103, 
1681 (1957). 

2See, for example, C. O’Ceallaigh’s report on interaction 
properties of pions from 7r* decay in Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics, 
April, 1957 (Interscience Publishers, Inc., New York, 1957), 
Chap. 8. 

4R. L. Garwin, Proceedings of Seventh Annual Rochester Con 
ference on High-Energy Nuclear Physics, A pril, 1957 (Interscience 
Publishers, Inc., New York, 1957) 

‘ This assumes conservation of leptons. See for example, T. D 
Lee, reference 2. 


the w’s produced will decay in the target, which is thus 
a bright source of r°-decay photons. In this experiment, 
Compton recoils ejected from a magnetized iron foil 
are counted directly, the competing pairs (for which 
there is no spin dependence) being rejected by pulse- 
height requirement in a thin counter, 

The geometry of Fig. 1 was used. Photons from r°’s 
decaying in the beryllium cyclotron target were viewed 
through 2-in.-square apertures at the entrance to the 
shield wall, the exit from the shield wall, and through 
an 8-in. thick local collimator of lead blocks. ‘Ten feet 
of lithium, as shown, reduced the neutron flux to a 
negligible level. A sample of spins polarized with a 
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Fic. 1, Apparatus for counting Compton recoils from high 
energy photons. Reversal of magnetization in the iron plate 
allows a measurement of the degree of circular polarization of the 
nw’ -decay photons Pairs are rejected by using as the “event” 
counts (12343’) with pulses 3’ being all those pulses from 3 
larger than a given discriminator setting 
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(d) 


Fic. 2. Pulse-height spectra in counter 3. (a) Pulses from a lead foil at the target position, which give (1234) coincidence; (b) pulses 
primarily from single electrons incident, which give (234) coincidence; (c) pairs plus singles (234), with lead foil in target position; (d) 
pulse spectrum of c, but with anticoincidence (2343’) showing the pulse-height spectrum of the pulses which we count as Comptons. 


large component along the beam direction was produced 
by an iron sheet 7 in. thick which was inclined 30° to 
the beam direction. This was magnetized by a current 
momentarily applied to a coil wound on the return 
yoke. A G.E. fluxmeter was used to monitor the change 
of flux in the magnetization of the iron. 

Fifteen times as many pairs as Compton recoils are 
produced by 70-Mev photons in iron. Upon including 
the polarizability of only 2 of the 26 electrons in iron, 
the ratio of Compton cross section for photon and 
electron spins antiparallel to that for photon and elec- 
tron spins parallel is 1.16.° This ratio is reduced to 
1.010 if no discrimination is made against pairs, 
requiring 410‘ counts to obtain one standard devia- 
tion for incident photons which are 100% polarized. 
Pairs ejected from the iron foil produce ionization loss 
in counter 3 at least twice that produced by a single 


minimum-ionizing particle traversing the counter ex- 
cept in rare cases in which one member of the pair was 
scattered through more than 60° or was stopped in 
the thin sheet. Compton electrons recoiling in a direc- 
tion to be counted in the Cerenkov counter (4) give a 
pulse in counter 3 corresponding to minimum ionization. 
Calculations by Landau® and Symon’ show ~10% 


*H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956). 
*L. R. Landau, J. Phys. U.S.S.R. 8, 201 (1944) 
7K. Symon, thesis, Harvard University, 1948 (unpublished). 


standard deviation in the distribution of ionization 
loss in }-in. plastic for high-energy electrons (in fact, 
almost independent of counter thickness) allowing one 
to hope to separate electronically the Compton recoils 
from the pairs. Actually, the situation is better from 
our point of view, since we are not interested mainly 
in efficiency but in a clean separation, and the relatively 
few cases of long-range secondaries are simply not 
counted. Alternatively, the downward fluctuation from 
the median ionization loss of pairs is small, thereby 
spreading very little into the single-electron spectrum. 

By recording as “events” coincidences (12343’) we 
may reject pairs rather efficiently without losing many 
Compton counts. 1 serves to prevent single electrons 
of pairs ejected from the collimator from counting as 
Compton recoils. The requirement of a pulse in counter 
2 prevents pairs produced in the pulse-height measuring 
counter 3 itself from registering as Compton recoils, as 
would be the case if the pair were produced in the 
latter half of the counter. The water Cerenkov counter 
4 eliminates neutron-induced and accidental back- 
ground. In order to eliminate the pairs, the pulse height 
in counter 3 was examined and if found to be larger 
than a preset value, this output was fed back as an 
anticoincidence pulse 3’. In an early stage of the 
experiment pulses from counter 3 were reduced in 
amplitude a desired amount by a 100-ohm potentiome- 
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ter. These were fed to an anticoincidence input on a 
circuit of standard type.® 

As monitor we recorded the rejected pairs (234) 
in another channel of the 3-channel, 10-input coin- 
cidence-anticoincidence analyzer. The counters 1, 2, 3, 
were 6810 photomultipliers without amplifiers viewing 
}-in. thick plastic scintillators, while 4 was a 5819 and 
was used with three distributed amplifiers. With 10 ft 
of lithium, counting rates proved to be low enough to 
allow the use of a linear amplifier-discriminator to 
generate pulse 3’ which could then be used to cancel 
the (1234) fast coincidence pulse. This was more con- 
venient than the fast anticoincidence, since the slow 
electronics were in the control building with the 
experimenter. Figure 2(a) shows the pulse-height spec- 
trum in counter 3 of pairs from lead at the target posi- 
tion [scope triggered on (1234) output of coincidence 
circuit]; Fig. 2(b) the pulse-height spectrum of 
“singles,” i.e., not Compton recoils, but predominantly 
(about 4) single electrons of pairs produced in a }-in. 
Pb sheet placed 10-in. ahead of counter 1. In this case 
the scope was triggered by (234). Figure 2(c) shows 
the pulse spectrum from pairs and Comptons; while 
Fig. 2(d) exhibits the pulses from counter 3 which 
give output as (12343’) to trigger the scope or to count 
as “Comptons.” The curves of Fig. 3 show the same 
pulse-height spectra but are now counts of “events” 
(12343’) plotted against discriminator setting for the 
production of 3’ from 3, The “pairs” and “singles” 
curves were obtained in the geometry discussed above, 
while the curve labeled (b) is the (12343’) counting 
rate as a function of discriminator setting for a carbon 
target between 1 and 2. About 23% of the cases in 
which charged particles are ejected from carbon by 
70-Mev photons should be Compton recoils (as com- 
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Fic. 3. Pulse-height spectra from (a) lead in target position 
(pure pairs), (b) carbon .in target position (pairs +~25% 
Comptons), and (c) the difference between (b) and (a). Curve 
(c) shows no pair characteristics and is clearly the response of 
our apparatus to pure Compton recoils. 


*R. L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 
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pared with ~2% for lead), and the Comptons are 
clearly visible as small pulses (coincidences persisting 
to low discriminator settings). The curve (b) is +o 
normalized that the theoretical pair contribution is 
equal to that from lead [curve (a)] in Fig. 3. The 
difference between (b) and (a) should now be purely 
Compton recoils, and is drawn as curve (c). 

It was possible, by setting the discriminator at 50, 
to reduce the lead (‘‘pair”) counting rate by a factor 
9, while reducing the counts due to Compton electrons 
a factor of only 1.2. This allows a tenfold reduction in 
counting time and very greatly improves the sensitivity 
of the experiment in view of any small hypothetical 
systematic errors. 

Since the counters were those from the p-resonance 
experiment’ and were unaffected by 2000 oersteds in 
that experiment, the 1-oersted field of the remanent 
induction in the iron is completely negligible. The 
experimental procedure consisted of five-minute runs 
with the iron magnetized along the beam direction, 
alternated with five-minute runs of opposite magnetiza- 
tion. The effect of drifts, etc., was negligible. 

From the observed ratio (1.001+4-0.004) of counts 
with field forward to field backward, and from our 
calibration which shows that from iron under our 
requirements there still remain twice as many pairs 
being counted as Comptons, we find a m® photon 
polarization 


(P=2.0+9.0%). 


The error includes some ignorance of the extent to 
which background dilutes the spin-dependent effect. 
A positive result could possibly have been interpreted 
as evidence for higher spin 2°’s,"° were it not for the fact 
that our observations were made under conditions 
which preclude polarization of such particles. 

The x decay is generally considered to proceed via 
two steps: (1) The Yukawa reaction r°->p+f (also 
A°+A°, etc. may contribute), and (2) p+p->2y. This 
experiment would detect violations of parity conserva- 
tion in either or both reactions. Lee and Yang!! have 
reviewed the evidence for parity conservation in some 
strong and electromagnetic reactions. They found for 
the latter the mixing of parity-nonconserving terms to 
be #?<10~*. For the strong interactions, only nuclear 
scattering and nuclear y-correlation data were available. 
In these cases F? was found to be S10-*—10~. Since 
our observation measures an interference term, we 
find for the meson reaction a parity-mixing coefficient 
FP?S8xK 10-4. 

The technique demonstrated here may well be of 
value in other investigations where one has systems 
with initial polarization of high-energy photons, 


® Coffin, Garwin, Sachs, Penman, and L. M. Lederman, Phys 
Rev. 106, 1108 (1957). 

”C.N. Yang, Phys. Rev. 77, 242 (1950). 

"T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). See 
also E. Henley and B. Jacobson, Phys. Rev. 108, 502 (1957). 
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TABLE I. w~y decay of w’s from r decay 


, 
energy 


<12 Mev <15 Mev Total 


186/160 = 1.16 


B/F 71/39=1.8 85/54=1.6 


II], ASYMMETRIES FROM +-z-y DECAY 


In the K* study,” we have selected r+ as a source of 
weakly produced pions and have searched for a correla- 
tion between the direction of the pion relative to that 
of the r* and that of its decay muon relative to the 
initial direction of the wt. No correlation was found 
between m—yp angles and r—yp angles, the latter being 
distributed isotropically. The agreement with isotropy 
in the w~y angular distribution expected for a spin- 
zero pion is poor only for low-energy pions, as shown 
in ‘Table I. Although a front-to-back asymmetry was 
specifically sought, an energy dependence was not 
sought but appeared in the examination of the data. 
It is expected that of the many potential subgroups, 
some should contain large fluctuations and the sub- 
group of 110 wt mesons with energy <12 Mev showed 
the largest deviation from isotropy. Since the energy 
region was selected which showed the largest asymme- 
try, it is not known what statistical significance should 
be given to the results. Since all the events were de- 
tected by referring to previously located rt’s,” no bias 
is involved in the distributions. However, we feel the 
effect warrants continued investigation. In fact, it has 
recently been emphasized by various investigators'*~'® 
that even for cyclotron-produced pions, the my decay 
distribution had not been extensively studied, although 
it had been explicitly noted'® that polarization of the 
pion beam would certainly confuse the pion-spin 
experiment. 


IV. SEARCH FOR ASYMMETRY IN CYCLOTRON- 
PRODUCED PION DECAY 


We have used the well-known u—e correlation in the 
apparatus of GLW! to search for a mm asymmetry 
in the Nevis 80-Mev wt beam. The pions are stopped 
in a wire-wound graphite block and the yu’s formed 
by subsequent w—p decay are caused to precess 
through appropriate angles, the electron counting rate 
being used as an analyzer for an assumed angular 
anisotropy in the emission of muons of tne form: 


P(r) 1 { bu Umax, 


”% This experiment was carried out in collaboration with the 
Columbia nuclear emulsion group of Bierman, Baumel, Harris, 
Lee, Orear, and Taylor 

“uC. M. G. Lattes, report at Varenna Conference on Cosmic 
Rays, June, 1957 (private communication). 

4M. Bruin, Physica 23, 553 (1957). 

168 We are indebted to V. L. Telegdi for communicating the 
details of his and other investigations at the Chicago cyclotron 

16 Durbin, Loar, and Steinberger, Phys. Rev. 83, 636 (1951); 
Clark, Roberts, and Wilson, Phys. Rev. 83, 649 (1952) 
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where tmax iS a unit vector in the direction of the 
maximum asymmetry and y is a unit vector in the 
direction of the muon momentum. Since there is no 
reason in this case to suppose that the correlation is 
with the pion momentum vector (a spin ¢>0 would 
allow polarization normal to the production plane) 
this experiment actually determines the distribution in 
space of the decay electrons from the #+—y*+— et decay, 


P(x,e) = 1 +ce “ Umax, 


where b= —10c, the factor 10 coming from P(y,e) and 
from the folding process. In GLW,' the quantity 
7’ Umax {projection of the asymmetry vector in the 
beam direction) was found to be 0.03+-0.09. In this 
experiment, we studied precessions of +90°, 0°, 180° 
in the horizontal plane and +-90° in a vertical plane 
at 30° to the beam direction. The three components 
Of bumax are exhibited in Table II, where the y axis is 


TABLE IT. Space components of cyclotron my 
emission asymmetry. 


x 0,0044-0.018 
0.025+-0.018 
—0.016+4-0.012 


to the left (as seen by the incoming beam), «x is in the 
direction of the pion beam (mr), and z is up. In the 
horizontal plane, the distribution observed is 


P(,u)1= 14+ (0.025+-0.025) cos(@— 80°). 


We note that if no prejudice is imposed upon the 
direction of an assumed asymmetry, the least-squares 
solutions automatically increase the error appropriately 
as here stated. 

An example of the tests made for spurious effects is 
the following: In order to test the field sensitivity of 
the counters in this experimental search for a small 
effect, we used for the 180° precession in the horizontal 
plane alternately +180°. The average of these two 
sets was used for the 180° point, and the difference 
(which was less than one standard deviation) showed 
that there was no significant field sensitivity (the wire- 
wound carbon block was equipped with a sheet-iron 
flux-return path as in our original experiments, thereby 
reducing the external field). A small asymmetry with 
Umax at 45° could be produced because of the finite 
range of the yw’s and a nonuniformity of 2’s stopping 
in the target, so that more y’s might escape from the 
carbon through the back face than through the front, 
giving a small bias to the distribution at birth of 
stopped u’s. Because of the small range of the » mesons 
and the large straggling of the pions, this effect is 
expected to be very small, as is the forward-directed 
asymmetry which would be caused by polarized-muon 
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contamination of the pion beam. Scanning of nuclear 
emulsions exposed in the position of our carbon block 
has confirmed the expectations that there exists no 
muon contamination and no dangerous nonuniformity 
of stopping pions. 

It is apparent that we find no evidence for asym- 
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metry in this study of cyclotron-produced pions."’ 
Anisotropies containing even powers of (@,:w) are not 
detected in this experiment. 


17 An electronic search for azimuthal variations in r—y decay 
in flight by the Chicago group of Crewe, Kruse, ef al. (private 
communication) has also yielded negative results 
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Diamagnetism of a Dense Electron Gas 


GREGOR WENTZEL 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received August 16, 1957) 


The theory of Coulomb interactions in a dense electron gas at zero temperature is formally simplified by 
the introduction of an equivalent Hamiltonian which gives the correct high-density value for the cor 
relation energy. In the corresponding approximation, the diamagnetism of a dense electron gas is found to 
be the same as that of noninteracting electrons. Coupling with longitudinal sound waves, or a periodic 


potential, fails to produce a Meissner effect 


1, INTRODUCTION 


UCH progress has been made lately in the study 

of the Coulomb interactions in a dense electron 
gas.'-* Particularly noteworthy is a paper by Sawada? 
which succeeds in formulating the high-density problem 
in such a fashion that the pertinent solutions can be 
constructed in closed form, avoiding the perturbation 
expansion of Gell-Mann and Brueckner! and reproduc- 
ing their result for the correlation energy. The suppres- 
sion of long-range Coulomb interactions manifests 
itself in a simple damping factor (depending on the 
momentum transfer q), in formal analogy with the so- 
called damping effect in “scalar pair theory’ (equiva- 
lent to a renormalization of the coupling constant). 
Indeed, Sawada invokes this formal analogy as a guide 
for the construction of his rigorous solutions. Bloch’s 
phonon-like pairs® (excited electron plus hole) are the 
analogs to the “‘mesons”’ in pair theory. 

It is the purpose of this paper to re-examine some 
properties of a dense electron gas, taking account of 
Coulomb interactions in Sawada’s approximation. The 
emphasis will be on the diamagnetic properties, for 
instance the question: can a dense electron gas behave 
like a superconductor in a magnetic field (Meissner 
effect)? Schafroth® arrived at a negative answer by 
treating the Coulomb interaction as a perturbation, in 
arbitrary order. But this procedure is unreliable since 
the nonmagnetic energy diverges in every approxima- 

1M. Gell-Mann and K. A 
(1957). 

2K. Sawada, Phys. Rev. 106, 372 (1957) 

3 Sawada, Brueckner, Fukuda, and Brout, Phys. Rev. 108, 507 
(1957). 

4G. Wentzel, Helv. Phys. Acta 15, 111 (1942). 


® F. Bloch, Helv. Phys. Acta 7, 385 (1934). 
*M. R. Schafroth, Nuovo cimento 9, 291 (1952). 


Brueckner, Phys. Rev. 106, 364 


tion but the first. We shall replace the dubious per- 
turbation expansion by Sawada’s high-density approxi- 
mation and derive the same negative result (for zero 
temperature). It will also be shown that, in this respect, 
nothing is changed by coupling the electrons with 
longitudinal sound waves,’ or by admitting a periodic 
lattice potential (Bloch wave functions). 

In order to simplify the calculations, we shall first 
reformulate Sawada’s theory in terms of an equivalent 
Hamiltonian, allowing us to make fuller use of the 
analogy with meson pair theory. This procedure will 
prove particularly helpful in the study of diamagnetism. 


2. EQUIVALENT HAMILTONIAN 


Regarding He, the Coulomb interaction potential, 
we follow Sawada? entirely and adopt his approxima- 
tions as he justified them by comparison with Gell- 
Mann’s and Brueckner’s work. In the first place, we 
discard from H¢ all matrix elements which do not con- 
tribute to the ground state energy in the limit of in- 
finite electron density.’ Then, we can rewrite //¢ in the 
following abbreviated form: 


He 5 LAd ‘4 
Ag=4re'q tr, (h=1), (1) 
Cy Lela et C»,—¢")s 


. 


*C, + const, 


* 
ay 


Cpa A pt+ay 


where a, a* are the fermion absorption and emission 
operators, and it is essential that p always stands for a 
momentum vector inside the Fermi sphere, and p+q 


always for one oulside (the spin will be ignored for the 


7See Schafroth’s criticism of H. Fréhlich’s theory of super 
conductivity: M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951) 

* Example for an omitted matrix element: two excited electrons 
make transitions both remaining outside the Fermi sphere 
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sake of simplicity). In other words, whenever the symbol 
p, or 3°», occurs in the following, p is restricted to that 
part of the inside Fermi sphere (\p|<pr) where 
\p+q\> pr, for a given pair momentum gq. Note that 
automatically |—p|<pr, |—p—q|> pr, and 


C o= Lpl¢ p—atly, og )=C,*. 


A further simplification, justified in the high-density 
limit, is the omission, in the commutators [He,c», 4 ], 
of all terms q’#q. Again following Sawada, we adopt 
the approximate commutation rules 


(He, P. * J - rAC,*, [He,C»,¢)= —AL,. (2) 


Note that this is equivalent to treating c*, c as boson 
emission and absorption operators : 


[¢p, ofp'.a’ 1=Sppbqu, (Cp, aon’, J=9. (3) 


The kinetic energy, Hx, enters into Sawada’s calcu- 
lation only through the commutators 


[A k,C», el We ene [Hk,C», = —Wp, ap, a 


E,= p’/2m. 4) 


Wp, q= Epp q— Ep, 


These equations follow from the rigorous expression 
for Hx and the rigorous commutators [a*,c*], etc. 
However, since Sawada’s argument is based entirely on 
eqs. (1), (2), and (4), one can safely replace Hx by an 
expression which yields precisely the same commuta- 
tors (4) in conjunction with the boson commutation 
rules (3) [which are dlso compatible with (2) ]. Such a 
substitute expression for Hx is 


Hx= Delon pe Cpe (S) 


representing just the sum of the individual pair energies. 
With this choice, the mathematics of the problem be- 
comes completely equivalent to that of a “pair theory,’” 
and Sawada’s result can be rederived more simply, 
allowing a comparison at each stage. 

To substantiate this, let us introduce canonical field 
variables 


(2w», ¢) (cy ote p-a)= Pne= o-2-0 


" (6) 


1 (wy, o/2)*(cp, g*—c p—q)=%pq™= pe 


As a consequence of (3), the ¢ and w obey canonical 
commutation rules. Equations (5) and (1) may be 
rewritten as 


Hr } Ld p(T», a ™p, at Wy, en a Ones, es 


He Lard m™ p, «Pp, a’) (do pp’, a Pp’, a 
+-const. 


(Sa) 


(1a) 


The Hamiltonian 1x+ H ¢ is that of a system of linearly 
coupled oscillators, and analysis in terms of normal 
modes is straightforward. The secular equation for the 


* The “meson rest mass” is here zero. \, plays the role of the 
coupling constant, and the “source function” for each g is essen 
tially a step function. 
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proper frequencies v reads 
G4(¥?) =14+2r¢ D py, g(Wp, g?— ¥”) 1=0 (7) 


(for any g). The roots v [= E— E, in Sawada’s notation, 
see his Eq. (7) in reference 2] are the excitation energies 
of the one-pair states (they form a continuous spectrum 
as (1+ ©). The corresponding eigenvectors describe 
the scattering (one-pair to one-pair states) in accord- 
ance with Sawada. The “correlation energy” (including 
the contribution of the plasma vibrations*) is nothing 
but the lowest eigenvalue of Hx+Hc," or the ‘‘zero- 
point energy” of the normal vibrations: 


Eo=4 & gd p(¥p, g—p, g) t+ const. 


Indeed, the function ¢, defined in (7) can be written,‘ 
in terms of its zeros and poles (=v?) : 


$4(£) =][(é—»», PUL (E—w,, ¢)] ., 


Hence: 

8 Ind, (£) 
Eo= (4mi)- fee x ——-+ const, 
q 


a) 


where the closed contour in the complex ¢ plane is 
taken to encircle all zeros (v»,.’) and poles (wy, ,”). 
Integrating by parts, and writing =v? again: 


Eo= — (Ant) ‘far > Ing, (v?)+ const. 
q 


Now, one can go to the continuum limit (Q— ) and 
replace >, in (7) by the appropriate integral (| p| < pr, 
|p+q|>pr) whereby the function ¢,(v*) (viz., its 
imaginary part) becomes discontinuous along part of 
the real v axis. Carrying the contour along both sides 
of this cut, 4[In¢,(v?+-15)—In@,(v?— 15) ] becomes an 
arc tangent (the scattering phase shift), and one ob- 
tains precisely Sawada’s result [Eq. (19) in reference 
2], in a more condensed form. Of course, the con- 
tribution of the poles corresponding to the plasma 
vibrations [v», ¢>max(w,, 4) ] must be added [see Eq. 
(11) in reference 3]. 

All this confirms that the use of the “equivalent 
Hamiltonian,” with (5), is legitimate if the commuta- 
tion relations (2) and (4) define the problem adequately. 
Needless to say, only in a very restricted class of prob- 
lems will it be possible to treat the electron-hole pairs 
as bosons. If too many (real) pairs are present, as in 
thermal excitation, our method is, of course, in- 
applicable. 


3. COUPLING WITH LONGITUDINAL SOUND 


Before turning to the magnetic effects, we want to 
examine very briefly the interaction of the electrons 
with longitudinal sound waves carried by some, con- 


” Strictly speaking, the second-order exchange energy, ‘“‘e,),” 
should be added here. 





DIAMAGNETISM OF A 
tinuous elastic medium. The results will not be new, 
but for the later discussion it will be useful to have the 
problem restated in our notation. 

For the free phonon energy, we write 


Hs= 4 Lealwe ete ye* ey). 


Then, a phonon-electron interaction of the Bloch type 
may be represented as 


A1=L bave” Lp, apt CC. (8) 


The problem defined by H=Hx+Hce+Hs+Hr, can 
again be solved by a normal modes analysis. Instead of 
(7), one has the secular equation 


|e? Wp, 
6.0) =1+(2.- _ JE ———=0, 
yi—v/ » ws ¢—Y 


and the eigenvectors are now mixtures of one-pair and 
one-phonon states. The term |y,|*(v.2—v*) in (7a) 
indicates how the spectrum of (7) is altered by “switch- 
ing on” the Bloch interaction H;. Consider in particular 
that root v of (7a) which in the limit u, — 0 becomes vy. 
In the continuum limit (Q— ~), this root is complex ; 
the real part represents the sound frequency as modified 
by H7, and the imaginary part determines the decay 
rate of the phonon q into one-pair states. To first order 
in |uq\?: 


——— (|Mq|?/2v4)fa(1 +2rofe); 


Si= lim L Hp, (Wp, op — gti)". 


(7a) 


The “damping factor” (1+2d,f,)~! (the same as ap- 
pears in the correlation energy and scattering ampli- 
tudes) indicates the effect of the Coulomb interaction 
He: it amounts to a strong quenching of the phonon- 
electron interaction for small values of g (because 
Agx qr’). 

It should be remarked that, although Hx was tacitly 
taken to have the substitute form (5), the same results 
may be derived by using, instead of (5), the rigorous 
commutation rules (4). 


4. DIAMAGNETISM 


For our purpose it suffices to take the vector potential 
of the external magnetic field as 


A,=A coskz, Ay=A,=0. 


The additional terms in the Hamiltonian, linear and 
quadratic in A, will be called H’ and H”’. H’ involves 
the electronic current whose “main part,” namely that 


t Note added in proof.—¥or a full discussion of a similar situa 
tion (Lee model), see Glaser and Kallen, Nuclear Phys. 2, 706 
(1956/57). 

1 Our result is in substantial agreement with that of Hayakawa, 
Kitano, Nakajima, and Nakano [Proceedings of the International 
Conference of Theoretical Physics, Kyoto and Tokyo, 1953 (Science 
Council of Japan, Tokyo, 1954), p. 916] who comment on this 
problem in connection with Frohlich’s theory of superconductivity. 
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involving the operators of pair creation and annihila- 


tion, is expressible in terms of the operators m of (6): 


H'=A (e/2mc)>. pps(mp,e— Wp, w*)i (wy, e/2)-*. (9) 


(Here, of course, the vector k has the components 
0,0, k; and |p| <pr, | p+|> pr is again implied.) As 
before, we ignore the electronic spin and accordingly 
omit the spin-field interaction in H’. In H”, only the 
diagonal part matters: 


H"= AX(e?/4me)N, 9) 


where N= pr*Q/6r?= total number of electrons. 

We now make explicit use of the simplification af- 
forded by our “equivalent Hamiltonian,” viz., the 
expression (5) or (Sa) for Hx. It allows us to eliminate 
H’ by the simple device of a translation in m space. 
This will be achieved by the following unitary trans- 
formation : 


U= exp| Ale /2mc)> pPz( Pp, k 


Pp, k*) (wp, ¢/2)~*]. 


Then 


U* wy, wh = my, n— A (€/2mc) pri (wy, ¢/2)*. 


In Hx (5a), the only terms affected by the U trans- 
formation are g=k and q= —k (for q k, replace p 
by —p for convenience of notation), with the result 
U*HKU=Hxt+H'+M,, (1 
' iat 6 11) 
Hy= A*(e?/2m'c?)> pwn. 


All other terms in the field-free Hamiltonian /7°, viz., 
Ho, Hs, Hy (if they are assumed present), are inde- 
pendent of the w,,, and commute with U/’. Hence 


U (H°+H'+H")U*= H°— He+- HH". 
As the diamagnetic energy, (—//,+ 11"), is entirely 
unaffected by either Coulomb interaction or longi- 


tudinal sound, we cannot expect anything new. Indeed, 
evaluation of the integral in (11) gives 


0? "| s4ame) (* f ") 
/ 2)? In 
eke Qpr—h 


: 
t "tn i Pek? 


(12) 


ee 
Li» 


Wp, ke 


and expanding this into powers of k?/py’, one confirms 
that the leading term (« k°) in (—H) [Eq. (11) ] just 
cancels H” [Eq. (10) ] (no Meissner effect),'? whereas 
the next term in (—/) gives precisely the Landau 
diamagnetism. (No de Haas-van Alphen fluctuations 
are found, presumably because our Hamiltonian is in- 
complete.) The conclusion is that the diamagnetism of 


% The corresponding cancellation occurs, of course, in the ex 
pectation value of the current density. Note also that if p,, in 
(9) and (11), is replaced by p,+-4k, the cancellation of (—H) 
and H” is complete, for al] values of &. This proves that a longi 
tudinal vector potential is spurious, and that our “truncated” 
Hamiltonian is gauge-invariant. 
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a very dense electron gas, treated in the approximation 
of Gell-Mann and Brueckner,' or Sawada,’ is the same 
as for a gas of noninteracting electrons.” 


5. PERIODIC POTENTIAL 


Is it possible that this negative result is altered by 
the introduction of a periodic lattice potential and the 
use of Bloch wave functions? To carry out a simple 
generalization, let us replace L,= p*/2m by some more 
general even function E(p) of the “quasi-momentum”’ 
p. In a magnetic field, according to Luttinger’s theo- 
rem,'* the single-particle states are approximately de- 
termined by the Hamiltonian E(—iV—(e/c)A)+e¢; 
according to Adams,'® this is a “‘one-band” approxima- 
tion, certainly good enough for our purposes. 

Few changes are then required in our previous equa- 
tions. The restriction imposed on p, for a given q, is 
now obviously 


K(p)<Ep, E(p+q)> Erp. 


In (4), (5), ete., wp,g must now be interpreted as 
k(p+q)—E(p). Expanding the Hamiltonian into 
powers of A, the linear and quadratic terms generalizing 


(9) and (10) are, to the lowest order in k: 


H'=A(e/2 > Wf OL (p) Op, |(p, 


Tok )t(we th 2) 4 
+ trey (9a) 


H"=AX(é/4e) ¥ 


i *&D 


E(p Ky 


Oh (p)/dpi+-:: (10a) 


With an obvious change in the transformation U, and 
assuming that all nonmagnetic interactions commute 
with U, Eq. (12) follows again, but with 


H.= A*(e*/2¢ *)> oI OE (p) Op, ]*w p, & Ite.++, (la) 

'H. Kanazawa [ Progr. Theoret. Phys. Japan 15, 273 (1956); 
17, 1 (1957) ] uses the Bohm-Pines method to compute the effect 
of long-range Coulomb interactions on the diamagnetic suscepti 
bility, and he obtains a small correction to the Landau value 
Such a discrepancy is not surprising since even the correlation 
energy is not quite correctly calculated by the Bohm-Pines 
theory (see reference 1, p. 368) 

47. M. Luttinger, Phys. Rev. 84, 814 (1951) 

16. N. Adams, IT, Phys 85, 41 (1952) 


Rev 
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Since we assume k<pr, the p integral in (11a) extends 
over a thin layer bordering on the Fermi surface; the 
vertical distance between the bounding surfaces equals 
Wy,k|Vpl2\~. In the limit k-—> 0, the volume integral 
reduces to a surface integral over half the Fermi surface, 
namely that half where 0F/0p,>0 (do=element of 
area in p space): 


evo aky 
lim, = ( \(—) f io | IV ,2 |. 
bat 22) \ 8) Jp Lap, 


The integral may be written as 4 the integral over the 
entire Fermi surface and can then be transformed, by 
means of Gauss’ theorem, into a volume integral over 
the inside: 


CE 


Oy ; 1 
f da | |V,£|1= d*p 
F/2 Op, 2: E(p) < ER 


ape 


Comparing with (10a), we find again 


limH,.=H". 


hoody 


For nonvanishing but small k, the leading term in 
(—H.+H") varies as k*.'!° Thus, again, there is no 
Meissner effect, but just ordinary diamagnetism. 

One has to conclude that the phenomenon of super- 
conductivity must result from interactions which we 
have disregarded, Since superconductivity preferably 
occurs in metals with high electron density, Sawada’s 
method, suitably extended, may still be helpful in 
further analysis. In particular, one should try to in- 
clude those matrix elements of 1¢ and H, (omitted in 
(1) and (8), see reference 8) which Bardeen ef al.'’ 
claim to be responsible for creating an “energy gap.” 
This, however, will mean giving up, or amending, the 
boson commutation rules (3), and then our equivalent 
Hamiltonian will probably lose its usefulness. 


‘6 Tt gives the Peierls susceptibility x;, as we have confirmed 
for the case that E depends quadratically on p 
‘7 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957). 
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The problem of vacuum polarization scattering of protons by protons is treated to first order in the 
vacuum polarization interaction. The phase shifts caused by the interaction are calculated, and the cor 
responding addition to the p-p scattering matrix is constructed. The phase shifts are calculated using 
Coulomb wave functions as the unperturbed wave functions. The corresponding addition to the p-p scatter 
ing matrix is then constructed, including exactly the Coulomb phase shift factors exp[.2i (01 —0) | appearing 
in the series representation of the scattering amplitudes. Other electromagnetic and relativistic modifications 
of the Coulomb scattering amplitudes are also examined in the limit of low energies. Numerical results 
are given for the vacuum polarization contributions to the p-p scattering cross section over the energy 
range 1.4-4.2 Mev. It is found that vacuum polarization scattering may easily be confused with nuclear 


P-wave scattering 


1. INTRODUCTION AND NOTATION 


p* YTON-PROTON scattering experiments provide 
a powerful tool for the study of the forces between 
nucleons. The theoretical interpretation of such experi- 
ments has been studied extensively.'~* The scattering 
data are normally analyzed in terms of the Coulomb 
scattering amplitudes,® modified by the phase shifts 
of the asymptotic two-body wave functions. 

It appears probable that the main contributions to 
the p-p differential scattering cross section up to about 
40 Mev arise from Coulomb forces plus nuclear inter- 
action in the 1S state.4.° While small P- and D-wave 
phase shifts have been observed at the higher energies, 
and some indications of ? wave scattering have been 
found also below 10 Mev,’ the low-energy cross sections 
were not sufficiently well known until recently’ to 
allow a definitive analysis to be made. New experi- 
ments,’ show definite deviations from pure S wave plus 
Coulomb scattering in the energy range 1.8-4.2 Mev. 
The effects were tentatively analyzed in terms of 
nuclear P wave scattering with mean phase shifts of 
around —0.1° 8; but false indications of nuclear scat- 

* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command under Contract AF 18(600)-771, and 
by the Office of Ordnance Research, U. S. Army 

t Based in part on a dissertation submitted to the Faculty of 
the Graduate School of Yale University in candidacy for the 
degree of Doctor of Philosophy 

t Now at the Institute for Advanced Study, Princeton, New 
Jersey 
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tering of this extent could arise from a variety of 
non-nuclear sources. If the precise status of nuclear 
scattering in high angular momentum states is to be 
determined at low energies, the consideration of such 
non-nuclear contributions to the cross section is needed. 

One of the largest non-nuclear effects originates in 
the vacuum polarization interaction between the 
protons, as was pointed out by Foldy and Eriksen,’ The 
phenomenon of vacuum polarization is well established 
theoretically." The phenomenon results in a modi 
fication of the Coulomb potential between two protons 
by the addition of a second ‘‘vacuum polarization” 
potential. This added interaction was first discussed by 
Uehling.”? A number of other authors have considered 
the problem, most recently Kuwema and Wheeler," 
who avoided the regularization difficulties common to 
earlier work through the use of a causality condition 
and by Wichmann and Kroll,!® who calculated the 
vacuum polarization potential induced by a_ point 
charge Ze to all orders of Za, with a standing for the 
fine structure constant. In the present work, only the 
leading term in a series expansion of the potential in 
powers of @ is important. This term, originally derived 
by Uehling,” has been tested in a variety of experi- 
ments. It contributes an important part of the total 
Lamb shift of the electronic energy levels of hydrogen, 
deuterium, and helium,'® and results also in a detectable 
shift in the energy levels of light w- and yu-mesoni 
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atoms.'’ The work of Foldy and Eriksen® indicates the 
presence of the theoretically expected vacuum polari- 
zation interaction between protons. Those authors 
considered the change in the S-wave scattering caused 
by the vacuum polarization forces, using a method 
based on the nearly linear variation with energy for 
short-range (nuclear) interactions of the function f 
first introduced by Breit, Condon, and Present.' The 
function K occurring in the Foldy-Eriksen analysis is a 
later variant’ of the f function, related to it by “K” = 4 / 

0.15443. Because of its long range, the vacuum 
polarization interaction gives a markedly nonlinear con- 
tribution to f at low scattering energies. It was shown 
by Foldy and Eriksen’ that the variation from linearity 
of the values of f determined from the low-energy p-p 
data, is in qualitative agreement with this vacuum 
polarization effect, but the data are not sufficiently 
accurate to make precise quantitative comparisons 
possible. Subsequent considerations of P wave scat- 
tering by Eriksen, Foldy, and Rarita’® indicated that 
roughly half of the observed contribution of the P 
states to the 1.8-4.2 Mev cross sections’-* could be as- 
cribed to the vacuum polarization P-wave phase shift. 
The analysis of vacuum polarization effects in p-p scat- 
tering is seen to be still incomplete because the long 
range of the vacuum polarization potential may be 
expected to result in contributions to the scattering 
from states with angular momentum L>1 to a degree 
comparable with that from P states. 

Other small additions to the cross section of rela- 
tivistic and magnetic origin also enter a careful analysis 
of the p-p scattering data. Corrections for relativistic 
kinematics in the transformations connecting scattering 
angles and cross sections in the laboratory system with 
those in the center-of-mass system are well known, and 
while small, are not negligible even at low energies. 
Dynamic relativistic and magnetic effects in Coulomb 
scattering have been treated by Breit” to first order 
in », the Coulomb scattering parameter. Magnetic 
scattering involving the anomalous part of the proton 
magnetic moment has been included in the parallel 
work of Garren”; but Breit” has recently pointed out 
that certain of the terms appearing in Garren’s” rela- 
tivistic scattering matrix arise from contact inter- 
actions between the protons, and cannot be trusted in 
magnitude. Thus it is necessary to examine with some 
care those relativistic and magnetic corrections to the 
ordinary Coulomb scattering of protons which persist 
at low energies. The radiative corrections important in 
the energy level shifts in atoms and in electron scat- 
tering phenomena are reduced for protons by powers 
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1 (5. Breit, Phys. Rev. 106, 314 (1957). 


DURAND, 


of the ratio m/M of the electron to the proton mass,” 
and are negligibly small. 

The concern of the present work is the consideration 
of those non-nuclear contributions to the proton-proton 
scattering cross section of electromagnetic and rela- 
tivistic origin which may be confused at low energies 
with nuclear scattering. Particular attention will be 
given to the problem of vacuum polarization scattering. 
The analysis is intended primarily to clarify the status 
of nuclear scattering in orbital angular momentum 
states with L>0. 

The following notations will be used throughout the 
paper. 


E=kinetic energy of the incident proton in the 
laboratory system. 

k= (ME/2h*)'=2m times the reciprocal of the rela- 
tivistic wavelength in the center-of-mass system.” 

n= e/hv= the relativistic Coulomb scattering param- 
eter, with v the laboratory velocity of the incident 
proton. 

§=scattering angle in the center-of-mass system. 

x= cosh. 

o(6)=differential p-p scattering cross section in the 
center-of-mass system. 

K,,=singlet p-p phase shift for the state with orbital 
angular momentum quantum number L. 

6“,= triplet p-p phase shift for the state with orbital 
angular momentum JL, total angular momentum J in 
units h. 

6,=phase shift for orbital angular momentum L 
caused by the vacuum polarization interaction. 

o,=argl'(L+1+-in) = Coulomb phase shift for orbital 
angular momentum L. 

€1,o= exp{2i(a,—a0)}. 

v=(4m/M)(mc?/E)=the parameter characterizing 
the vacuum polarization scattering. Here m is the elec- 
tron mass and M is the proton mass. 

Qy,(x)=the vacuum polarization scattering ampli- 
tude correct to first order in the vacuum polarization 
interaction between protons, with «=cos@. 

ay,” (x) =the lowest order of the scattering ampli- 
tude ay,(x) in an expansion in powers of Coulomb 
parameter 7. This function arises in the treatment of 
vacuum polarization scattering in the first Born ap- 
proximation. 

y,‘” (x) =the vacuum polarization scattering ampli- 
tude of order 7‘ relative to ay,“ (x). 


2. CALCULATION OF VACUUM POLARIZATION 
SCATTERING OF PROTONS BY PROTONS 


(a) Vacuum Polarization Potential 


In the present work, the additions to the p-p scat- 
tering matrix caused by the vacuum polarization inter- 
action between the protons will be calculated from the 
vacuum polarization potential in terms of phase shifts. 


2 W. Heitler, Quantum Theory of Radiation (Clarendon Press, 
Oxford, 1954), third edition, Chap. 6. 
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Only the leading (Uehling) term in the expansion of the 
potential in a series in powers of aZ will be considered. 
The next terms in the series as given by Wichmann and 
Kroll'® are much too small to influence detectably the 
scattering of protons by protons since in this case Z= 1. 
The Uehling potential” is conveniefitly represented by 
an integral given by Schwinger,” 


2a e fr” 1 
Vyp(r) =- ~ f - 
3 r l , 


where x'=h/mc is the Compton wavelength of the 
electron divided by 27. As was shown by Pauli and 
Rose,” the potential can be expressed in terms of 
Bessel functions, 


(#—1)! 


V vp (1) = (2a/3m) (e?/r) I (2kr), (2.1) 


with /(z) given by 
T(z) =[1+ (22/12) ]Ko(z) — 81+ (27/10) ]zKi(z) 


vo) 


+ (3¢/4)[1+ (2/9)] f Ky(i)dt. (2.2) 


The Bessel functions of imaginary argument of the 
second kind, AK,,(z), are used as defined by Whittaker 
and Watson.” For smal! values of z=2«r, the power 
series expansion of J (z) 


I (2) = —C— §+1n(2/z)+322/8—32?/84+-2*/24 


(24/64)[ (7/3) —C+1n(2/z) J4+-O(z*) (2.3) 


is quite useful. Here C is Euler’s constant C=0.5772:--. 
The general features of the vacuum polarization poten- 
tial are at once apparent. For 2xr—0, the potential 
diverges as r~'In(1/xr), while for 2xr>>1, it decreases 
nearly exponentially to zero. Except for the factor 
I(2xr), the potential is Coulombian; this factor acts as 
a cutoff function for r-—>~, giving the potential a finite 
range of the order of the Compton wavelength of the 
electron. While short compared to the distances over 
which Coulomb forces are important in the p-p problem, 
this range is very long relative both to the range of 
nuclear forces and to the wavelength of relative motion 
of the protons, even at low energies. This characteristic 
of the potential is important in the scattering of high 
angular momentum states. The potential is sketched 
in Fig. 1. 


(b) Vacuum Polarization Phase Shifts 


At proton scattering energies less than about 10 Mev, 
the effects in the cross sections ascribed to the scattering 
of states with orbital angular momentum quantum 
numbers L>0, are quite small, leading to negative mean 


33 J. Schwinger, Phys. Rev. 75, 651 (1949). 

“FE. T. Whittaker and G. N. Watson, A Course in Modern 
Analysis (Cambridge University Press, New York, 1952), fourth 
edition, pp. 372-374 and 384. 
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Fic. 1. The vacuum polarization potential V,,(r). The upper 
curve is a plot of the cutoff function /(2«r) of Eq. (2) entering in 
the definition of the potential. The lower curve gives the potential 
in kilovolts; for comparison, the ordinary Coulomb potential 
between protons is 145 kev for a proton separation r= 10~" cm. 


phase shifts no more than a few tenths of a degree in 
magnitude.*:’:’ There is as yet no substantial evidence 
for any dependence at low energies of the triplet phase 
shifts on the total angular momentum quantum 
number J.* The vacuum polarization P-wave phase 
shift is of the same sign and order of magnitude as the 
observed phase shifts.'* It is probably safe to assume 
that the correct nuclear phase shifts are not much dif 
ferent from those observed thus far. Even for nuclear 
phase shifts an order of magnitude larger, the distortion 
of the proton wave function is very slight, and produces 
a negligibly small change in the value of the vacuum 
polarization phase shift as compared with that calcu- 
lated using wave functions undistorted by nuclear 
forces. Conversely, the presence of the vacuum polari- 
zation forces will produce only a small change in the 
nuclear phase shifts.”° If such wave function distortion 
effects are neglected, the total phase shifts for each 
partial wave can be written as the sum of a vacuum 
polarization part 6;, and a nuclear part (6”y),, 
6" = (6"7),+6,. That this is not the case for L=0 was 
pointed out by Foldy and Eriksen,’ who have included 
in their calculations of the S state vacuum polarization 
scattering the effects of the large nuclear distortion of 
the proton wave function. These are quite appreciable 
since the S-wave phase shift Ko is around 45° at 2 Mev. 

26 (Quantitative considerations on the nuclear distortion effect 


for the P-wave phase shifts are given in the author’s thesis, Yale 
University (unpublished) 





1600 LOYAL 

For phase shifts of the size observed or of the size 
caused by the vacuum polarization interaction, the only 
significant contributions to the p-p scattering cross 
section arise from interference terms involving the 
relatively large Coulomb or S-wave scattering ampli- 
tudes. Contributions quadratic in the phase shifts are 
negligibly small. Thus, it is sufficiently accurate to 
retain in the scattering matrix only terms linear in 
these phase shifts. It will be assumed, then, that the 
total phase shifts 6”, are sufficiently small for L>0O 
to justify one in replacing quantities Q“,= (siné”,) 
Xexp(i6”,) appearing in the formulation of the p-p 
scattering matrix given by Breit and Hull,”* by 
O" yb" y~(6"s)n+61,. The higher powers of 6%, 
appearing in the exact expansion of 0”, will be dropped. 
The vacuum polarization phase shifts 6, do not depend 
on the value of the total angular momentum quantum 
number J, and do not therefore contribute in this linear 
approximation to the off-diagonal elements of the scat- 
tering matrix. Direct substitution of the phase shifts in 
the a, representation of the unsymmetrized scattering 
matrix given by Breit and Hull’ yields for the first 
order vacuum polarization contributions 


Aa; 
k( S00 


Aa;= Aay=0, (3.1) 


S*) . Aas Aas Ayp, ( 3,2) 


where 


(2L4 l)e, 0. P 1 (x) (3.3) 


ce) 


Ayp (x) 


Here P(x) is the Legendre polynomial of order 
L, x=cos6, and the Coulomb factors e,, 9 are as defined 
in the list of notation. In the present analysis, the 
Coulomb and S-wave scattering amplitudes will be 
treated exactly, with 69 removed from (3.3) and treated 
as a part of the large total S wave phase shift Ko. 
Equations (3) will then be valid so long as the total 
phase shifts for states with L>0 are small enough to 
deal with in the linear approximation. In this case the 
net effect of the vacuum polarization interaction will be 
to add to each diagonal element of the p-p scattering 
matrix the term Q@y,(%)—69; and the calculational 
problem reduces to the evaluation of Eq. (3.3) and 60. 

The phase shifts caused by the vacuum polarization 
potential will be calculated to first order in the inter- 
action by means of the usual formula! 


x 


by aye) f V (p)F'1*(p)dp 


0 


(4) 


Here F,(p) is p times the unperturbed wave function 
for orbital angulaf>momentum L, p=kr, V(p) is the 
perturbing potential, and £/2 is to a sufficient ap- 

6G. Breit and M. H. Hull, Jr., Phys. Rev. 97, 1047 (1955). If 
coupling between triplet states of the same J and different L is 
— the extension of this formalism to the coupled case may 
x used, following the results of Breit, Ehrman, and Hull, Phys. 
Rev. 97, 1051 (1955) 
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proximation the scattering energy for two protons in 
the center-of-mass system. Since in the present case 
case nuclear distortion of the proton wave functions is 
to be neglected, /,(p) is an ordinary Coulomb wave 
function,?? 

iP (L+1+ in) | 
€ wn/2_ = —( 

21 (2L+2) 


X iF \(L+1—in, 2L4-2; 2ip), 


F1(p) 2p) He ip 


(5.1) 


where ,F\(a,c;z) is the confluent hypergeometric 


function, 
az a(at+l1) ? 


iF s(a,c; 2) =1+ (5.2) 


+ 
c(c+4 1) 2! 


—+ 
cl! 


Using the integral representation (1) of the vacuum 
polarization potential in (4) and interchanging the 
order of the integrations, a procedure which may be 
justified, one obtains 


4a 1 \(#—1)! 
6, - nf ae( 1 { ) f 
3nr 2 # 0 


0 
<p lg 2nkp/k 


Dv 


dpF ;?(p) 


(6.1) 


The second integral can be evaluated in terms of the 
ordinary hypergeometric function of Gauss. Using an 
integral representation for the confluent hypergeo- 
metric function,”* 


iF i(a,c; 2) =[1'(c)/P (a0 (e—a) } 


xf e**(1—2)-*""7"dt, (6.2) 


0 


and performing the integration over p in Eq. (6.1), one 
obtains the general result 


x 


'] F .?(p)p'e*?!*dp=4M_,(1+22%), (6.3) 


0 
where 


M,(1 + 22 *) 


1 1 
e-*"|T(L+1+1) | f uf dtu! ttn 
0 0 


x (1 — 4) *+in(1 —f) “f dpe ((2/2)+2u 2iule(2p)2e+! 
(6.4) 


r'(2L+2) ; , 
hems “aa | auf dtu’ 
IN(L +-] + in) 3 0 0 


« ttn | — 4) +91 — 1) (1 4-ict— isu)? (6.5) 


27 The properties of the Coulomb wave functions have been 
studied extensively, notably by Breit and his collaborators. The 
essential properties of the functions and a bibliography thereon 
is given in Tables of Coulomb Wave Functions, National Bureau of 
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The last double integral may be compared with a 
known representation of the hypergeometric function” 


1 1 
f auf diut'th—"'(1—4)- "(1-1)" (1—2tu)-¢ 
0 0 


=(T'(a)I'(6)P' (c—a)P' (c—b)/T (ce) (c) } 


Xf (a,b; c;2), (6.6) 
where for |z! <1, 2/i(a,b; c; 2) is defined by the usual 
power series in z. The changes in the variables of inte- 
gration from ¢ and u to x and y, 

u=y/(1—ist+izy], 


=x/[1+iz—izx ], (6.7) 


put (6.5) in the form of (6.6); one then obtains the 
required result for M_, 


2? L+1 1—iz in 
nov rete( 2)" 
1+-2? 1+iz 


[I'(L+1+-%in) |? 
x—- w(u +1+-in, 
r(2L+2) 


o2 
L+1—in; 2L+2; ). (6.8) 
1+2? 


This result is closely related to the monopole integrals 
occurring in the quantum-mechanical treatment of the 
Coulomb excitation of nuclear energy levels.*° The 
phase shifts 6, caused by the vacuum polarization 
interaction become, to first order in the interaction, 


1 
6,=—(an an) f (1 thy) (1 -y)*y 
: XM 1(1+vy")dy, (7) 


where the change of variable y= £* has been made in 
Eq. (6.1) and y is a parameter characteristic of vacuum 
polarization scattering, 


y= 2e/kR=4m??/ME. 


The use of the Coulomb wave functions in (6.1) 
yields results considerably more complicated than those 
obtained with the free particle wave functions. The use 
of these wave functions leads to the 
integrals*! 


(r/2) f JisP (pe 2e/tdp= SO. +2277), (8.1) 
0 


Standards Applied Mathematics Series, No. 17 (U.S. Government 
Printing Office, Washington, 1952), Vol. 1 

** Higher Transcendental Functions, edited by A. Erdélyi 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 255. 

*% See reference 28, p. 78. 

*® The Coulomb excitation integrals are summarized by Alder, 
Bohr, Huus, Mottelson, and Winther, Revs. Modern Phys. 28, 
432 (1956). 

1G. N. Watson, Theory of Bessel Functions (Cambridge Uni 
versity Press, New York, 1952), second edition, p. 389. 
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Here (, is the Legendre function of the second kind. 
This second result may also be obtained directly from 


Eq. (6.9) by replacing n by zero. The expression for the 


phase shift 6, in terms of Q; neglects the distortion of the 
proton wave function by the Coulomb field, but gives, 
in fact, a surprisingly good approximation for 4; above 


about 1 Mev, 
l 


— (an sn) f (14+4y)(1—y)'y"O.1+ey dy. 


0 


6; (0) 


+ 


(8.2) 


This expression and Eq. (7) have been used in a 
numerical investigation of the properties of the vacuum 
polarization phase shifts. Equation (8.2) gives a first 
approximation for 6,; the difference between Eqs. (7) 
and (8.2) then gives the correction to 6,“ caused by 
the use of the correct Coulomb wave functions rather 
than free particle wave functions. The important case 
of (8.2) with L=0 was evaluated approximately as a 
series in powers of the small quantity v/2, yielding the 
result 


59 = — (an/6m){4[In(2/v) ?+-1.7615 


0.2804 In(2/v)+ +--+}. (8.3) 


This representation of 69° is quite accurate down to 
about 100 kev, the next term in the series being of 
order v/2. The special case of Eq. (8.2) with L=1 was 
given by Eriksen, Foldy, and Rarita.'® For other values 
of L, the integral is most easily evaluated numerically. 
Values of 6, > have been calculated for 1 <5 ata 
variety of energies and at 2 Mev the calculations were 
extended exactly to L=10 and by a semianalytic 
approximation for the ZL dependence of the phase 
shifts to L=20. The results for 1 <5 are shown in 
Fig. 2. It is apparent from the slow decrease in the size 
of the phase shifts with increasing L, that many angular 
momentum states may be important in the vacuum 
polarization scattering. The variation of the 6, with 
energy is also slow in the high Z states. Both conditions 
result from the long range of the vacuum polarization 
forces as compared with the range of the centrifugal 
barrier and the proton wavelength, 

The difference between Eqs. (7) and (8.2) was used 
to obtain by numerical integration the corrections to 
6, necessary because of the presence of the Coulomb 
field. The results are given in Table I. This table shows 
values of the correction in 6; caused by Coulomb distor 
tion of the wave function as a fraction of the phase 
shift 6, obtained with neglect of the distortion. The 
variation with scattering energy and orbital angular 
momentum quantum number J of the 6, is shown in 
Fig. 2. For L=0, the differences were calculated from 
Eqs. (8.3) and (8.3’); while for L=1, they were calcu- 
lated using Eqs. (11) and (12) of Eriksen, Voldy, and 
Rarita.'® The differences for L>1 were calculated from 
the integrals (7) and (8.2) for 6, and 6, ; these results 
may be in error by as much as 5-10%,. In these calcu 
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TABLE I. Coulomb distortion effects on the vacuum polarization 
phase shifts as represented by values of (6,—6,) /6, 


1 Mev 2 Mev 4 Mev 
0.0717 
0.0393 
0.0271 
0.0233 
0.0205 
0.0184 


0.0393 
0.0228 
0.0161 
0.0139 
0.0122 
0.0110 


0.0130 

0.00978 
0.00812 
0.00714 
0.00651 


lations it was convenient to evaluate the functions M, 
for L=0 and L=1 only and to obtain the functions for 
higher values of 1 by means of the following recurrence 
relation 


(LAD? (L 41) M py1(2)— (2L4+1) 
K [2+ L(L4+1)- M1 (z) 
+-(L+97° LM 11(2)=0, (9) 


which reduces to that for the Legendre functions in the 
special case of »=0. It was, in fact, derived directly 
from the properties of the hypergeometric function 
appearing in M,, with aid of the knowledge that for 
n “0, M,->0_. A further complication in the evaluation 
of M,, is caused by the proximity of the argument of 
M , to unity over most of the range of the integration in 
Kq. (7). The hypergeometric function in Mz, Eq. (6.8), 
assumes a logarithmic behavior for 2—+«. This be- 
havior can be taken into account explicitly by expand 
ing the hypergeometric function about z’?= «. To do so 


it is convenient to use the formula™ 
ol (a,b; at+-b; z) 
I'(a+-b) 


z) In 
1-—2z 


al’ ;(a,b; 1; 1 
I'(a)V'(b) 
(a+b) «© P(atn)I'(b+n) 
> (1 5)” 
[P'(a)P'(b) F no P(n+-1)0 (n+1) 


[Lv (n+a)+(n+b)—2p(n+1)], (10.1) 


where W(x) is the logarithmic derivative of the gamma 
function, 


I'(x). (10.2) 


W(x) =I''(x) 


Using these relations it is a simple matter to construct 
a series representation of M,(1+22~*) which converges 


rapidly for z+, while the original expression, Eq. 


® This result was obtained from Barnes’ representation of the 
hypergeometric function as a contour integral. The first part of 
the work paralleled the development given by E. T. Whittaker 
and G. N. Watson in Modern Analysis (The Macmillan Company, 
New York,’ 1946), Secs. 14.52 and 14.53, specializing the Barnes’ 
representation to the case ¢-a—b=0. The result is easily checked 
for a= b= L+1, 2=2/(1+4-%), giving just the Legendre functions 
Q1(u) as required. 
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(6.9), suffices for calculations with 2*-0. 


M ,(1+-22-*) = }[exp(—2n cot 2) (1+2°7)4 


1 : 
xaFi( = Lin, Lin 1 ) nat) 
1+2? 


P(L+n+1+in)l(L+n+1—in) 


(1 +-2 8)~t 1 im 
I (L+1+ in) (L+1—im) 


, 


(1 +2*)-* fL 4 2 
x [5 ” 
[UP (n+1) ? Lao n+-m+1 


2n? 
a =|]. an 
m=L+n+l m(m?+-n’) 


The functions Mo and M, were calculated at 1, 2, and 
4 Mev using this series; the recurrence relation of Eq. 
(9) was then used to obtain the M, for L>1 which 
was needed in the calculation of the Coulomb distortion 
corrections to the approximate phase shifts 6,. It is 
seen from the values listed in Table I that the fractional 
error incurred by approximating 6; by 6, is not large 
for the proton scattering energies of primary interest 
and, in fact, decreases fairly rapidly with increasing L 
and £. This suggests that calculations made using the 
6, may be fairly accurate; and, since the functions 
Q,, entering Eq. (8.2) are known in closed form, such 


“10¢ 


(0) 
8, (Degrees) 











E—+ (Mev) 


Fic. 2. The behavior as functions of the orbital angular mo 
mentum quantum number L and the scattering energy E of the 
vacuum polarization phase shifts 6,. Although ZL assumes only 
integral values, the upper curves are shown as continuous. 
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calculations are more easily made than those using the 
functions M, and Eq. (7). 

The integral of Eq. (7) has been evaluated approxi- 
mately for L=0, using for Mo the series of Eq. (11). 
Terms involving n’ and higher powers of n were dropped, 
and terms in high powers of the small quantity v/2 
were also neglected. Proceeding in this manner the 
phase shift 59 was approximated by 


2 


bo= 50 + (an/3m){5.2n— 3.830 (v/2)'—0.297° 
+-[1.202n?—2.36n(v/2)*] In(2/v) 


+O[ 93,9? (v/2)4,n(v/2)']}. (8.3) 


This result for 5) should be accurate above 1 Mev, but 
terms in 7’, etc., may contribute significantly at lower 
energies. 


(c) Vacuum Polarization Scattering Amplitude 


The vacuum polarization scattering amplitude correct 
to first order in the interaction is given by the series of 
Eq. (3.3), in which the phase shifts 6, appear weighted 
by the statistical factors (244-1). The phase shifts 
decrease slowly with increasing L (Fig. 2); and the real 
and imaginary parts of the quantities (2L4-1)ez, 1 
reach their maximum values for fairly large values of L, 
as is seen in Fig. 3 (L-~~5 and L~11 for the real and 
imaginary parts of 2 Mev). Thus, despite the con- 
siderable amount of cancellation occurring at each 
angle because of the oscillations in sign of the Legendre 
polynomials of high order, phase shifts for states of 
high orbital angular momentum may contribute appre- 
ciably to the scattering amplitude. One may estimate 
roughly that value of L beyond which contributions to 
the scattering amplitude become very small by noting 
that for proton separations less than the classical 
turning point kr~L, the wave function is strongly 
suppressed by the centrifugal barrier. Thus, if the 
potential becomes very small beyond a cutoff radius r,, 
the maximum L for which the calculated phase shift will 
be significant is roughly L-~ér,. The vacuum polarization 
potential decreases” for 2xr>>1 as (2er)~te~*", and it 
may be assumed that the potential is negligibly small 
for 2xr>1. This rough estimate for the cutoff indicates 
that about 45 angular momentum states may be im- 
portant in the scattering, a conclusion supported by 
numerical calculations of the scattering amplitude at 
2 Mev using up to 21 phase shifts. The use of only the 
first few terms in the series for ay, Eq. (3.3), gave com- 
pletely misleading results. Even using the first 21 
terms in the series it was not possible to obtain definite 
values for a,, without resorting to the use of summation 
methods involving the averaging of successive partial 
sums of the series. It was apparent that only for much 
higher values of L would the contribution of the last 
term retained in the series be negligible relative to the 
sum up to that point. 

Analytic summation of the series for ay, was used 
therefore. This summation proved possible in several 
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Fic. 3. The variation with L at 2 Mev of the 
S,_=(2L+1)ex, 05, entering in the calculation of the vacuum 
polarization scattering amplitude as in Eq. (3.3). The Coulomb 
factors e;, 9 are defined in the list of notation; | e;, o 1. The devi 
ation of S, from (2L+-1)6, is an approximate measure of the influ 
ence of the éi,9 on the vacuum polarization scattering 


quantity 


approximations, the crudest of which is equivalent to 
the use of the first Born approximation for the scatter 
ing. This evaluation involves the use of the phase shifts 
6,” calculated using free particle wave functions, and 
the approximation of the Coulomb factors e,, 9 by unity. 
The resulting series for ay, can be summed, or else the 
first Born approximation to the scattering amplitude 
employing undistorted plane waves may be evaluated 
by the usual method, yielding the representation 


1 


Ayp © (x) (an 3m) f (1+ by) (1 y)! 


0 

XC1—x)yt+e} dy. (12.1) 
Here the superscript on a,,“°’(x) indicates that this is 
the lowest order approximation for ay,(«) with respect 
to the Coulomb field effects. The substitution (= (1—y)! 
reduces the equation to simple integrals, yielding the 
result given by Uehling,” 


Avp‘* (x): (a/3mr)nF (x)/ (1 (12.2) 


where 


F(x) 5/34+X+(14+X)'1—4X) 


(14+X)'+1 


xin] 


(12.3) 
(1+X)'—1 

with 

(12.3’) 


X =p/(1—x) 


For all of the present p-p scattering experiments, the 
energies and angles are such that X¥<1. Thus, for 
practical purposes, #(x) may be expanded in the series 


F(x) 5/34 1n(4/X)+3X/2—(})X*L441n(4/X) ] 
(12.4) 


(X*/8)[ 4—In(4/X) |4 


4 | 


The functions ay, (x) and F(x)/(1—x) for = 1855 
kev are plotted in Fig. 4. For comparison of the size 
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Fic. 4. The vacuum polarization scattering amplitude in the 
first Born approximation ay,. Upper curve: the function F(x) 
entering Eq. (12.2) which is used in the evaluation of a,,. Here 
c= cov, where 6 is the proton scattering angle in the center-of 
mass system. Lower curve: the quantity F(x)/(1—x); ay, (x) 

(—amn/3mn) F(x) /(1—x) 


of the vacuum polarization effects with the Coulomb 
and nuclear S wave parts of the p-p scattering cross 
section, the fractional change in the cross section 
caused by including in the scattering matrix ay,“ (x) 
is plotted in Fig. 5 for H=1855 kev and Ko=44.2°. 
The vacuum polarization S-wave phase shift 69° has 
been subtracted from ay,“ leaving, just the contribu- 
tions from angular momentum states with L>0. Also 
shown in Fig. 5 is the fractional change in the cross 
section caused by a small negative mean P wave phase 
shift, 6” 0.025°. This is roughly half the size of the 
vacuum polarization P-wave phase shift at this energy. 
In the region of scattering angles around @= 35°, the 
vacuum polarization and P-wave contributions to the 
cross section are similar in form; despite the differences 
occurring at larger and smaller scattering angles, there 
is enough over-all similarity between the effects to make 
confusion of vacuum polarization with true nuclear P 
wave scattering possible. 

That the first-order undistorted plane wave approxi- 
mation for Qyp is not necessarily accurate may be 
inferred from the curves of Fig. 3, where the quantity 
(2+ 1)é, entering the series for ay,“ is compared with 
the real and imaginary parts of (2L+1)er, 1. Even 
for quite small values of Z, the quantity ez,o is sig- 
nificantly different from unity at the energies of 
interest, and the influence on the scattering of the 
phase shifts for large Z is considerably modified. A next 
approximation to ay, may be obtained by using the 
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free particle phase shifts 6, combined with the exact 
values of the Coulomb factors e,,9 in Eq. (3.3). This 
approximation is considerably better; the use of the 
phase shifts 6, introduces a much smaller error into 
ay, than does the approximation of the ez,o by unity. 
Details on this approximation are given in the author’s 
dissertation.™ 

The exact summation of the series (3.3) for ayp(x) 
will now be undertaken. Substitution of the repre- 
sentation of Eq. (7) for 6, in Eq. (3.3) yields the result 


L=~ 


" 1 
Oyp(x) = — (an/3r) > QL+1en0 f (1+4y) 


KX (1—y)'ytM 1 (Ait+vy")Pr(x)dy. (13.1) 


The order in which the summation and the integration 
are performed may be reversed. Thus, introducing the 
explicit form of M, from Eq. (6.9), and writing the 
Coulomb factors ey, 9 as 


'(L+1+7in)P (1—in) 


(13.2) 
r(L+1—in)P (1+in) 


one obtains 
I'(1—7n) 
(an/3m) 
I'(1+-%n) 


 {exp[—2n tan“'(v/2y)4]} 3 (2L4+1) 
L— 


2y L+1 (r(L-4 1 +in) g 
xP co( ) 
2yt+y 21(2L+-2) 


1 
Ay, (x) f (1+4y)(1—y)by 
0 


2y 
xs ( 14 1+in, L+1—1in; 2L+2; - Jay. 
2y+v 


(13.3) 


It is convenient to consider the series occurring in this 
representation with z replacing 2y/(2y+-v); the hyper- 
geometric function »/*; may be expressed in terms of a 
confluent hypergeometric function ,/; by an integral 
relation easily derived from the representation (6.2) 


; for iF, v1Z., 


Zz 


I'(a) 2F\(a,b; c; x/y) yf ev'to—! 1 F 1 (b,c; xt)dt, 


; \a/y|<1, (14.1) 
whence 
ghtit+ot (1 4+1+in) of (L4+1+in, L4+1—in; 2L4+2; 2) 


J e t/egLt+in Fy (L+1—1n, 2L+2; t)dt. (14.2) 


0 


Using this expression in (13.3), and again interchanging 
the order of the summation and the integrations, one 


% J. Durand, dissertation, Yale University, 1957 (unpublished). 
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Fic. 5. The fractional change in the theoretical p-p scattering 
cross section caused by various effects discussed in the text. The 
parameters determining the initial cross section oy, are E= 1855 
kev and Ko=44.25°. This value of Ko gives a good fit to the 
1855-kev experimental data.’ Top: the change caused by including 
in the p-p scattering matrix the vacuum polarization scattering 
amplitude ay, with 69 omitted. Middle: the fractional change 
in the cross section caused by a mean P-wave phase shift 6” = 

0.025°. Bottom: the fractional change caused by using the 
relativistic rather than the nonrelativistic value of the Coulomb 
parameter 7 


obtains for the series alone 


(QL +1)2!P, (x) (L+1+in) F 


L= 
XK oF 1 (L+1+in, L+1—19; 2L4+2; 2)/0(2L+2) 


so) 


= % “f ditine*!* $° (2L4+-1)U"P (a) 0 (L+1+7n) 


L= 


KF (L+1—1, 2242; )/T(2L4+2). (15.1) 


This series may be related to the expansion of a Coulomb 
scattered wave given by Gordon,™ 


I'(1+in)e™*/? .F \(—in, 1; 4iu(1—<x)) 


~ I'(L+1+7n) 
> (2L+1)(iu)" P(x) e-iul? 
I'(2L+-2) 


L= 


«iF (L+1—in, 2L4+2; iu), (15.2) 
where for Coulomb scattering u=2kr, and the right 
hand side of the equation is usually expressed in terms 
of the Coulomb wave functions of Eq. (5.1). The series 
of Eq. (15.1) has precisely this form. Identifying ¢ with 


* W. Gordon, Z. Physik 48, 180 (1928) 
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the variable iw appearing in (15.2), Eq. (15.1) may be 
reduced to the form 


Zz im’ (1 { im f Lite t/2ett(l+r) /2 


«iF i —in, 1; §4(1—x) ]dt. (15.3) 
This is a convergent integral provided Re(1/z)>1, a 
condition satisfied in the present application. The in 
tegration may be performed using the result of Eq. 
(14.1) yielding finally 


> (2L+1)24"' Py (x) [1 (L+1+in) 
Led 
2L+2; 


Xo (L+1+1n, L+1—17; )/T'(2L+2) 


Cr(i+in) Ps [ (1/2) —(1+«)/2}>- 


(1—x)z 
) (15.4) 
2—(1+4x)z 


xb ( in, 1+1n; 1; 


Substituting in Eq. (13.3) for ay, with z= 2y/(2y+y), 


one obtains an integral representation for ay, exact in 
its inclusion of Coulomb field effects on the first-order 
scattering amplitude, 

1 
Qyp (x) (an/ 3m) | T(1+-1) f (14-}y)(1—y)! 


0) 


2yt+y ; 


xL1—sx)y+r] | 
(1—x)y+p 


2n tan“! (v/2y)! | 


P 
xsP( in, 1+-in; 1; Jay. (16) 
y+X 


If n is set equal to zero everywhere except in the factor 
(an/3mr) multiplying the entire quantity, Pq. (16) 
reduces exactly to the free wave approximation for the 


exp 


scattering amplitude as in Eq. (12.1), 

A relatively simple and accurate approximation for 
ay, may be obtained by expanding the exact result of 
Eq. (16) in powers of the small quantity n= e’/hv and 
retaining only the first few terms. At the lowest energy 
at which proton-proton  s¢ attering experiments have 
been performed, 200 kev, » has the value 0.35; 9 
decreases with increasing energy, varying from 0.13 to 
0.08 over the range of the most accurate experiments, 
1.8-4.2 Mev. Hence if the energy is not too low an 
expansion of dy, in powers of » may be expected to 
converge fairly rapidly. The parameter v is also small, 
yv~1/180 at 200 kev, v~1/1800 at 2 Mev. Thus the 
argument of the hypergeometric (16), 
u=(1—x)y/[(1—x)y+v ]=y/(y+X) is close to unity 
over most of the interval in y contributing significantly 


function in 


to the integral. It is more convenient to expand the 
hypergeometric function in powers of 1—u, a change 
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accomplished by the transformation of Eq. (10.1), 
T'(1+én) |? oF iL y/(y+X)] 
in{In[ (y+X)/X }) oF if 


™ 


in, 1+1n; 1; 
in, 1+-1n; 1; 


X/(y+X)]- 
I (—in)I'(1+in) 


2 V(n—in)(n+1+im) / X " 
xz - (—) 
n= = I'(n+-1)0'(n+1) yt+X 


a 2%’ 
ie | 
n—in 


with a further expansion of the remaining quantities in 
powers of », one obtains the required result given here 
correct to second order in 7, 


oF 


mean ces) Ces) 


» if a? 
Tz | +O(in®). (17.2) 
n=l ML y+ X 


The entire integrand of Eq. (16) may now be expanded 
factor exp[ —2n tan-'(v/2y)*] 
(v/2)*; consequently, 


: | (17.1) 
m=n+1 m(m?+-n?) 


[I'(1+-an) |? 


in, 1+in; 1; y/(y+X) J 
| 


in powers of ». The 
involves ‘also the small quantity 
only terms through order 7 will be retained in its expan 
sion. The function ay, may then be written in the form 


) (x) + Avy (4) +Oyp? (x)+--°, (18.1) 


where the terms added to the first Born approximation 
term Qy,‘” are 
1 


p(x) (an sn) f (14+4y)(1—y)! 
0 


XLA—x)y+r] | 


2yty yt+X ] 
} anf ) 2 in dy, 
. x JJ} 
and 


1 
Ay, (x) (an an) f dy(1 + by)(1 - y)! 


0 


n* 2yt+v 
«LA ayy in( )| 
2 (1—x)y+v 
yt+X 2y+v 
x{sin(’ ) inf 
x 


Ayp(X) = Ay, 


(18.2) 
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The integrals for ay,“ and ay, can apparently not be 
evaluated in closed form but ay," may be obtained 
quite accurately using an approximation based on the 
closeness of the factor 


+iy)(I 91-37-84: 


to unity. The factor is rewritten in the form 
1+((1+4y)(1—y)!—-1], 


and the integrals are split accordingly into two parts. 
The parts involving the term “1” are integrable in 
relatively simple form, while those parts involving the 
term in square brackets are much smaller and may be 
approximated. Details of the integrations appear in the 
author’s dissertation.” The result obtained for ay,“ (x), 


valid for v/(1—x)<1, 1s 
n fam 
Im Qyp"? (x) -(- ~) [in( )] 
1- 


1662.16) 
i—s 
w 1+<x 
+> -(- ys +-0.1166 
n=l 
2 
0.2804 in(~ )— 2In( -) +019}, (19.1) 


and 


4n fa 1—x\! 
Re Qyp“ (x) ( »)( ) 
1—x\3n 1+ 
1+x\! vi+x\3 
x| tan ( ) tan ( ) | (19,2) 
1—x 21-—x 


This result is not very convenient for numerical work, 
but a simpler formula obtained by dropping the smallest 
terms suffices for energies above a few hundred kilo- 
volts. This simpler result replaces the imaginary part 
of the above quantity by 


n a 1 
Im Qyp"!) (x)= ( 2)[in( ) | 
1—x\3nr X 
2 2 
x{ 4 In( ) -4In( )I (19.2’) 
v 1—x 


The real part of ay,” is quite small, being of the same 
magnitude at 2 Mev as the contributions to Re ay, 
from ay,. The term Im ay,” arises entirely from the 
Coulomb factors e,,o, while Re ay,“ arises from the 
alteration of the phase shifts caused by the Coulomb 
distortion of the proton wave functions. These con- 

* Details of most of the necessary integrations are given in 


Sec. 4 and Appendix A of the author’s dissertation, reference 33 
The manipulations are for the most part elementary. 
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clusions are apparent if the various factors entering 
Eqs. (16) and (18.2) are traced back to their origins 
and the functions M,; and Q, entering the formulas (7) 
and (8.2) for the distorted and undistorted phase 
shifts are compared. 

The small second-order correction to ay,‘ has been 
evaluated roughly by replacing the factor (1+-4y)(1—y)! 
in Eq. (18.3) by unity. The error thus incurred is only 
a few percent of the total value of the integral. The 
factor In{ (2y+v)/[(1—«)y+v]} was approximated by 
Inf{2/(1—2) ], an approximation which is permissible 
provided X =v/(1—«)<1. The result thus obtained is 


CollbQe@) 
xf) 4lGs)] 


« 1fitzx\" 
eM ( ) 1.202}. (20) 
n=in? 2 


These high-order contributions to ay, are graphed in 
Fig. 6 as fractions of ay,” for an energy of 1855 kev. 
The imaginary part of ay,“ is seen to be quite large, 
reaching about 509% of the value of ay,“ at both small 
and large angles. The correction (Re Qy)")+Qyp°? — Ado) 
is plotted as a unit, the functions Rea,y, and ay,®’ 
being similar in size. Here Ady is the difference (69—69), 
representing the effect of Coulomb distortion on the S 
wave vacuum polarization phase shift. It is convenient 
to remove this difference from ay, here, and the re- 
mainder of 69, namely 49°’, may be removed separately 
from ay, °°’, do being treated as only a part of the total S 
wave phase shift Ko. It is seen that the ratio 


Ayp?) (x)oY— 


(Re Geo" + Gv» = Ado), Avy” 


is fairly small especially for small angles where the 
vacuum polarization scattering is most important. This 
contribution to dy, has been neglected at and above 
1855 kev, although it has been included in the calcu- 
lations at lower energies. 

The vacuum polarization scattering amplitude to 
first order in the interaction is given including all 
Coulomb effects exactly by Eq. (16). It was found to 
be convenient to expand this exact result in a power 
series in the small quantity 7; and terms through order 
n’ are given approximately by Eqs. (19) and (20). These 
equations are sufficiently accurate for numerical work 
over the range of size of the parameters v and 7 of the 
most interest, but are rest~icted by the condition that 
v/(1—x)«1 (v=1—x for 0=1.4° at 1855 kev). 


III. RELATIVISTIC AND MAGNETIC 
SCATTERING CORRECTIONS 


Relativistic and magnetic corrections in high-energy 
proton-proton scattering have been treated extensively 
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Fic. 6. The leading additions to ay, in the expansion of the 
first order vacuum polarization scattering amplitude Qyp in 
powers of ». Top: Im ay,"/ayp,. ayy is shown in Fig. 4. The 
calculated points were obtained by numerical summation of the 
imaginary part of Eq. (3.3), using the first 21 phase shifts 6,. 
The bars indicate the uncertainty in the sum, Bottom: (Re ay," 
+-Ayp% —Abo)/avp. Here Ado is the difference 59-59. All 
further additions to ay, are of order at least 7’ 


by several authors, but little attention has been given 
such corrections at low energies.” The simplest rela- 
tivistic effects are the well-known changes in the trans- 
formations connecting the cross sections and scattering 
angles measured in the laboratory system with those in 
the center-of-mass system.** These kinematic correc- 
tions, while small, are not negligible even at low 
energies. The change in the transformation of the 
scattering angles results, for example, in a diminution 
of the theoretical p-p cross section in the region of 
dominant Coulomb scattering by the factor 1— (/Mc’*), 
a change of 0.43% at 4 Mev. Of a more subtle nature 
are the dynamic relativistic and magnetic contributions 
to the p-p scattering matrix discussed by Breit'® and 
Garren,.”” These authors have considered the modifi- 
cation of the scattering amplitudes necessitated by a 
relativistic treatment of Coulomb and magnetic scat- 
tering correct to terms linear in e? and v*/c*. It was 
found that in the usual Coulomb scattering amplitudes, 
the non-relativistic value of the parameter 7, n= (e’/h) 
* (M/2E)', should be replaced by the value n= e*/hv, 
where v is the laboratory velocity of the incident proton 
calculated relativistically. The value in the center-of 
mass system of the parameter kh’, k?=MI/(2h*), is 
correct relativistically. The relativistic treatment of 
Coulomb scattering results also in the appearance of 


4©Q. Chamberlain and C. Wiegand, Phys. Rev. 79, $1 (1950) 
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additional spin-dependent forces between the protons, 
similar in origin to the L-S forces characteristic of the 
Dirac theory of an electron in a central field. The phase 
shifts caused by these added interactions between 
protons have been calculated correct to terms linear in 
é and v*/c? by Ebel and Hull,” while Breit'’ has cal- 
culated the corresponding scattering amplitudes in the 
first Born approximation after stiowing such a calcu- 
lation to be equivalent to this order to a phase shift 
analysis. Garren” has included in his work the additions 
to the scattering matrix caused by the anomalous mag- 
netic moment of the proton also calculated in the first 
Born approximation. The uncertainty in these results 
arising from the distortion of the proton wave functions 
by the Coulomb and nuclear forces has recently been 
considered by Breit,“ but such distortion effects are 
relatively unimportant at low energies except in the S 
state. If for tow scattering energies, the added matrix 
elements are expanded in powers of v*/c*, it is necessary 
to retain only those terms contributing to the cross 
section in the order v*/c? or less; higher order terms in 
the cross section are insignificant at the energies of 
interest (v?/c?<0.0053 for <5 Mev). In the absence 
of large triplet phase shifts, the off-diagonal matrix 
elements contribute to the cross-section terms of order 
v'/c’ or higher and will be neglected. Similarly, the 
parts of the diagonal matrix elements arising from 
relativistic effects contribute detectably to the cross 
section only through interference terms involving the 
relatively large Coulomb or nuclear S-wave scattering 
amplitudes. In the notation of Breit and Hull,”* the 
magnetic and relativistic additions to the diagonal 
elements of the antisymmetrized scattering matrix are, 


to order v*/c’, 


kAS*, 1= —4RAS%, 9 =RAS*1,-1, (21.1) 


2 RAS%y = —(nli/2MC) (upt+n,?), (21.2) 


2 9RAS*) =k 8M (yp?+2up— 1) cosé. (21.3) 
Here uw, is the anomalous part of the proton magnetic 
moment expressed in units of the nuclear magneton, 
The subscripts 7 and j on AS*,,; refer to the value in 
units of # of the total spin of the two protons in the 
scattered and the incident states respectively. Since 
2n In sin(@/2) is small in the angular region and at the 
energies at which the fractional changes in the cross 
section caused by each matrix element are of detectable 


magnitude, the not altogether certain factor 
exp — 2in In sin(6/2) | 


by which the above elements of AS* may have to be 
multiplied was approximated by unity in obtaining 


Eqs. (21). The contributions to the triplet cross section 


vanish in the absence of large triplet 
T 


of order v*/c? 


nuclear phase shifts; the MS*, , then contribute to 7¢ 


47M. E. Ebel and M. H. Hull, Jr., Phys. Rev. 99, 1596 (1955) 
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only through an interference term with the triplet 
Coulomb scattering amplitude S*’, entering in the 
combination 


(Re S**)(AS*% ;+AS% o+AS*;, -1) =0. (22) 


The singlet amplitude AS*o,9 adds to the scattering 
matrix an isotropic term representing just an S-wave 
phase shift which should be treated as part of the total 
phase shift Ao. The source of this phase shift was 
pointed out by Breit”! who showed that it originated 
from what are formally magnetic contact interactions 
between the protons and that the value obtained in a 
calculation of the phase shift is quite sensitive to the 
behavior of the wave function in the region in which 
the electric field of the proton deviates significantly 
from that of a point charge. This region is certainly 
within the range of the specifically nuclear interaction ; 
thus the form of the wave function and the value of the 
phase shift are very uncertain. Since the magnetic forces 
are of a short-range character, they may be regarded as 
only one part of the total short-range S-state interaction 
between the protons, as has been pointed out by Breit.** 
From this point of view it is unnecessary to distinguish 
between the parts of Ko arising from the magnetic and 
the nuclear interactions, but it is still convenient to 
separate out the part of Ko caused by the long-range 
vacuum polarization forces. 

It is concluded that the additions to the p-p scat- 
tering matrix caused by the relativistic and magnetic 
modifications of the Coulomb interaction enumerated 
by Breit'® and Garren” may be dropped at low energies. 
The only significant modification of the low-energy 
Coulomb scattering is the change in the definition of the 
parameter 7.'* That this change should not be neglected 
in the analysis of the low-energy p-p scattering data is 
seen from the curve of Fig. 5 showing the fractional 
change in the theoretical 1855-kev cross section caused 
by changing 7 from its nonrelativistic to its relativistic 
value. The cross section was calculated assuming an S- 
wave phase shift Ko of 44.25°, roughly the value fitting 
the 1855-kev experiments. The effect becomes larger 
at higher energies. The electromagnetic interactions 
leading in the case of electrons to the Lamb shift of 
atomic energy levels'® and to corrections for radiation 
(bremsstrahlung) in the Coulomb scattering of elec- 
trons,” are, in the case of protons, diminished in mag- 
nitude by powers of the ratio of the electronic to the 
protonic mass.” Higher order vacuum polarization 
corrections'® are likewise negligible. It is therefore 
thought that the electromagnetic interactions between 
low-energy protons are adequately described in the 
absence of large triplet phase shifts by the relativistic 
and 


Coulomb the first-order vacuum polarization 


scattering amplitudes alone. 
38 The author is grateful to Professor G. Breit for discussions 


regarding the origin and the uncertainties in this S-wave effect 
% J. Schwinger, Phys. Rev. 76, 790 (1949) 





VACUUM 


IV. VACUUM POLARIZATION CONTRIBUTIONS TO 
THE p-p SCATTERING CROSS SECTION 


The vacuum polarization contributions to the low- 
energy p-p scattering cross sections have been calculated 
at energies spanning the range of the most accurate 
experiments.’ It has been assumed that any nuclear 
phase shifts in states with L>0 are so small that only 
terms linear in the total phase shifts contribute sig- 
nificantly to the cross section. In this case the effect of 
the vacuum polarization interaction is to add to the 
diagonal elements of the p-p scattering matrix the 
term Qy,(x) in accordance with the discussion of Sec. 2, 
Eqs. (3.1), (3.2), (3.3). The vacuum polarization S 
wave phase shift 59 should be omitted from ay,, since it 
is only one part of the large total phase shift Ao; any 
vacuum polarization effects in S-wave scattering may 
then be treated as was done by Foldy and Eriksen.’ 

Tracing through the construction and antisymmetri- 
zation of the p-p scattering matrix as given by Breit and 
Hull,”* one finds for the singlet and triplet scattering 
amplitudes correct to first order in the vacuum polari- 
zation interaction 


(23.1) 


(23.2) 


Sa=%a,+[exp(iK 9) | sinKo+ ‘ay, — do, 
Ta=Ta.4+TAyp. 
Here ‘a, and 7a, are the singlet and triplet Coulomb 
scattering amplitudes, 
S.Tq,= — (n/4){[sin-?(0/2) | exp| 
+[cos~*(6/2) ] exp[ —in In cos*(0/2) }}, 


in In sin?(0/2) | 
(23.3) 


where the plus and minus signs correspond to the 
singlet and triplet states, respectively. Similarly “ay, 
and 7a,, are the antisymmetrized vacuum polarization 
scattering amplitudes, 


8.Tq,,,(cosd) =4[ dy, (cosd)+Ay,(—cos0) ]. (23.4) 


In the convention used here regarding the factors of 
two which enter in the process of antisymmetrizing the 
scattering amplitudes,” and in the absence of triplet p-p 
phase shifts, the differential scattering cross section is 
given by 

k’a (0) = 


Sa(0)|?+3]) 7a(6) |. (24.1) 


The cross section may be expanded into parts repre- 
senting the dominant S-wave and Coulomb 
tering, with additional terms involving the vacuum 
polarization scattering. Contributions to (4) involving 
ldyp|? will be dropped, both because they are too 
small to detect, and because other terms involving the 
squares of the phase shifts 6, have been neglected in 
the evaluation of Qy,. If ow(@) is that part of o(6) 


scat- 


involving only the Coulomb and S-wave scattering 
amplitudes, and if Ao,, is the contribution to (9) linear 
in Qy, and do, then 


a (6)~ouw (9) + Ao, (9), (24.2) 
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where 


k®Aoy, = 2 Rel (Sayp—5o) (Sa.+Lexp(iK) | sinK o)* | 


+6 Rel Tay, 7a.*]. (24.3) 


There may be additional contributions to o(@) involving 
nuclear phase shifts for states with L>0, but the fore 
going construction for Agy, will be valid if the con 
tributions to the cross section involving the square or 
higher powers of the total phase shifts are negligible 

The vacuum polarization contributions Agy, to the 
p-p scattering cross sections were calculated for the 
energies and scattering angles of the Worthington, 
McGruer, and Findley experiments,’ as well as for 
1397 kev. The vacuum polarization scattering amplitude 
was used above 1400 kev in the approximation 


Qyp (X%) — bo~Ayp (x) — 59 +2 Im Ayp™, (24.4) 


with 69 being as in Eq. (8.3), the small terms ay,?, 
Re ay,” and the difference 69—69" being dropped. The 
error thus introduced is quite small, since the neglected 
terms contribute less than 6% of Aoy, at 1855 kev and 
decrease inversely as the energy for higher energies. 
However, the contribution to Aoy, from the term 
Im ay," was typically around one-third of the con 
tribution from ay,“’; hence, the Coulomb field effects 
on the vacuum polarization scattering are not neg- 
ligible. In the calculations, values of Ao giving a best § 
wave fit to the data were used; the Coulomb scattering 
amplitudes and values of o,(0) were obtained using an 
automatic computing program coded for an [.B.M. 650 
digital computer by Shapiro and Pyatt.” The values 
obtained for Agy, are given in Table II, while the ratio 
of Aoy, to the pure S wave plus Coulomb cross section 


~ 


ou is shown in Fig. 7. It should be noted that Aay, 


TABLE IT. Vacuum polarization contributions to the p-p scattering 
cross section excluding the S-wave effect.* 


E (kev) 


6 1397 1855 242 $527 $899 42038 


Degrees mb mb mb mb mb 


12 99.9 77.1 

14 56.1 33.2 
16 33.6 19.9 
20 13.9 8.25 
24 6.06 3.94 
25 

30 2.68 
35 1.48 0.909 
40 0.939 0.605 
50 0.569 404 
Oo 0.489 $06 
70 0.479 367 
80) 0.484 473 0.278 
90 0.487 375 = 0.280 
Ky 39.1 44.3 48.4 


18.8 

10.4 
6.18 
2.53 


15.8 
8.72 
5.16 
2.11 


13.8 
7.59 
4.49 


1.11 0.943 
0.508 0.425 
0.304 0.257 
0.220 0.188 
0.171 0.149 
0.167 0147 
0.171 0.150 
0.174 0.154 
0.176 0.155 
52.5 §3.3 


0.418 
0.369 
0.226 
0.167 
0.134 
0.144 
0.136 
0.140 
0.140 
53.4 


0.993 
0.574 
0.399 
0.285 
0.269 
0.271 


1.60 0.663 
0.492 
0.280 
0.212 
0.203 
0.209 
0.212 
0.214 
51.0 


alculation 
with L >O 


® The values of Ko used in the « 
possible nuclear scattering in states 


are given in the last row; 
was neglected 


” The author wishes to thank Dr. J. Shapiro and Mr. K. D 
Pyatt for their cooperation at this stage of the work. The com 
puting program to which the reference was made, was designed 
originally for the study of p-p scattering at high energies 
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1.40 Mev 


1.65 
2.42 
j—— 323 
4.20 ~ 











90 
90m Degrees 
hic. 7. The contribution Aa,, to the theoretical p-p scattering 
cross sections arising from vacuum polarization scattering in 
orbital angular momentum states with L>0O. The initial cross 
sections ay, were calculated from good S wave fits to the data at 
the energies indicated 


includes only the effects of orbital angular momentum 
states with L>0O. Thus, the nearly isotropic part of 
Ao,, at large scattering angles (50° <@ <90°) represents 
not an S wave effect, but the combined effect of many 
partial waves. At smaller scattéring angles, Aoy, has 
somewhat the form of the change in the cross section 
caused by a small negative mean P-wave phase shift, 
as is seen from Figs. 5 and 7, 


V. CONCLUSIONS 


The influence on the proton-proton scattering cross 
sections of small electromagnetic and relativistic modi- 


fications of the Coulomb interaction between the 
protons has been considered, with particular attention 
to the largest such modification, the vacuum polariza- 
tion interaction. The phase shifts caused, by the vacuum 
polarization potential were calculated to first order in 
the interaction strength, including in the calculation 
the modification of the wave function resulting from 
the presence of the Coulomb field between the protons. 
The effects on the phase shifts of the distortion of the 
wave function by nuclear forces were neglected, because 
at the energies considered these effects are expected to 
be small in states with orbital angular momentum 
quantum numbers 1 >0. Experimental data suggest in 
fact that the ?-wave phase shifts are a small fraction 
of a degree. If, on the other hand, these phase shifts 
should be larger than about 1° nuclear distortion of the 
wave functions should be considered.2®> The Coulomb 
distortion effects are not large above about 1 Mev, as 
is shown by the comparison in Table I of the vacuum 
polarization phase shifts calculated using free particle 
wave functions with those calculated using Coulomb 
wave functions; the Coulomb effect should, however, be 
important at lower energies. The vacuum polarization 
scattering amplitude was evaluated to first order in the 
interaction including exactly the Coulomb phase shift 
factors éz,0; it was found that these factors materially 
modified the contributions to the amplitude of the high 
angular momentum states. The ¢,, 9 are, in fact, entirely 
responsible for the imaginary part of the scattering 
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amplitude, which contributes up to one third of the 
vacuum polarization contribution to the p-p cross 
section in the energy range 1.4-4.2 Mev. Many angular 
momentum states contribute significantly to the scat- 
tering, resulting in appreciable modifications of previous 
work on vacuum polarization scattering based on S- and 
P-wave effects alone.*'**' The discovery at low energies 
of large nuclear phase shifts in states with L>0O would 
necessitate a reconsideration of vacuum polarization 
scattering in which the vacuum polarization phase shifts 
for those states were removed from the scattering 
amplitude, and treated instead as part of the total 
observed phase shifts fitting the experimental data. 
Such a treatment would be similar to that given S- 
wave scattering by Foldy and Eriksen.’ 

Values of the vacuum polarization contribution to 
the proton-proton scattering cross section are given in 
Table II for the range of scattering angles and energies 
corresponding to the most accurate recent experiments. 
This addition to the cross section is of detectible mag- 
nitude [~0.7 percent maximum change in @(6) ], and 
is quite similar in its angular dependence to the change 
produced in a pure S wave plus Coulomb cross section 
by the addition of P-wave scattering. Thus it is believed 
that vacuum polarization scattering should definitely 
be considered in a precise analysis of low-energy p-p 
scattering data. It should be pointed out that the 
theoretical results of this paper are in principle applica- 
ble also to other cases, such as p-a, a-a, and p-d scat- 
tering, provided appropriate changes are made in the 
parameters n and v; thus » becomes Z,Z,e?/hv, while v 
becomes (m/p)(mc?/F’), where yw is the reduced mass 
and FE’ is the scattering energy in the center-of-mass 
system. It is not meant to imply however that infor- 
mation on vacuum polarization will be obtainable by 
analyzing these more complicated cases. 

Relativistic and magnetic contributions” *! to the 
p-p scattering matrix have also been considered in the 
limit of low scattering energies. The relativistic altera- 
tion in the Coulomb parameter 7 results in significant 
changes in the low-energy cross sections (Fig. 5); but 
the extra terms in the scattering matrix may be omitted. 
Other electromagnetic interactions between the protons 
are too small to influence detectably the scattering. 
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Possible Nonlocal Effects in y Decay 
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Possible nonlocal effects in 4 decay are investigated phenomenologically. It is shown that the possible 


difference between the experimental p value from } can be attributed to such nonlocal phenomena 


ECENT measurements! on the energy spectrum 
of electrons from yw decay indicates that the ex- 
perimental value of the Michel parameter‘ p is near 
0.68 which is somewhat lower than the theoretical 
value, p=32, as obtained by using a two-component 
theory of neutrino’? with no derivative coupling terms 
in the interaction Hamiltonian. It is possible that all 
the Fermi-type interactions such as yw decay, # decay, 
etc., do not actually occur with four spin-} fields 
interacting at precisely the same space-time point. 
Phenomenologically, it might be more appropriate to 
describe these interactions by a “nonlocal Lagrangian” 
with these four spinor fields interacting. at different 
space-time points over an extension ~t0°¥— 107 cm, 
The customary way of using a Hamiltonian without 
derivative coupling terms is, thien, only a first approxi- 
mation. Pd 
The theoretical cofisistency or inconsistency of a 


” 


general ‘nonlocal Lagrangian” is not investigated here. 
We restrict ourselves to some “nonlocal Lagrangians” 
of forms suggested by local Lagrangians after the 
elimination of a virtual field of heavy mesons. Phe- 
nomenological calculations are then made to determine 
whether the possible deviation of the experimental p 
value from } 
Throughout this paper we shall assume that the 


can be attributed to such nonlocal effects. 


neutrino field is described by the two-component theory 
and that the law of conservation of leptons is valid. 


a 


To make our analysis definite, we consider first the 


case that the yw decay, 


poe tut), (1) 
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885 (1955). Their value is p=0.68+4-0.10 
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‘ 


is represented by a ‘“‘nonlocal Lagrangian” of the form 
7 £ ¥ 


y=). fi f (v.10 1K (x—2’) 


x [W'Ow,(2’) |d*xd*x’, (2) 
where the neutrino field satisfies the supplementary 
condition 


Yor Vr. (3) 


Because of Eq. (3), in Eq. (2) the S-, P-, and T-type 
couplings do not exist. The index 7 in Eq. (2) runs over 
only the V- and A-type couplings with O; specifying 
the corresponding (44) matrices.* The A,(*«—.x’) are 
assumed to be some invariant functions of («—.’).* 
We assume further that the space-time extensions of 
K(x 
energy momentum transfer involved in the decay 
process. Thus, it is appropriate to expand K,(x 
into a power series in terms of derivatives of 6*(« 


K(x 


x’) are much smaller than the inverse of the 
4\ 
x’) 
/ 
x’), 

x’) +m, (0?/0x,2)6" (a 


64 (x 


where m is taken to be the mass of the » meson. | ¢,/m?|! 
is the length characterizing the nonlocal effects (in 
units h=c=1). 
It is convenient to introduce f/f), / 
hh= fat fy, 
fo= fa—fv; 
frea=faeat fvev, 
foex= faea— fvev. 


The mean life 7 of the u meson is related to these 


€1, €2 defined by 


2) 


constants by 
rr m5 fi “(14 2é,) { 


where 


fa\?(A+ fas) (3X 2x4), (6) 


€=4(e+e*), (¢==1,2). (7) 


§ It is of interest to notice that a more general form of Ay(x— x’) 


is a tensor function A,,(.4 


we which may be written as 


2 
buvk x r’) t : 
OX yOXy 
with A and K’ both being scalar functions. However, in the 
present case the contribution of the second term (6*/dx,0x,)K’ 
is identically zero. Thus one may assume A, to be simply a scalar 
function 
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The energy spectrum of the electron is no longer 
describable by a single Michel parameter. For a wo at 
rest with its spin completely polarized, the normalized 
electron distribution can be written as 


dN = x*dxdQ(4r)'{ (6—4x) + ag; (x) + bge(x) 
t+ £ cosOl_(2—4x) + cgi(x)+dgo(x) }}, (8) 


: ; 
where x= (electron momentum)/(maximum electron 


momentum), 


gi(x) = 4(3—42x), (9) 


g2(x) = 4(3—8x+5x?), (10) 


6=angle between electron momentum and the spin 


direction of w~, &@=solid angle of electron momentum, 


and, a, b, c, d, € are numerical parameters. The shape 


functions g;(~) and g2(x) satisfy the following con- 
ditions: 


g2(x)=O0 at 
gi(x)=1 at 


1 
f xg (x)dx=0, 


0 


(11) 


Because of this choice of shape functions, the energy 
spectrum of the electron depends rather insensitively 
on the parameter 6. 

For the Lagrangian /;, the parameters a, 4, c, d, and 
§ are given by 


fil? + ha) = | fo|*@1+ he) 


- (12) 
| fi |?(14+-88)4+ | fel?14 Be») 


ad (18, 5)(| fil? +| fe!*) (| fy |*é4 | fo|é), (13) 
b= (24/5)(| fal?+ | fo}2) "C1 fal 21+ | fol 22), (14) 


(6/5) (1 fal?— | fo|?) (| fal 2€s— | fo] 2&2), (15) 
and 
| fol®) "(| fil "i — | fo|*€2). (16) 


d= (24/5)(| fil? 


The electrons emitted are all longitudinally polarized. 
In the rest system of w~, the helicity (previously called 
“spirality”’)® of e~ is given by*® 


| fil?(1+ Bas) + | fo! 214+ 2&) 
=, (17) 
| frl2(14+ B81) + | fo] ?(14- Be) 


where 5 is defined to be the average value of the 
electron-spin operator in units of ($/) along the electron 
momentum. Equation (17) is independent of the polari- 
zation state of the u meson. 

In all of the above formulas we neglect terms that 


* The helicity 4C depends slightly on the electron energy. For 
electrons with a definite x, 
5C (x) = [ 


2(1428—2éox) ] 


2(14+2& 


fi|2(14-2€,—2€ix) + | fo 

x A\7(14 2é, 
Equation (17) gives the value of the 3C averaged over the energy 
spectrum of €°. 


2é:\x) + | fe 2éex) }. 
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are proportional to either the mass of the electron or 
e,”. For u* decay, all of the corresponding formulas are 
identical with Eqs. (6)—(17) except that the expressions 
for and 5K should be multiplied by a minus sign. The 
seven quantities 7, &, a, b, c, d,and & are all in principle 
measurable. The particular form of the Lagrangian Ly 
imposes some definite relationships between these 
quantities : 

a=43), c=—}d, 


(18) 
H= —t(1—4e). 


The present experiments are not accurate enough to 
test the validity of these relationships. Nevertheless, 
these experiments can already be used to give the 
magnitudes of the constants f; and e¢,;. We list the 
following conclusions: 

1. From the observed angular asymmetry in m-p-e 
decay" together with the assumption of a conser- 
vation law of leptons,'? the parameter & is found to be 


t= —0.87+0.12. (19) 


By comparing with Eq. (12), we find 
| fo|?>>| fal? 


2. If the energy spectrum is found to be approxi- 
mately described by a single Michel parameter p, then 
by performing a least-squares fit between the present 
spectrum, Eq. (8), and the spectrum described by a 
single Michel parameter, the parameter a is determined 
to be 


(20) 


1+0.166(b/a) 
(21) 


4 [s-»)]] | 
1+0.332(b/a) +0.074(b/a)? 


In obtaining (21) we assume that the parameter 6 is 
linearly proportional to a. For the Lagrangian Ly, b and 
a are related by Eq. (18). Thus, we have 


a= (0.78)[8(3—p) J. (22) 
If the best p value is 0.68, then by using Eqs. (13) and 
(20) the constant é is 

@—~0.12. 


In this case, it is possible to assume that the nonlocal 
effects can possibly be due to some intermediate 
processes involving the virtual emission and absorption 
of a particle with mass > (4/8)m. 


” Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 
(1957). 

1! For other experimental results on angular asymmetry in w-p-e 
decay see, e.g., Proceedings of the Seventh Annual Rochester Con- 
ference on High-Energy Nuclear Physics (Interscience Publishers, 
Inc., New York, 1957). A critical study of these experimental 
results has recently been made by D. H. Wilkinson (to be pub 
lished). Wilkinson’s value for £ is given in Eq. (19). 

"” The minus sign in Eq. (19) is the result of assuming that the 
lepton number is conserved in weak interactions. See T, D. Lee, 
Proceedings of the Seventh Annual Rochester Conference on High 
Energy Nuclear Physics, (Interscience Publishers, Inc., New York, 
1957) 





POSSIBLE NONLOCAL 


Il. 


In this section, we shall consider a different form of 
the “nonlocal Lagrangian” for the same process, 


pi retty+o. 


The corresponding Lagrangian Ly; is assumed to be 


Ln=> feteow. Ki (x—x’) 


X(W.'0W,(x') Jdtxd'x’, (23) 
where 7 runs over the usual S-, V-, T-, P-, and A-type 
couplings with O; the corresponding matrices. ‘The 
K,(x—x’) again are assumed to be some invariant 
functions of (x—x’). This particular form Ly is most 
convenient to use in a discussion of the so-called 
universal Fermi interactions." 

It is easy to see that in Eq. (23) the tensor coupling 
term is identically zero. The spinor part of the scalar 
term is identical with that of the pseudoscalar term 
and, similarly, the spinor part of the vector term is 
identical with that of the axial-vector term. It is 
convenient to introduce 


CiK1(x—2’) =CgK 5(x—2x')—C pK p(x—2’), 
and (24) 


C.,K2(«“—- x’) = CyKy(x«£—- x’) +CyKa (x— x’). 
As in Eq. (4), we expand K, into a power series 


K (x— x") = 54(x— x’) +m, (0?/ dx?) 54(x—x') +--+ >, 
(t=1,2). (25) 


The distribution function dN can be represented by the 
same form as Eq. (8). The parameters a, 6, c, d, &, and 
the lifetime 7 are given by 


r= m4 |Ci|2(1+-451) + |Ca|2(14+ 2F2) | 
M (SK 2%e7) "4, (26) 
4 }C1|2(1+ 851) — | Co|*01+ (6/5) Fs] 
g , 


- : (27) 
} C,/7(14+-46,)4 IC2 2(1+-2¢.) 


a — (6/5) Ci | 2+ | C2} 7) 


xd C,| 14+ 2|C2| Fs), (28) 
b= — (6/5) (2|C1|?+ | Co} *)-*(2| C1) E14 | Co] *Fs), (29) 


c= (6/5) (4|Ci|?— |C2|*)-*(4 | Ci | E+ | Ce} %F 2), (30) 


and 
d= (6/5) (4|C1|?— |C2|*)-"(— 3 Ci | Fi | Ca| Fs), (31) 
where 

F=4(e.4+¢,"), with i=1,2. 


Tt is important to notice that the corresponding nonlocal 
effects in 8 decay are expected to be smaller by a factor ~10™4 as 
compared to that in w decay. Thus, it is difficult to detect such 
possible nonlocal effects in 6 decay. 
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The helicity 3¢ for e~, measured in the rest system of 
the uo, is - 
41 Ci| PLA BS) A | C2) 21+ 852) 
K= —, (32) 
41 C1 /2(1+ 451) + | Co| 214+ 8f2) 


Again, we list the various conclusions concerning the 
constants C;, Ce, 1, and fe. 

1. From the observed angular asymmetry in m-y-e 
decay and the assumption of a conservation law of 
leptons, we obtain 

1C2|2>>41C,|*. (33) 
Consequently, if we neglect }/C,|*, as compared to 
'C,|*, we have the following approximate relations. 


td=tc>— b= — ha, (34) 
and 


WHY —E(1+40). (35) 


2. From Eq. (34) and Eq. (21), the parameter a is 
determined to be 
a= (0.9)[8(3 


p) |. (36) 


Thus, if the best p value is 0.68, the constant &2 becomes 
F—0.21. (37) 


Because of the minus sign in Eq. (37), it is not possible to 
attribute the nonlocal effect of Li, to some virtual emission 
and absorption processes of a heavy particle (through 
local interactions without derivative couplings). 


III. 


Lastly, we consider a third form of ‘‘nonlocal La 
grangian”’ Lis for uw decay, 


Lin 2s fetuow'en |K,'( v v’) 
«K[W./10.,(2x') Jd*xd*x’, 


(38) 
where y,’ is the antineutrino field. It satisfies 
yw, =+y. 
As in Eq. (24), we introduce 
Cy Ky (x—x’) 
Cy Ki! (x— x’) 


C3'K s'(x— x’) 


Cp'K p' (x—x’), (40) 
Cy'Ky' (x F 


xe )AC AK a(x x). 


“Tt may be useful to make a spectral representation for the 
Fourier transform of K,, 


[ Kix) expligueydte= ['P(M) (MP4 @) dM 


The parameters ¢; are then related to the spectral function (41) 


by 
mt, [fu ‘P,(M)dM | fu ap, ( wam | 


If the nonlocal effect is due to virtual emission and absorption 
processes of a single heavy particle of mass Mo (via a local inter 
action without derivative couplings), then P(M) = M%(M—M,). 
Consequently ¢; is positive. If, however, the nonlocal effects are 
due to some more complicated intermediate processes, then ¢; 
may not be positive. We wish to thank G. Chew for an interesting 
discussion on the possible usefulness of such a spectral repre 
sentation 
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The functions K,’ are then expanded into a power series : 


~ x") +m! (0?/ Ix?) 8(x— x’) 4+---, 
(¢=1,2). (41) 


5'(x 


Ki (x—x’) 


The results of this case can be directly obtained from 
that of the previous case, /4;. If we perform the trans- 


formation 
/ 


fo), 


then, correspondingly, the various observables 


Til, Gil, bit, Cll, diy ’THII, Qi, but, CIll, dit, 
respectively, while 


F (42) 


tu — En, Hy. 


and Hy; 


In Eq. (42) all quantities with subscript II, such as 
T11, Qy, etc., refer to those deduced from Ly, and all 
quantities with subscript III refer to the present case. 
The expressions for 711, du, °°*, yy are given by Eqs. 
{26)-—(32) 

As in Eqs. (33) and (37), we have 


1C’|2, and ¢,’—0.42. (43) 
In this case also, it is not possible to attribute the 
nonlocal effects to some virtual emission and absorption 
processes of a heavy particle.” 

There exist some interesting identities between the 
results of the above three cases, 11, Ly, and Ly. Let 


AND C N. 
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the constants fi, €:, Ci, fi, Ci’, ¢:’ be related by 
{=f,'= — 2, 
f2=f1'= —2es, 
1|2= |C.’|?= fi\?( — 28), 


|C2|?=4[Cy'|?= | fo|?(1— 26). (44) 


The various observables O for the three cases, denoted 
by O;, Oi, and Oy, respectively, satisfy the identity 


Op=}(Ont+O0nn), (45) 


where O can be r™, (a/r), (b/r), (€/r), (c&/1), (dé/r) 
and (5C/r), respectively. 
IV. 


In the above, we have restricted ourselves to some 
“nonlocal Lagrangians” that are of forms similar to 
those due to virtual emission and absorption of some 
heavy quanta through a local Lagrangian with no 
derivative couplings. Each of these Lagrangians, Ly, 
Ly, and Lyy, introduces some definite but different 
relationships between various observables. The validity 
of these interaction forms is subject to direct experi- 
mental tests. The interesting result is that if the energy 
spectrum is approximately described by a single Michel 
parameter p (=0.68), then only the first case Ly can 
possibly result from simple virtual emission and ab- 
sorption of a heavy quantum via some intermediate 
processes through a local Lagrangian with no derivative 


couplings." 
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Renormalizable Theory for Fermi Interactions 
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A possible model for renormalizable Fermi interactions is discussed. In this theory, Fermi interactions 
are replaced by indirect two-stage processes which are transmitted by some Bose fields with zero spin 


having only renormalizable interactions with Fermi particles 


1. INTRODUCTION 
W* now have three typical interactions of elemen- 


tary particles (i.e., the electromagnetic, the 
m-mesonic, and the Fermi interactions). As is well 
known, the electromagnetic and the m-mesonic inter- 
actions have renormalizable forms in the current 
relativistic field theory. An assumption of renormal- 
izable Yukawa interactions for strange particles also 
seems compatible, if we assume that they have a spin 
of 4 or zero. We might think that the only exception to 
renormalizability is the Fermi interactions at present. 

In practice, we would not need any renormalizable 
theory for Fermi interactions, because they always 
seem to be very weak and the lowest perturbation 
might be sufficiently correct. We. might, however, 
wish to set up a renormalizable field theory for Fermi 
interactions for theoretical completeness of the field 
theory, if this is possible. 

We shall propose a possible model in the present 
paper. The well-known typical Fermi interactions 
beta decay, u-e decay, and yw caplure — will be replaced 
by the corresponding two-stage processes which are 
transmitted by virtual boson fields with zero spin. 
For beta decay and yw decay we must introduce new 
boson fields other than pion and K fields. The quanta 
accompanying these fields will turn out to have mass 
heavier than a nucleon. A classification of a family 
to which these quanta belong is suggested and the 
related problems also are discussed. 


2. BETA DECAY 


In formulating the interaction form of beta decay, 
we could have various possibilities, for example, the 
Fermi direct interactions of nucleons and leptons or 
the Yukawa model in which a Bose field is introduced 
as the intermediate agent of the interactions between 
nucleons and leptons. We know that these well-known 
interactions cannot be brought into a renormalizable 
theory of beta-decay interactions. 

Especially in the latter theory, we must introduce 
some charged Bose field with spin >1 in order to get 
the Gamow-Teller selection rules. The interactions 
of such a field with other elementary particles will, as 
is well known, destroy the renormalizability of the 
field theory. 


* On leave of absence from Kobe University, Kobe, Japan. 


On the other hand, Pursey' recently tried to set up a 
renormalizable possibility for the Fermi direct interac- 
tions. In his theory a special form of the Fermi interac 
tion was assumed without parity conservation and it 
was shown that the extent of primitive divergence 
could be reduced to three types only. However, he 
found that the theory suffers from the serious difficulty 
of non-Hermiticity of the beta-decay Hamiltonian. 

Some years ago we pointed out that there remains 
another possibility for a renormalizable field theory 
for Fermi interactions.? The present paper is intended 
to reconstruct our theory in the new light of noncon- 
servation of parity in the weak interactions, recently 
predicted by Lee and Yang* and confirmed by W u 
et al., Garwin et al., and Friedman et al.4 We could 
modify the Yukawa model of beta decay in the following 
manner. We assume that a Bose field does not have the 
usual source of a nucleon or lepton pair, but a source 
consisting of a nucleon and a lepton (see Vig. 1). In 
order to get nucleon stability in such a theory, the Bose 
particle must be charged and have mass heavier than a 
nucleon. The renormalizability condition requires that il 
must have zero spin. 

Here we want to make use of the two-component 


neutrino theory of Lee and Yang,® Landau,® and 


e P 


Fic. 1. Diagram 
for beta decay. A B 
meson is exchanged 
between (n,e) and 
(p,v) pairs 


re 


1D. L. Pursey (to be published) 

*Y. Tanikawa, Proceedings of the International Conference of 
Theoretical Physics, Kyoto and Tokyo, 1953 (Science Council 
of Japan, Tokyo, 1954), p. 369. For references to the literature 
see this paper 

4T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956) 

4Wu, Amber, Haywood, Hoppes, and Hudson, Phys. Rev 
105, 1413 (1957); Garwin, Lederman, and Weinrich, Phys. Rev 
105, 1415 (1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 
105, 1681 (1957) 

5 T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957) 

*1.. Landau, Nuclear Phys. 3, 127 (1957). 
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Salam.’ For a massless neutrino, we assume that the 
boson B interacts only with the neutrino component for 
which ysv(x) = — v(x). Then we can assume the interac- 
tion Hamiltonian responsible for beta decay® to be 


Hint fie —"5)v(x) B(x) + (n(x) (1+7s) 


 e(x) B(x)+Hermitian conjugate}d’x, (1) 


where p(x), n(x), e(x), v(x) and B(x) are field operators 
for the proton, neutron, electron, neutrino, and B 
meson, respectively ; p(x) and n(x) are adjoint operators 
defined as p(x)=p'(x)y, and fi(x)=n'(x)ys, and t 
means Hermitian conjugate. 

The Hamiltonian (1) not only does not conserve 
parity but also is not invariant under charge conjuga- 
tion. It is, however, invariant under the combined 
transformation of space inversion and charge conjuga- 
tion.*© Moreover, it becomes invariant under time 
reversal if we assume the interaction constants g and 
f to be real. 

The S matrix contributing to electron beta decay is 
given by 


* Sheta decay of freon ~¥5)n(x1)p (2X2) 


«x1 5)v(x%2))(T (B(x) B(x2)))o} d*xid'*x2, (2) 


where 7 is Wick’s chronological operator" and ( )o 
means the vacuum expectation value. This can be 
rewritten as follows: 


Sbeta decay Sf frecomayplrya — 5) v(X2) 


+ (x 1)y5 (2X1) p(x2)¥56(1— 5) v(%2)) 
x (T (Bt (x1) B(x2)))o}d*xyd*x2 


x (T (Bt (21) B(%2)))o} d*xid*x2, 


(3) 


where S’, 7’, and P’ are defined by 


1-75 
S’=T{ p(x2)n(x1)é(x) v(x) }, 
) 


Iv. 
id T P(%2)V avy (01) E (21) V tur) ; v(x) 


i; 
P’= TY p(x2) yon (x1) E(x1) 75 v(x») }, 
)? 


7A. Salam, Nuovo cimento 5, 229 (1957) 

* For the second term in the Hamiltonian (1), we implicitly 
assumed that the 8 meson interacts only with the electron compo 
nent of yse(x) =e(x). If we assume that the electron has only an 
electromagnetic mass and is a massless particle without electro 
magnetic interactions, the assumption might be justified. A 
similar consideration was given by A. Salam (see reference 7) 

9. Liiders, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
28, No. 5 (1954); W. Pauli in Niels Bohr and the Development of 
Physics, edited by W. Pauli (Pergamon Press, London, 1955) 

” Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957). 

" G. C. Wick, Phys. Rev. 80, 268 (1950) 
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(4b) 


(4c) 
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and 
Vue) = (Yue WVn)/24, 
Yo= VV 374. 


In deriving the right-hand side of (3), we used the 
Pauli? and Fierz™ identity for the y matrices, and the 
contraction of [uv ] should be taken only on independent 
antisymmetric components of ¥;y»). 

This form is closely related to the usual Fermi 
combination of scalar, tensor, and pseudoscalar cou- 
plings in the two-component theory of the neutrino.® 
This combination is compatible with the present 
experimental evidence which indicates that the ratio 
of Fermi and Gamow-Teller interaction constants is 
not likely to fall outside the range 0.75-1.15.% The 
present theory gives an intrinsic ratio of precisely one. 
However, if we take into account the pion correction 
for the vertex of the beta interaction, the renormalized 
ratio may fall inside the range 0.45-1.3 depending on 
the model of pion theory.’® 

In the interaction (3), the Fierz interference factor also 
vanishes. There is, however, another electron energy- 
dependent factor which comes from the B-meson 
propagator. We can easily see this factor in the case 
of neutron beta decay. The energy distribution of the 
electrons is approximately given by 


e(e’—m?)*(eg— 6)? 


. % ’ (S) 
(My’— M?+2Me)? 


S(¢ 


where ¢, €o, m, M, and Mg, are the electron energy, the 
maximum electron energy, the electron mass, the 
nucleon mass, and the B-meson mass, resepectively, 

The denominator of (5) comes from the B-meson 
propagator and depends on the electron energy e. 
The neutron beta-decay experiment, however, seems 
to exclude other energy dependences than the statistical 
Fermi factor in the numerator.'* Therefore we should 
assume 


Mx’>M’—2Me, 
which is sufficiently well satisfied by the B-meson mass: 
Ms2 2000m. (6) 


With Ms~2000m and the experimental lifetime of 
the neutron, 12.8 min, we obtain 


gf/4r~10-7. (7) 


We can easily see that there is nucleon stability by 
the following example. If two nucleons (not a nucleon- 
antinucleon pair) were to transform into two leptons 
in a process involving exchange of virtual B mesons 
between them, then nucleon stability would not be 
secured. Our interaction Hamiltonian (1), however, 


#2 W. Pauli, Zeeman Verhandelungen (Haag, 1935), p. 31. 

19M. Fierz, Z. Physik 104, 553 (1937) 

4 FE. Feenberg, Phys. Rev. 917, 1736 (1955). 

16M. Ross [Phys. Rev. 104, 1736 (1956) ] has independently 
obtained similar results 

16 J. M. Robson, Phys. Rev. 83, 349 (1951). 





RENORMALIZABLE THEORY 


Fic. 2. Diagram 
for u-e decay. A X 
meson is exchanged 
between (u,v) and 
(v,e) pairs. 


» 


forbids the process in which a positively or negatively 
charged B meson is absorbed by a nucleon (not anti- 
nucleon); therefore two nucleons never transform into 
two leptons. 


3. u-e DECAY 


In order to understand the w-e decay by the same 
principle, we must introduce another Bose field X 
for the corresponding interaction. The X meson cannot 
be identified with the 8 meson, because the nucleon 
cannot be stable if the 8 meson has primary interactions 
with a pair consisting of a muon and an electron. The 
u-e decay process is shown in Fig. 2. We assume the 
following interaction Hamiltonian to be responsible 
for the u-e decay: 


Hin= f twat —5)v(x)X(x)+ f’é(x)(1—Ys) 


X v(x)X(x)+ Hermitian conjugate}d*x, (8) 


where u(x) and X(x) are muon and X-meson field opera- 
tors, respectively. Here again we assume that the X 
meson interacts only with the neutrino component for 
which y5v(x) = — v(x). 

The S matrix contributing to the w-e decay is given by 


S,-«* df frea +5) (x1) E(x2) (1 — 5) 


x v(xo))(T (Xt (xy )X (x2)))o}d*xyd4xo. 


This can be rewritten as 


maar’, ff f recucnyorya s)v(x2) 


— €(X2) Vou (2X1) 0(x2)¥5(1— 5) (x2) 
XK (T (Xt (x1) X (22))) 0} d4 xd 4x9. 


crf J ((V'+A')(T(X1(x1) X (22)))o) 


Xd'‘x,d‘x2, (10) 


FOR FERMI INTERACTIONS 


Fic. 3. Diagram 
for w capture. A pion 
isexchanged between 
(u,v) and (p,m) pairs 


where 


eis I—¥5 
} TE E(x2)yyse(xy) 0 (x1) 7, v(x») f, 
) 
and 


1 Ys 
A’ r(: (Xo) VpV oe XY DV 5 v(x») 
) 


This S matrix actually corresponds to that of the usual 
combination of vector and axial-vector Fermi interac 


(11b) 


tions in the two-component theory of the neutrino,®~? 
which gives a Michel parameter p= 3.!" 

The mass of the X meson can be determined from 
the electron energy distribution of y-e decay. The 
propagator (7T(X'(%,)X(x2)))o for p-e decay should 
be approximately independent of the electron energy. 
The condition is given by 

My>m,, (12) 
where My and m, are the masses of the X meson and 
the muon, respectively. 

The interaction constant g’f’/4m has the order of 
magnitude 

gf’ /4ae~10-7, (13) 
determined by the u-e decay lifetime. 

As the X meson should have no primary interaction 
with nucleons, any value of the mass of the X meson 
satisfying the condition (12) is not involved in the 
question of nucleon stability. We might speculate that 
Mx>M in view of some remarks which will be given 
on a classification of families of elementary particles 
in the last section. 


4. uw CAPTURE AND OTHER RELATED PROBLEMS 


For u capture, we can return to the original Yukawa 
model as shown in Fig. 3. As is well known, this modle 
is compatible with the experimental facts at present. 
We may assume that the pion interacts only with the 
neutrino component for which ysv(x) v(x). The 
interaction Hamiltonian responsible for this process 


LL. Mic hel, Prox 
1® Taketani 
(Japan) 4, 


paper 
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Sasaki, and Nakamura, Progr 
552 (1949) 
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e 


V'1G. 4. Diagram for w-e decay. The process in which a B meson is 
exchanged and the direct process as a renormalizing term 


is given by 


Hin, ficncarrp v) (x) +-G'hji(x)(1—Y5) 


x v(x) ¢(x)+ Hermitian conjugate}d*x. (14) 


The first term represents the strong pion-nucleon 
interaction and the second term gives the m-~ decay 
interaction. We may note that G’ has the value 

G”?/4a~10-"4, (15) 


The bosons B, X, and w have different fermion pairs as 
sources. Then they can have different decay modes: 


pri, 


+ 


Bo —+n+e or (16a) 


x“ (16b) 


(16c) 


>u+y or et +y, 


+) (4 


ta rut +p, 


‘The rates for these decays are given approximately by 


1 g? /(M,y’— M’*)? 
a 
g? ((Mx?—m,?)* 
7, Mx! ) 
G” 4(m?—m,")* 

Ts _( m,° ) 


If we take g?/4r~1077 and g’*/4r~1077 (we assume 
that g=f and g’=/"’) and G"?/4r=2.6X10"", the 
lifetimes are given by rg™~10~" sec, rx ~10~" sec," and 
t, = 2.54X10°* sec (experimental value), respectively. 
We assumed that the pion has a primary interaction 


(17a) 


(17b) 


(17c) 


with muons, but not with electrons. The w-e decay can 
occur not through the primary interaction, but through 
strong pion-nucleon and weak B-meson interactions 


1 We have assumed that the X meson also has a mass of order 
of 2000m 
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TABLE I. Families of elementary particles. 
Type of 
interaction 


Mass Strong Weak 


Heavy , 2, A, N; fermion (B), (X); boson 
Light , m, (y); boson uw, €, v; fermion 
Strangeness Yes No 


(see Fig. 4). This process has a logarithmically divergent 
vertex for which we must expect some renormalization 
procedure. In the simplest way we may renormalize 
this vertex by adding the counter-term of the direct 
n-e-v interactions according to Dyson’s renormalization 
method.”° 


5. CONCLUSION AND SOME REMARKS 


We have seen that all typical Fermi interactions 
would be renormalized in Dyson’s method. The 
essential idea consisted in our assumption that the 
Fermi interactions might be disentangled into the 
renormalizable Yukawa type of interactions. Schwinger” 
emphasized analogies between the electromagnetic field 
and the pion field that appear to be deeper than the 
similarities upon which Yukawa founded the meson 
theory. If it should turn out that the renormalizable 
theory for Fermi interactions described above is 
correct, one would extend Schwinger’s emphasis of 
analogies between all 
particles to include weak interactions such as Fermi 


interactions of elementary 


interactions. 

Finally we shall make some remarks on the classifica- 
tion of elementary particles. One knows that the known 
elementary particles can be classified into the following 
families: (1) a strongly interacting baryon family”? 
(Z,2,A,N), (2) a strongly interacting “light” boson 
family { K,7,(y) ], and (3) a weakly interacting fermion 
family (y,e,v). If we put these families into Table I, 
we easily see one blank square to which the unknown 
family of weakly interacting “heavy” bosons might be 
expected to belong. 

We may guess that the B meson and the X meson 
should be members of this family. The predicted 
properties of the B meson and the X meson seem to 
have just the necessary properties of the family: they 
are bosons weakly interacting with all other families, 
they are heavier than a nucleon, and they may have 

”S. Weinberg, Phys. Rev. 106, 1301 (1957). He proposed that 
all infinities appearing in decay processes involving fermion 
pairs could be removed by adding some counter-terms of direct 
interactions. 

21 J. Schwinger, Phys. Rev. 104, 1164 (1956) 

™ A. Pais, Proceedings of the International Conference of Theoret 
ical Physics, Kyoto and Tokyo, 1953 (Science Council of Japan, 
Tokyo, 1954). The name “baryon” was first correctly given by 


Pais, but Belinfante also used that name in a slightly different way 
[F. J. Belinfante, Phys. Rev. 92, 145 (1953) ] 
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nucleon number rather than 
number.” 

There seem to be good reasons why it is very difficult 
to discover experimentally this family of weakly 


interacting heavy bosons, at present and also in the 


strangeness quantum 


23 The author owes his thanks to Dr. C. N. Yang for suggesting 
that the B meson and the X meson might have nucleon number 
one and zero, respectively 
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near future, because members of this family have 
only very weak interactions with all other families 


and have very short lifetimes. 
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Numerical solutions of the one-meson approximation of the 
Low equations for elastic pion-nucleon scattering in the fixed 
nucleon, extended-source theory are obtained with a Gaussian 
cutoff function. The validity of the method requires that the 
scattering amplitudes have no zeros in the complex plane other 
than at z=+1. The functions obtained for the (3,3) and (1,1) 
states satisfy the Low equations within the accuracy of the 
method, but the (1,3 
given. This difficulty with the (1,3) and (3,1) states is correlated 


and (3,1) states are only approximately 


with the development of a zero in the corresponding scattering 
amplitude well before physically interesting values of the param 
eters (coupling constant and cutoff) are reached. 

A best fit to the (3,3)-state data up to 170-Mev pion laboratory 


1, INTRODUCTION 


HE formulation of the p-wave part of the pion- 

nucleon interaction proposed by Chew and Low! 
has been applied to a number of problems, including 
elastic 
mesons,’ pion production in meson-nucleon collisions,’ 
and calculation of the electromagnetic properties of 
nucleons.‘ Because of the degree of success that approxi 
mate methods have given in this theory, particularly 
in predicting the pion-nucleon resonance in the (3,3) 
state [isotopic spin 3, spin 3 ], it is of interest to obtain 


pion-nucleon scattering,! photoproduction of 


a solution of the Low equations for the scattering 
amplitudes. These equations are coupled to an infinite 
set of equations for other processes, and in principle 
the entire set should be solved simultaneously. How- 


* Supported in part by the U. S. Atomic Energy Commission 

1G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956) 

2G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956) 

+ Saul Barshay, Phys. Rev. 103, 1102 (1956); N. Fukuda and 

S. Kovacs, Phys. Rev. 104, 1784 (1956); J. Franklin, Phys 
Rev. 105, 1101 (1957). 

*H. Miyazaw:, Phys. Rev. 101, 1564 (1956); F. Zachariasen, 
Phys. Rev. 102, 295 (1956); S. Fubini, Nuovo cimento 3. 1425 
(1956); S. Treiman and R. G. Sachs, Phys. Rev. 103, 435 (1956); 
G. Salzman, Phys. Rev. 105, 1076 (1957). 


rhe 


gives a 


a coupling constant, /*, less than 0,08 
(3,1)-state 


of larger magnitude than experiment 


energy 
solution is 
(1,1)-state 
appears to permit 

It is found that the cutoff 
interactions at very high energies. Their occurrence appears to 
be a property of the static The 
calculations is briefly dis 


requires 


consistent with the data, but 


phase — shift 


function does not prevent strong 


model contributions of such 


to various static theory 
that in the 


dispersion relations, where there is no cutoff function, if use is 


interactions 


cussed. It is shown p-wave part of the relativistic 


made of the low-energy data, then the very high-energy contri 
butions of the static theory are replaced by recoil terms of order 


u/M 


ever, in the one-meson approximation the scattering 
equations reduce to a set of three coupled equations 
which involve only the three scattering functions, We 
describe here results obtained in an attempt to find that 
solution of these three equations which is analytic in 
the coupling constant.° 

The of solution 
procedure applied to the integral equations for the 


method consists of an iterative 


functions inverse to the scattering amplitudes.’ These 
equations are valid if the scattering amplitudes have 
no zeros in the complex plane, other than thost at 
z=-+1, which is the case for sufficiently small values of 
the coupling constant. It has been conjectured® that 
this condition is maintained for values of the coupling 


’ These equations possess a large number of solutions, only one 
of which is analytic in the coupling constant. This was shown for 
both the charged and neutral scalar-meson theories by Castillejo, 
Dalitz, and Dyson, Phys. Rev. 101, 453 (1956), who first called 
attention to the nonuniqueness of the solution. Klein has shown 
Phys. Rev. 104, 1136 (1956), that by taking appropriate linear 
combinations of the three scattering functions a set of equations 
is obtained which is equivalent to the original three equations 
and whose solutions are generalized Wigner RK functions. By this 
means the proof of nonuniqueness can be extended, as stated by 
Klein, to the symmetric pseudoscalar p-wave meson theory 

*G, F. Chew, Encyclopedia of Physics (Springer-Verlag, Berlin 
to be published), second edition, Vol. 43 
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constant large enough to provide physically interesting 
solutions, that is, solutions with the correct (3,3)-state 
resonance. 

The neglect of nucleon motion in the static model 
implies of course that this theory must be regarded as 
provisional, and cannot be expected to agree with 
experiment for energies beyond the (3,3) resonance 
region. The low-energy part of the solution is compared 
with the experimental data in Sec. 6. Neglect of nucleon 
energy assumes that strong interactions do not occur 
at very high energies. The behavior of the high-energy 
part of the solution, although not of experimental 
interest, is thus important in determining the self- 
consistency of the static model, as is discussed in Secs. 
5 and 7. The effect of nucleon recoil in modifying the 
static theory results is briefly examined in Sec. 8. 


2. METHOD OF SOLUTION 


Following the notation of Chew and Low, we intro- 
duce functions 4,(z), with a=1, 2, and 3 for the (1,1), 
(1,3) and (3,1), and (3,3) states respectively. In the 
one-meson approximation, and for real values w of 2, 
h,(z) satisfies the equation 


” 


hen 2 » | ha(w')|* 
ha(z) { J dus’ pv" (p’) 
; 


Zz T 


where z—>w-+-ie for w>1, and z—w—1e for w< 


(Aq) =§f 


dq 
1 ’ 
2 


+ 


] 16 
(Aas) =4 2 4]; 
} 1 


(2b) 


w= (1+ p*)! is the pion energy; w’= (1+ p”)!; h, c, and 
the pion rest mass are set equal to 1; f* is the unrational- 
ized, renormalized coupling constant; v’(p) is the cutoff 
function ; 4_(w) is related to the phase shift 6,.(w) by 


exp[ 154(w) | sind, (w) 
ha (w) 
p'r*(p) 


Several properties of /,(w) that are’ immediate 
consequences of Eqs. (1) and (2) are 


for w>1 (3) 


Imha(w)=0 for —1<w< (4a) 


Imha(w) = p'v"(p)|Ma(w)|*?>0 for w>1, (4b) 


ha(—w)=> Aashs(w) for all w, (4c) 


==" 
Ne w 0 


1+f a, 


AND F. 
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where the effective range is 


1 Imhg(w’) 


Va E (bart Aus) f du’ — = 
T 1 


, 
a w 


(4d) 


and 


’ 


wha(w) 1 . 
| 1+—- f dw’ Im[hy(w’) 
Na ‘aici 3x f? I 


+hy(w’)—2hy(w")].  (4e) 


The function gqa(z) is defined by 


Na 
£a(Z)= , (5) 
tha (z) 


For small enough values of the coupling constant 
and cutoff, 4.(z) will have no zeros and no poles other 
than that at z=0. In this case g,(z) satisfies the alge- 
braic (crossing) relation 


1 
” 3 Bag ’ 
£a(2) 


(6a) 
£a(—2) 
where 
—1 


(Bas) =} 8 (6b) 


and, for real values w of z, satisfies the integral equation 


ze? pvp’), Aq  Halw’) 
£a(z)=1— f dus’ | 
1 


19 / / 
T w? w—2 ian 


» (7) 


where z—w-+- ie for w>1, z—-w—ie for w< —1, and 


a BasXs 
Haw) = — | ga(—w) |? (8) 


| ga(w) |? 
From Eqs. (3), (5), and (7) it follows that 


p'v*(p) ’ 

Rega(w) =a cotéa(w) for w>1, (9a) 
Ww 

Imga(w) =0 for —1<w<1, 

Imga(w) = —Aap*v"(p)/w for 


Imga(—w) = Ha(w)p*v*(p)/w for 


w>I1, 
w>I1, 


(9b) 


[ga(w) Juno=1—wFa, 
where the effective range, as defined by Chew and Low, 


1S 
1? p'%*(p’) 
%q* f da’- 13 [Aa + Ha(w') J, 
1 


Tr wW 


(9c) 


1 p® pv? (p’) 
fa(~™)=1+ fw . [Aa—Halw’)]. (9d) 
TW?) : 


Ww 
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In place of Eqs. (7) and (8), the iteration procedure 
7 


is applied to Eqs. (7) and 


_ Bay _ Basds 
heen fo 
Y £y(w) £a(w) , 


(10) 


which equation follows immediately from Eqs. (6) and 
(8). With ga(—w) explicitly eliminated, only positive 
values of w need be considered in Eq. (7). For f*?=0, 
£a(w)=1. This is taken as a trial solution. From Eq. 
(10) we then have H,°(w)= —>° Basds. H.°(w) is then 
used in Eq. (7), from which Reg,'(w) is obtained. 
Equations (96) and (10) then provide H,'(w) from 
£a'(w), and the process is repeated until the difference 
between ga"(w) and ga” '(w) is negligible. 

This procedure, in which only positive values of w 
occur, has the advantage that H,4"(w) does:not occur 
in a principal value integral. This feature contributes 
to very rapid convergence. It has a disadvantage that 
is discussed in the next section. 

The Gaussian cutoff function, 


v’(p) =exp(— p*/P*), 


is used, where P is the cutoff. The integration range, 
1<w’< 15}, is used for the integrals, which are numeri- 
cally evaluated at each net point, w=0, }, }, «++, 154, 
in the iteration range 1<w<15j. Simpson’s approxi- 
mation, with intervals Aw’=}=d, is used, except for 
the two intervals adjacent to the net point w’=w in 
the principal-value integral. This contribution, 


wtd f(w’) 
ens 
w—d wW—~—wW 
is obtained by making a Taylor expansion of f(w’) 
about w. For the smooth function f(w’), the first two 
terms of the expansion give a satisfactory approximation 
to the integral. The integration range is extended to 
16} for the principal value integral, so that even for 
values of w close to 15} this integral is accurately given. 
The accuracy of the numerical calculations is limited 
by Simpson’s approximation and by the neglect of 
contributions to the integrals from beyond the inte- 
gration range. These contributions are discussed in 
Sec. 4. 

This iteration scheme proves to be strongly conver- 
gent, requiring in general only four or five iterations. 
The functions to which it converges, ga(w), are shown 
in Fig. 1 for f?=0.08 and for several cutoff values. 


3. DISCUSSION OF PROCEDURE 


Solutions of Eqs. (7) and (10) need not satisfy the 
crossing condition, Eq. (6). This actually occurs for the 
solution of physical interest, obtained with /?=9.08 
and P=7, as is discussed in Sec. 5. However, if ga(w) 
is an analytic solution of Eqs. (7) and (10) which 
satisfies the crossing condition and has no zeros in the 
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w(IN UNITS OF p ) ———> 
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Fic. 1. Iterative solutions of Eqs. (7) and (10) obtained with 
several different cutoff values. There is a radical change in the 
behavior of the a=2 state function induced by changing the 


cutoff, P, from 4 to § 


complex plane, then [Aq/(wga(w)) | is a solution of Eq. 
(1). It is therefore not unreasonable to expect to obtain 
solutions of Eq. (1) by the iterative procedure em 
ployed, for small enough parameter values. This expec 

tation is supported by the following two facts: First, 
Eqs. (7) and (10) and Eqs. (7) and (8) lead to the 
same ga'(w) for w>1, if the same trial function, gq°(w) 
= 1, is used; and second, ga'(w) is very close to the con 
verged function, ga(w), obtained by iteration of Eqs. 
(7) and (10). This condition is satisfied by the functions 
of Figs. 1(a) and 1(b). 

The character of the functions changes as the cutoff 
is increased from 4 to 5 in the sense that the asymptotic 
value of g2(w) is no longer equal to that of the other two 
states. This change in the behavior of g.(w), shown in 
Fig. 1, is maintained as the cutoff is increased. From 
Eqs. (4e) and (5) it follows that if ga(*) is not inde 
pendent of a, then [Ag/(wga(w)) | cannot satisfy Eq. (1). 
In these cases we also find that the asymptotic values 
of ga(w) do not satisfy the crossing condition. 

Along with this change in the asymptotic behavior of 
£2(w), we observe the appearance of a zero of [A, 
(wg2(w)) | on the negative real axis. More explicitly, we 
find that Re[A2/(wg2(w)) ] has a zero at w~ —5 both 
for P=4 and P=5. However, for P= 4, Im[A2/(wg2(w)) | 
has a zero slightly above w 5, while for P=5 this 
zero has moved down to w= —7. This indicates that 
there is a critical cutoff value, between 4 and 5, at 
which [A2/(wg2(w)) |} has a zero on the negative real 
axis atw~—5. 

It appears very likely, on the basis of the evidence 
discussed so far in this section, that the functions 
[Aa/(wga(w)) | for cutoffs below the critical value are 
solutions of Eq. (1), although the functions obtained 
for these values have not been so tested. If this is the 
case, then there are no zeros of [A./(wga(w)) | for cutoffs 
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lic, 2. The iterative solution of Eqs. (7) and (10) obtained with /?=0.08 and a cutoff P=7, 
as extrapolated to very high energies, with high-energy corrections included. 


below the critical one. Furthermore, if the zero of ho(z) 
continues to be present above the critical cutoff, then, 
since this requires that Eq. (7) be modified in the a=2 
state, it is sufficient to explain the abrupt change in 
the character of the functions that are obtained as the 
cutoff is increased from 4 to 5. 

Despite this difficulty, which appears to be present 
only in the a=2 state, it is still possible to obtain 
reasonably good functions for the (1,1) and (3,3) states 
above the critical cutoff. This is because of the small 
extent to which the a= 2 state couples into the equations 
for the (1,1) and (3,3) states, as is seen by examination 
of Eqs. (2a), (6b), (7), and (10). The presence of the 
principal-value integral in Eq. (7) also tends to suppress 
the relative importance of go(w). In Sec, 5, where we 
examine the degree to which Eq. (1) is satisfied by 
the functions obtained for P=7, it will be seen that the 
functions for the (1,1) and (3,3) states are in fact given 


very well. 


4. BEHAVIOR AT VERY HIGH ENERGY 


Solutions of physical interest are obtained with values 
of f? in the range 0.08-0.10, and with (#*?~0.6. A 
typical one, that for f?=0,08 and P=7, is considered. 
This solution consists of the functions shown in Fig. 2 
in the range 1<w<15f. It follows from Eq. (9a) that 
a resonance in 54(w), sin’%,(w) = 1, occurs when Rega(w) 

0. In addition to the (3,3) resonance, 5s;(2.16), there 
are two other resonances in the iteration range, 633(~5) 
and 6);(~7), and a second 4); resonance at a very high 
ENergy w= Wa. 

In order to determine the extent to 
solution satisfies Eq. (1), we must first obtain Rega(w) 
for values of w beyond the iteration range. There are 


which this 


non-negligible contributions to 4a(w) from the 61:(we) 


resonance, where Reg;(w.)=0 and Img,(w)~v?(paq). 
These come from an extremely small interval ¢ about 
w,, and, for values of w outside of this interval, are 
given by 


1 peers 
A Reh, (w) f dus’ p'*v?(p’) hy(w") |? 
TT ‘ 


bat A at 
(2 
w’ —¢ +w 


Aa ) 
/ 
w wtw 


Img (w’) 
x - . 
[Regi (w’) ?+[Imgi(w’) ? 


bal ‘ 1 al I 
( { ) ’ 
Wa~-W Wa + w Wadd (wa) 


where 


d 
d(wa) | Reg(a) , 


dw 


, 
w" =wa 


and use is made of the fact that for w’~w.>P, Img, (w’) 
is extremely small. This resonance gives no contribution 
in Eq. (7) because the factor /7,(w’) in the integrand is 
completely well behaved at w’=wa and goes as \j/ Bai. 
There is, however, a contribution to Reg;(w), which 
comes from a very high energy w’=w)>wa, due to the 
factor | >> Byg/ ga(w’)|~* of H,(w’). To see this, let 


1/9:(—w) = Bis/gs(w) for w21, = (12) 


where Q,(—w) is used to distinguish this function from 
the g:(—w) defined by Eq. (7). At ws, 


Re[1/@i(—as) }=0, and Im[1/9:(—ws) |~0? (po). 
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The fact that Re[1/g:(—w)] vanishes at a value of 
w>wa follows from the equation 

1 1: 
a sae 7” } 
Qi(—w) 91 Regi(w) Rege(w) Reg;(w) 


—1 2 8 
Re 


where the approximation, Rega(w)>|Imga(w)|, is 
extremely good for values of w even slightly greater 
than w,. Since Reg;(w) increases from 0 at wa to 
~Reg;(%) at ©, the function Re[1/g:(—w) |, which 
increases from negative to positive values, must have 
a zero beyond w,. Again, the contribution to Reg,(w) 
comes from an extremely small interval e€ about ws, 
and is given by 


w whte p’v?(p’)H1(w") 
J dos’ 


TY whe w’?(w’+w) 


w whte 1 
= do’ 
TY oye w’ (w’+w) 


Im[1/q1(—w’) } 
x 
{Re[1/q1(—w’) }}?+ {Im[1/ qu 


A Reg,(w) = — 


WwW 


wp (wp+w) D(w») 
d 


where 


1 
D (wp) Re | . 
da’ i (—w’) Ju’ =u, 


The ga functions are extrapolated to the asymptotic 
region by using the solutions obtained from the iteration 
procedure. The following values are obtained from these 
functions: 

0.0018, 


0.042. 


Wa= Y8, 
wo,= 142, 


d(wa) 
D(a») 


(14) 


Even if A Reg;(w) is small, this may change the values 
of w, and w, considerably because at these high energies, 
the slopes d{ Rega(w) |/dw are very small. However, 
the values of A Reha(w) and A Reg;(w), as given by 
Eqs. (11), (13), and (14), although only approximate, 
are not likely to be significantly changed, because d(w,) 
and D(w») are larger at lower values of wa and wy, 
respectively. 
The correction A Reg;(w) is added to the g;(w) 
obtained by the iteration and extrapolation procedure. 
The corrected function is shown in Fig. 2. In the range 
1<w< 15} the correction is completely negligible. Even 
if this correction is included in the iteration process, 
the results in the iteration range are almost identical 
with those obtained here. However, at higher energies 
the correction becomes significant, and at w=, it 
changes Reg;(*) from 0.155 to 0.324. The main effect 
of this contribution is to alter the very high energy 
behavior, in particular, it reduces the energies wa and 
w», and it increases the asymptotic value of Reg,(w). 
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SCATTERING 


Fic. 3. The asymp- 
totic values of ga() 7 
tained with f*=0.08 and 
a cutoff P= 7, calculated 
by Eq. (9d), and the 
common asymptotic val 
ue, [ra/(whaiw)) Jones 
calculated by Eq. (4e) 
On the left are the 
uncorrected values, ob 
tained if the integrals 
are cut off at 16; on the 
right the high-energy 
corrections are included, 
as discussed in Sec. 4. 
The very high energy 
resonance in /,(w) must 
be taken into account to 
get the good agreement 
for the (1,1) and (3,3) 
states shown on _ the 
right-hand side. 
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A correction is also made to g;(w). At w’=15] the 
integrand for the (3,3) state in Eq. (7) is not yet 
negligible. This “tail correction’ is the 
Reg;(w) obtained by the iteration and extrapolation 
procedure. The corrected function is shown in Fig. 2. 
This small negative correction is again found to be 
unimportant in the iteration range, and only becomes 
significant at very high energies. Its maximum effect is 
to change Reg;( ) from 0.292 to 0.266, a 9% decrease. 


added _ to 


5. AGREEMENT WITH THE LOW EQUATION 


In this section the values of [Aa/(wga(w)) | and ha(w) 
obtained from them with Eq. (1) are compared. As 
mentioned in Sec. 3, [Aa/(wga(w)) | cannot satisfy Eq. 
(1) exactly because ga(*) is not independent of a, as 
is shown in Fig. 2. The near equality of gi(*) and 
g;(®) is consistent with the conjecture that the fun 
tions for the (1,1) and (3,3) states are good solutions of 
Eq. (1). In addition, comparison of ga(—1) obtained 
from Eq. (7) and ga(—1) obtained from the crossing 
condition, Eq. (12), shows that these values are in 
close agreement for the (1,1) and (3,3) states, as follows: 


a fa(—1) Ga(—1) Difference 
0.549 0.555 1% 
0.734 0.614 18% 
1.835 1.826 05% 

It is also found that the values of [Aa/(wga(w)) | 
and h,(w) agree closely in the (1,1) and (3,3) states 
both at w= and w=. The asymptotic value, 
[ra/(wha(w)) |omcy is Shown in Fig. 2. The extent of the 
agreement with g,(#) and g;() is remarkable in view 
of the large contribution, A Reh,(w), in Eq. (1) from 
wa. The effect of the very high energy contributions, 
A Rega(w) and A Reh,(w), in improving the agreement 
of the asymptotic values is shown in Fig. 3. 

The values of the effective ranges obtained from 
Eqs. (9c) and (4d), denoted by ra and rq’ respectively, 
are given in Table I. Again, there is good agreement in 
the (1,1) and (3,3) states. The values of r, do not 





G. SALZMAN AND F. SALZMAN 


{' 008 
P+7 


Ren 
a 


a 2 
Krenn - 


Reh, (7) 





| 
5 io is J 
wiiN UNITS OF p )——> 
hic. 4, The functions Re[Ag/(ga(w))] obtained with f?=0.08 
and a cutoff P=7, shown as solid curves. The solid circles at 
w=1, 4, and 7 are the values obtained for Rehg(w) by Eq. (1), 
using |[Ag/(wgq(w))}|* for |hq(w)|? to evaluate the integrals. 
The contributions from the very high energy resonance in the 
(1,1) state are included 


satisfy the equation 


4ni ++ 4r3=0, (15) 


which follows from the crossing condition; however, 
the values of 7,’ must automatically satisfy Eq. (15). 
If it is assumed that 7; and 7; are correct, then Eq. (15) 
LIVES Te 0.304, which agrees with 12’ to within 5%. 

The values of the functions Re[A,/(wga(w))] and 
Reh,(w) are also compared at w= 1, 4, and 7. In Fig. 4 
the solid curves are the functions Re[A,/(wga(w)) | and 
the solid circles are the values of Reha(w). All the points, 
except the one labeled Re/,(7), lie close to the appro- 
priate curve. In Table II the contributions to Reh,(w) 
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Fic. 5. The functions Rega(w) are shown as curved solid lines 
The straight solid lines shown for positive w are the effective 
range plots, 1—wrg. The functions for negative w are obtained 
from Eq. (6a). The dashed straight line is the linear plot 1 
with wo = 2.16. 


™ (w/wo) 


are labeled A, Born term; B, integration range; and C, 
very high energy. At w=1 the Born term is the single 
largest contribution in each state; however, the other 
terms must be included to give the close quantitative 
agreement that is obtained. 

At w=4 and w=7 the Born term, A, is of the same 
order of magnitude as B, but of opposite sign in each 
case. This cancellation between A and B further 
enhances the relative importance of the very high 
energy term, C. The continued close agreement in the 
(3,3) state, which at w=7 represents the almost com- 
plete cancellation of the three terms, each of much 
greater magnitude than the result, is strong confirma- 
tion that in this state the contribution from the inte- 
gration range is given with considerable accuracy, and 
also that the very high energy contribution is rather 
well given. 

The percentage difference is greatest in the (1,1) 
state at w=7. However, this is seen to be due to the 
importance of the very high energy contribution in this 
state, which is almost constant at these energies, and 
which accounts for the approximately energy-independ- 
ent difference in this state, as given in the last column 
of Table II. The difference is ~ 20% of the very high 
energy contribution. A 10% increase of A Reha(w) 
would give improved agreement in the (1,1) and (3,3) 
states; however, at this point the remaining differences 
are of the same order as the a=2 state contributions, 
and further refinement would require a better solution 
than is now available. 


6. LOW-ENERGY BEHAVIOR OF THE SOLUTION 
OF THE ONE-MESON APPROXIMATION 


The solutions obtained for values of f? in the range 
0.08-0.10 and for f?P~0.6 are characterized by a 
resonance 633(wo), where wo is in the neighborhood of 
2.16. For the (3,3) state, the energy dependence of 
Reg;(w) is reasonably approximated by the linear 
expression suggested by Chew and Low, 


342 ( 


w 
Reg;(w) Az - Cotd33(w)~ 1—- ” (16) 


Ww Wo 


TABLE I. The effective ranges rq obtained from Eq. (9c) are 
compared with those, ra’, from Eq. (4d) in the second, third, and 
fourth columns. The remaining four columns show the importance, 
in calculating rq’, of including contributions other than that of the 
(3,3) state resonance region. We write rq’ =%q+Vat 2a: Xa is the 
contribution from the (3,3) state in the range 1<w’<3.5, yq con 
tains all other contributions from the range 1<w’<15], and zg 
is the contribution from the very high energy resonance in the 
(1,1) state at w’=w,. The ratio (v¥g+2Za)/%q is small in the a=2 
state because of the cancellation between y2 and 2». 


Differ 
la la ence Xa Ya La 
—0.063 
+0,052 
+0.052 


—0.063 
—0.079 
+-0.083 


—0.292 
0.292 
+-0.365 


—0.439 
0.210 
+0.515 


—0.418 4.9% 
—O.319 41% 
+0.500 3% 
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in the range 1<w<wo. This is shown by the dashed 
straight line in Fig. 5 for the particular function under 
discussion, that of Fig. 2. 

The experimental points’:* shown in Fig. 6(a) are in 
very close agreement, for pion laboratory energies up 
to 170 Mev, with an energy dependence given by 


(p*/w*) cotds3(w*) = 9.00—4.17w*+ (0.38—0.21w*), (17) 


where w* is the total pion energy plus the nucleon 


kinetic energy, in the center-of-mass system. In the 
no-recoil limit, w*—w. If the linear approximation of 
Eq. (16) is then fitted to the experimental! values, with 
v*(p) taken as 1, the minimum and maximum values 
obtained for f? are 0.080 (with wo=2.14) and 0.087 
(with wo= 2.17). 

From Fig. 5 it is seen that Reg;(w) deviates from 
linear energy dependence in that d*[Regs(w) | dw’ is 
positive above the threshold, w=1. This behavior is 
typical of the class of solutions under discussion. 
Comparison of the experimentally determined values 
of (p*/w*) coté;;(w*) with the function (1/A3) Regs(w) is 
shown in Fig. 6(a) for two coupling constants, f?=0.08 
(with P=7) and f?=0.10 (with P=6), with w taken 
equal to w*. Of the two values, the f?=0.08 curve is in 
better agreement with the experimental points. A best- 
fit determination of the parameter values has not been 
made, but it is apparent that better agreement up to 
170-Mev pion lab energy ‘is obtained for a coupling 
constant smaller than 0.08. The Chew-Low plot thus 
gives larger values of f* than is obtained for a best fit 
solution of the (3,3)-state data up to 170 Mev. 

The experimental point at 220 Mev is seen to lie 
below the theoretical curve. In general, as the energy 
increases beyond wo the function (1/A 5) Regs(w) lies 
increasingly above the straight line of Eq. (17), whereas 
the experimental points fall below it. The theoretical 


TaBLeE II. Comparison of the function Re[Aq/(wga(w))] and 
the functions Rehg(w) obtained from them by a single iteration 
of Eq. (1). In each state at each of the energies better agreement 
is obtained with the inclusion of the very high energy contribution, 
C, than without it, and in almost every case the magnitude of C 
is much larger than the remaining difference 


Real 

Very part of 
high [Aa ence 
nergy Rehalw (wkalw))) A+B 

( A+B+( D +C —~D 


Inte Differ 
gration 


range 
B 


Born 
term 


A 


0.2133 
~0.0533 
0.1067 


0.0582 
0.0150 
0.0904 


0.0136 
0.0027 
0.0053 


0.1415 
~0.0410 
0.2024 


0.1383 
0.0439 
0.2032 


0.0032 
0.0029 
0.0008 


0.0117 
0.0075 
0.0038 


0.0020 
0.0005 
0.0002 


0.0137 
0.0070 
0.0040 


0.0533 
~O.0O13S 
0.0267 


0.0257 
0.0089 
0.0359 


0.0139 
0.0026 
0.0052 


0.0049 
0.0048 
0.0021 


0.0006 
0.0040 
0.0027 


~0.0044 
0 0008 
0.0006 


0.0305 
~—0.0076 
0.0152 


0.01243 
0.0053 
0.0182 


0.01443 
0.0025 
0.0051 


7 These values are taken from J. Orear, Nuovo cimento 4, 856 
(1956) 

*G. Puppi, Proceedings of the Sixth Annual Rochester Conference 
on High-Energy Nuclear Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956), Sec. L., p. 18 
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Fic. 6. The functions (1/Ag) Rega(w) are shown as curved solid 
lines, plotted with w taken equal to w*. The experimental points 
shown in Fig. 6(a) are taken from Orear,’ and those in Fig, 6(¢) 
from G. Puppi.* 


curve of Fig. 6(a) indicates the broad resonance at 
533(wo) which is characteristic Of static theory calcu 
lations,’ in contrast to the narrow resonance determined 
experimentally. 

The other p-wave phase shifts are not known well 
enough for a detailed comparison to be made, but they 
should be small in the range 1<wSwy.""° The points 
(p*/w*) cotés:(w*) obtained with Puppi’s values* of 
6y;(w*) are shown in Fig. 6(c), without the quoted 
errors. ‘They are not inconsistent with the curve 
(1/A2) Rego(w) for f*=0.08 in view of the extreme 
uncertainties attached to them. The theoretical values 
of 6,; and 6, shown in Figs. 6(b) and 6(c) are obtained 


9G. Chew, Phys. Rev. 95, 285 (1954); F. Salzman and J. N 
Snyder, Phys. Rev. 95, 286 (1954) ; Friedman, Lee, and Christian, 
Phys. Rev. 100, 1494 (1955) 

OH. L. Anderson Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Nuclear Physics, 1956 (Interscience 
‘Publishers, Inc., New York, 1956), Sec. I,.p. 20. From the formula 
given here, 6, (170 Mev) = —3.3°. A more recent fit to the pion 
proton scattering data (private communication from Protessor 
Anderson) by Metropolis and Anderson using an energy depend 
ence of the Chew-Low type for the p waves also leads to small 
5;, and 6,;(=4,;) in the range 1<wSwo, e.g., 61: (170 Mev) =3.1° 
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from the equation, 


(p* w*) cotba(w*) = (1/Aq) Rega(w), 

with w taken equal to w*. The value —9.8° for 6;,(170 

Mev) appears to be of too large magnitude, but may 

fall within experimental limits.’°"' Decreasing the value 

of f* reduces the magnitudes of the small phase shifts. 
The effective range approximation suggested for low 

energies by Chew and Low is expressed by 

(18) 


Rega(w)~1—wra, 


where r, is defined by Eq. (9c). The effective range 
curves for the /?=0.08 solution are the solid straight 
lines shown in Fig. 5. Because the effective-range curve 
for the (1,1) state differs appreciably from Reg;(w), the 
slopes in the physical region will not in general satisfy 
Eq. (15). 

Equation (18) is obtained from Eq. (7) by com 
pletely neglecting w in the integrals. An approximation 
that does not entirely ignore w in the integrals is given 
by Chew.® It is based on the observation that the 
complete ga equation, including inelastic 
may be written 


processes, 


falz)=1 


Z 7* 1 j Img, (w’) 
a(S) J dus’ 
"4 , ao 
Tv i Ww WwW z 


where in addition to the three effective ranges, ra, there 
are three other constants, P., which are also to be 
determined from the experimental plots. The factor 
1/w in the integrand of £,(z) insures that the im- 
portant contributions to the integral come from low 
values of w’, where the cross section is principally 
elastic. Then Img,(+-w’) are approximated by the 
expressions given in Eqs. (9b), which are exact in the 
range 1<w’ <2. Further approximations, also based on 
the presence of the 1/w” factor, are the replacement of 
Hw’) by H,(0)=H,.° > Basdg and of v?(p’) by 1. 


‘These substitutions give 


Imga' 


w’ t Z 


4 


The validity of this approximation depends on H,(w’) 
being close to H7,° for low values of w’. For the solution 
obtained we find that 1/;(w’) is a sharply peaked func- 
tion in the region 1<w’<2, as is indicated in Fig. 5 
by the nonlinear behavior of Reg;(w) for w in the 
neighborhood of 1.5. Also /,° af? da, 
the /.(w’) obtained in the solution has the same sign 


whereas 


as A, and is of comparable magnitude. 


' Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 
(1956) give 6:(170 Mev) =0°. H. Anderson and M. Glicksman, 
Phys. Rev. 100, 268 (1955) give 6::(165 Mev) = — 10.6 
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7. LOW-ENERGY BEHAVIOR WITH 
INELASTIC PROCESSES 


In Sec. 5 it was shown that improved agreement 
between Re[Aa/(wga(w)) | and Reha(w) is achieved by 
inclusion of the very high energy contribution. One 
may still question whether this contribution, and in 
fact the entire contribution to the integrals from the 
energy range beyond the cutoff, is not just a feature of 
this particular solution. To show that this is a property 
of the static model for parameter values f?~0.08 and 
P~7, it is convenient to write the equation for the 
(1,1) state as follows: 


Reh,(w) =X (w) + V(w)+Z(w), 


A, 16 1 3.6 a3" (w’) 
X (w) 


+ - f duy'— ; 
9 47’ J, pv" (p’) (w’+w) 


a1" (w’) 


1 mT 
V(w)=P f dos 
4’ J; pv” (p’) (w’ —w) 
1 1 May" (w’) — 8027 (w’) 
| J du’ : 
9 49’ J; pv? (p’) (w’+w) 


16 1 i 37 
+ J dus’ , 
4’ Js 5 pv (p’) (w’ tw) 


5 


é a1" (w") 


1 
Z(w) J du’ 
4r’ 11 p'v"(p’) (w’ ne w) 


ig * 94" (w’) —8a27 (w’) + 16037 (w’) 
f du! 
i 


4 

9 47” p'?(p’) (w!+ w) 
where a,’ is the total cross section, inelastic included, 
for scattering in the a state and P means the principal 
value of the integral. In the elastic region, 


Ca* = Cat = (4 /p’) sin’ a(w), 


and ha(w) is given by Eq. (3). X(w) consists of the 
Born term and the contribution of the (3,3)-state 
resonance. Y (w) consists of the other contributions that 
may be expected in the static theory, and Z(w) consists 
of all higher energy contributions. : 

In general, 47 = Noa’, where V.>1. The following 
inequalities are then obtained from the unitarity 
condition: 

Oa? (w) 1 

Im/a(w) < . (20a) 
dr pr?(p) Nap'v®(p) 
1 1 


| Reha(w)| < (20b) 


2 Nap'v?(p) 


The maximum cross section occurs for purely elastic, 
resonant scattering. 

In order to satisfy Eq. (20b) it is necessary for the 
large negative \,/w term to be largely canceled by the 
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positive terms in Eq. (19). The following qualitative 
argument shows that the amount of this cancellation 
from Z(w) attains a near minimum, and non-negligible 
value in the numerical solution. 

First, the (3,3)-state resonance integral in X(w) is 
well approximated by 


0.070 


sin*533(w’) 


1 3.5 
f dw = : 
rd, PP(P)(w'+w) 2.0-+u 


(21) 


where 633(w’)~90° for w’ in the range 2.1 to 3.5, 


Equation (19) may then be written as 
0.213 
Reh, (w) | = + 


w 2.0+w 


0.124 


+V(w)+Z(w)}, (22) 


where /? is taken as 0.08. From Eqs. (20b) and (22) it 
follows, since N,>1, that 


V(w)+Z(w) 20.018 for 2.8<w0<5.0. (23) 


Second, consider the contributions to VY (w). There is a 
broad resonance in /,(w’) in the range 5.5<w’<9. The 
resonance in h;(w’) continues up to w’~7, and the 
negative ho(w’) term in V(w) is negligible. The only 
other significant contribution possible to Y(w) is from 
the range w’<5 in the principal-value (P.V.) integral. 
However, any appreciable change in the energy de- 
pendence of /,(w’) in this range requires a larger Z(w) 
in order to maintain inequality (23). To see this, we 
note that V(w)+Z(w) is very close to the minimum 
allowed by Eq. (23) for most of the interval, and 
Z(w)~0.014. This value of Z(w) requires that the P.V. 
integral be positive up to w~5, even with the maximum 
allowed values for the other terms in Y (w). 

Any decrease in Z(w) must be compensated for by an 
increase in the P.V. integral. Since the integrand of this 
integral is close to its maximum value for w’25, an 
increase in the P.V. integral at w~5 requires that the 
integrand be smaller in the range 1<w’<5. However, 
this in turn implies a decrease in the P.V. integral at 
w~1, that is, less cancellation of A;/w in the neighbor- 
hood of threshold, and consequently a larger magnitude 
for 6::(w) in this region. Since even with 6,,(1.75) only 
-9.5° the integrand is about as large as it gets for any 
w’, an increase of |5;;(w’)| in this region would increase 
the integrand there, and decrease the P.V. integral at 
w=5, which contradicts the original premise. Z(w) then 
cannot be decreased everywhere, in particular at w~5S, 
where its value, 0.014, is of the same magnitude as that 
of the (3,3) resonance term, 0.018. 

From Eqs. (19), (20b), and (22) it follows that an 
increase of either f? or v?(p) strengthens inequality (23), 
assuming the (3,3) resonance term remains unchanged, 
and in this case Z(w) must be even larger than found 
above. However, it has been conjectured that the 
solution of the complete Low equation requires a 
smaller cutoff to give the (3,3) state resonance than is 
needed in the one-meson approximation. In this case 


PION-NUCLEON SCATTERING 1627 
it appears that the combined effect of Vqv*(p) in in 
equalities (20a) and (20b) may give inequality (23) as 
strong as the one-meson approximation with the larger 
cutoff. 

It is of interest to note that the phenomenological 
approach, in which it is assumed that 


3.5 a7 (w’) . a1) (w’) 

w'p'v(p’) J, — w'p'v*(p’) 
is not in agreement with the results obtained here, 
where the (1,1) state integral amounts to 54% of the 
(3,3) state resonance integral. The importance of in- 
cluding contributions other than that of the (3,3) state 
resonance in a calculation of the effective ranges is 
shown in Table I, where the other contributions from 
the integration range are labeled y,, and the contri 
butions from the very high-energy resonance, 61;(wa), 
are labelled z,. It is seen that vq and 2, non 
negligible compared to the (3,3) state resonance con 
tribution, and must be included for the close agreement 


are 


between r,’ and fq. 
In calculating the 
nucleons, integrals similar to these occur. Inclusion of 


electromagnetic properties of 
the (1,1) state contribution increases the isotopic vector 
part of the anomalous magnetic moment. Its inclusion 
enhances the already too large isotopic scalar part of 
the anomalous moment, and the charge density. Such 
contributions are extremely unreliable in the static 
theory because they come from energies at which 
nucleon recoil, higher partial waves, and other inter 
actions are important. 


8. RELATIVISTIC CONTRIBUTIONS 


Asa first approximation of recoil effects on the p-wave 
phase shifts, we consider the p-wave part of the expan 
sion in powers of 1/M of the relativistic dispersion 
relations for pion-nucleon scattering,® where 1/M is 
the ratio of pion to nucleon mass. The appropriate 
linear combinations of these equations for real values 


iw | 1 1 
i) do’ } Imha(w’) f 
T | w’ Z M 


w of z, are 


ha(z) bait 


Imhg(w’) 
1a ,. (24) 
w’ Z 


where 2—w-+-ie for w>1, w and p are the total energy 
minus the nucleon rest energy and the pion momentum 
respectively, in the center of mass, and terms up to 
order 1/M are included. In the elastic region, 


ha(w) exp iba(w) | sind. (w) p’ 


In the limit 1/M->0, Eq static 
theory equation except for the absence of a cutoff 
factor. This rules out the possibility of very high-energy 


(24) reduces to the 
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contributions of the kind discussed in Sec. 4, and also 
acts to reduce generally the contributions of the high- 
energy parts of the integrals. 

To determine the extent to which the recoil terms 
can replace very high-energy contributions in the (1,1) 
state equation, we write in analogy to Eq. (19) 


Reh; (w) = X,(w)+,(w), 


Ay 3f? 16 1 3.5 0337 (w’) 
X,(w) + + J dus 
w M 9 4; p(w’ +w) 
The (3,3) resonance integral is evaluated using Ander- 


son’s! values for 633(w) up to w=2.7 and the value of 
a’ (xt ,p) given by Piccioni,” from 2.7 to 3.5. The result, 


| 
4r’ 1 


is very close to the result found from the static theory 
solution, Eq. (21). Equation (26) may then be written, 
for f?=0.08, as 


(26) 


bad o43" (w’) (0),.068 


dus! ’ 
p(w’ +-w) 2.0+w 


0.213 0.122 
+-0.036-4 +%,(w). 


w 2.0+wW 


Reh, (w) (27) 


The constant recoil term is about 90% of the (3,3) 
"(). Piccioni, Proceedings of the Sixth Annual Rochester Con 


ference on High-Energy Nuclear Physics, 1956 (Interscience 
Publishers, Inc., New York, 1956), Sec. IV, p. 8 
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resonance contribution at w=1, and is larger than the 
sum Y(1)+Z(1) of Eq. (22), which in the static theory 
corresponds to X,(1). 

In this case the inequality | Reh,(w)|<1/(2p*) is 
satisfied by Eq. (27) with ¥,(w) set equal to zero up to 
w~5, but for higher energies X¥,(w) must be negative. 
To illustrate the importance of the recoil term, we note 
that even if ¥,(w) is taken equal to zero in Eq, (27), 
one obtains 6;;(2) = —8.5°, which is of smaller magni- 
tude than given by the static theory. It is also found 
that in the (3,3)-state equation, the recoil term more 
than replaces the very high energy contribution of the 
static theory. 
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Relativistic dispersion relations derived by Chew et al. are used to study the energy dependence of the 
S-wave phase shifts in low-energy meson-nucleon scattering. We carry out an S- and P-wave analysis and 
an S-, P-, and D-wave analysis under the assumption that the (3,3) resonance dominates the dispersion 
integral. Taking more accurately into account the recoil effects of the nucleon improves the agreement of 
the energy dependence of the S-wave phase shifts with experiment. The P-wave scattering lengths are 


determined numerically. 


I, INTRODUCTION 


ELATIVISTIC dispersion relations have been 

very successful in analyzing meson-nucleon scat- 
tering data and determining the P-wave renormalized 
pseudovector coupling constant.!:? 

The dispersion relations have been used by Oehme’ 
to obtain S-wave equations in the static limit; and 
Salam‘ has obtained them morégenerally. These S- 
wave equations in the static limit have been treated 
by Goldberger® and discussed further by Orear.* The 
results are in good agreement with the experimental 
data. 

On the other hand, all attempts to derive the S-wave 
scattering lengths have failed. One can obtain a;—a, 
but not the combination a;+ 2a; so one of the scattering 
lengths must be specified. It has been suggested that 
this difficulty results from the existence of an additional 
constant A, the coupling constant for the renormaliza- 
tion of the meson-meson interaction, which drops out 
when one carries out a subtraction in the dispersion 
relations to make them meaningful. 

Further, Chew et al.”.* have used dispersion relations 
to examine the conclusions of the static P-wave theory, 
and have obtained equations for low-energy S-, P-, and 
D-wave meson-nucleon scattering, under the assump- 
tion that the (3,3) resonance dominates the dispersion 
integrals. In view of the interest in the behavior of 
S waves, it is certainly worthwhile to study further 
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what the dispersion relations say about the energy 
dependence of the S-wave phase shift. The new deriva- 
tion by Chew ef al. provides a convenient framework 
for this purpose. 

The energy dependence of the S-wave phase shifts 
is obtained in Sec. II, by eliminating the P waves from 
the left-hand side of the dispersion relations and per- 
forming one subtraction from this S-wave equation. 
A comparison is made with the case in which both the 
P and D waves are eliminated, thus obtaining the 
effects of the D waves on the S waves. The procedure 
is to expand the S-wave equation in powers of 1/m 
and assume that the (3,3) resonance dominates the 
dispersion integral. In other words, the equations for 
sin26, (corresponding to total isotopic spin 4) and sin26, 
(total isotopic spin }) are expressed in terms of various 
integrals over the phase shift 43 (total isotopic spin 3, 
total angular momentum 4). The numerical results, 
obtained on the assumption that a;=0.16 and ay 
== —().11 for the S-wave scattering lengths, are given 
in Sec. III, The P-wave scattering lengths are expressed 
in terms of these integrals and numerical results are 


given in Sec. IV. 


II. ENERGY DEPENDENCE OF S-WAVE 
PHASE SHIFTS 


Let K 
transfer, g,; and gz being the four-vector momenta of 
the incident and outgoing meson, respectively. The 
energy vz, of the incident meson in the laboratory sys- 
tem, expressed in terms of the mass m of the nucleon 
and the total energy W or the total c.m. energy w 
=W—m is 


(qi-q2)/2 be one-half of the momentum 


vi= (W*—m'?—1)/2m, (1) 


v_=wL1+ (w?—1)/2mw |, 
where 
w™(1+-4?)'+q?/2m. (3) 


The T matrix for meson-nucleon scattering wag 
written by Chew et al.* as 


Tpa= — {5paA™+4[ 18,72 ]A™} 
+ hiv: (qitg2) (bpaB+4[ 74,70 BOY, 
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where a and @ designate the isotopic spin indices of the 
initial and final meson states. The dispersion relations 
of the amplitudes A‘*’ and B'*’, expressed in terms of 
K* and v,, are 


pP s 
ReA‘*) (y,,K*) f dv,’ ImA “*? (v,',K*) 
1 


T 


and 


ReB (y,,K*) 


: ) 
Im—vy, km+v,—2K?/m 


P Z 
J dv,’ ImB“ (y,',K*) 
Wwe) 


1 1 
x( f ) (6) 
vp —vy vy +v,—2K?/m 


Here P stands for the principal value and g,?/16mm’ 
g’/4m’?= f*, where f* is the renormalized pseudovector 
coupling constant. 
The familiar scattering amplitudes fi, in states of 
orbital angular momentum / and total angular mo- 
mentum /+4, are related to the amplitudes A and B 


by the relations’: 
fi=Js Ivy { 3fpy( 1 2K? q’) 
{ j fos 15(1—2K? g')? 


k+m A+(W—m)B 


I 
t 


—km+v, — m( 


The amplitudes A 


A) = (AW424W)/3, 
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and 


fo=fry— fry+3(1—2K*/@?) (foy— fy) 
E+m E-m —A+(W+m)B 
2W E+W 4g 


fig =e" (sind),)/q. (9) 


EF. is the total energy of the nucleon and gq is the mo- 
mentum of the meson in the c.m. system. The partial! 
waves up to D waves have been included. 
Differentiating (7) and (8) with respect to K?, setting 
K*=0, and taking a suitable combination so as to 
eliminate all but the S waves on the left-hand side, 


leads to 


Ss=fthe hl’ +ith’ teh’. (10) 

The last two terms on the right-hand side of (10) 
give the effect of the D waves because if only S and P 
waves had been included in (7) and (8), then only the 
first two terms of (10) would have been obtained.* 

Next we substitute (7) and (8) into (10) and express 
fs™ in terms of A“, B@ and their derivatives with 
respect to K’, i.e., A’, B®’, Then 


[2W ‘(E+m) } Refs‘*) = {(A@ +-492A (+)’) 
+ (W—m) (B'*)+37? BO’) 
+ {ALA "+ (W—m) BH) 


-[— A+ (W+m) B/24m2)} (4a). (11) 


For a moment, only the first two terms on the right- 
hand side of (11) will be considered. Equation (11) 
may be written partly in terms of the total c.m. energy 
w=W—m: 


2 


q° ) 
sm+v,)* 


q gw 
ImA ‘+a ImB‘*) + ImB°*" ) 
) 


1 ( 
(1ma4 
J—yy é 


¢ gw 
ImA ‘*)’—w ImB‘ — ImB‘»’) 
) ) 


“ 


’—w ImB‘*)), (12) 


1 , yg 
+ f dv, (ImA 
4’ m(v," +- vy)? 


‘) etc., are expressible in terms of total isotopic spin as 


(AY—AW)/3, etc. 
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The effect of D waves on fs will be treated separately. The result which is obtained similarly is 


q gr 8w w 1 
D‘*)(q)= | +- |- - +(14 ) 
6m(4r)| 2m (—4m+y_,)° 2m/ (—4m+v,)" 


Dn 


dv,’ dv, 


1 1 
+ — J [ImA ‘*)’— (2m+w) ImB)"]+ f [ImA‘*"’+(2m+w) ImB?"] 
4mrd,  vp'—v; 4mr J, ‘ 


vy +YL 


4” dy,’ 1 (2m+w) 
+ J [tma‘e—w tmB"+ ImA “+ in| 


mJ, (vp'+v,)* 8m? 8m? 


8 7% dv,’ : 
t f [ImA“ w ImB}]. (14) 
rJ, m(vy'+vrz)3 


In the right-hand members of Eqs. (12) and (14), the (3,3) state is kept under the integral because the integral 
is assumed to be dominated by it. Hence 


1 W'+m W'—m 1 3 1 
- ImA‘®(0/)=(3 ~— - ) Imf;‘*?, ImB“) (y,‘) ( a ) Im/;‘*?, 
4a KE +m E!—m 4r E'+m  Kk'—m 


W’'-+-m —6 1 1 6 
ImA ‘+)’(pz’) Im/;‘*?, ImB™)’(y,’) Im/f;*, (15) 
4a E’+m q” 4ar E’+m q” 
where 


fs (+) = Bf ss, fs =— 4fss, Sas(q) 7 e'*83(sindss)/q. (16) 

Equations (1), (2), and (15) are then used to express all variables in Eqs. (12) and (14) in terms of w and w’, and 

the resulting equations are expanded in powers of 1/m. Since a subtraction will be carried out to make the equations 
meaningful, terms are "_- up to 1/m*. The result, which is obtained in a straightforward manner,’ is 


2W ‘w)?* »— 2/w)* 
inn fff ere-ebl" 
k-+m 2m rel 4m? am 1m? >on 3 


9 


7 (w—2/w) 3(w—2/w)? 2m ” du’ Imf;‘*? 
ma m 4m’? rv g” 


| 2w’ ow SS (w® 1) (— 9e"§ — 9" — 10 ’w? + 2 4-7’ — Sw) 
x E + 


4m’? Sm 
Ww’ ow) 6g?—11(w’—-1) = w [S(w’—1) —3¢"] 
4 f r - + + { 


m m 4m? m*(w’ +a) 2m? (w' +-w)?* 
1 
+ (- Quy’? +- 963% — 4’? + 8a? — Sw+w’ — 6w'¢’ + 14uq? 
Sm? 


2(5u*—9)(u*—1)—4(9u?—S)q?+2g' — 4ul7q?—B(w®—1) }(u*—-1) Bw 1)*) 7) 
| ; )| 


w’ +u (w’+w)? ‘ \ 


Writing the equations for fs‘+) and fs~ separately, using (16), leads to 


2W g fos 1 /¢ | 1 2\"? 4¢ 
Refs (q)=— -(¢ wt ie + [a (« ) (« )| 
E-+m 2m |" ) w w w 
1 2 3 6q’ \ . du’ I mf ss 
- gal+(o-<) - 3-5) Is 
&m* w "3 


q 
4w’ [16(w’—1)—697] w[5(w?—1) J } (w’—1)[2 (a? gq | 
x | 2+ - | t 
m 4m? m*(u' +-w) 2m? (w’ +w)? 
1 2 (Sw? — 9) (a? — 1) —4(90. 5)q’ { 2q' 
+ — 18'3— 14u’w? + 10w? + 8w’ — 10w bw’ ¢? + 14wWq*+ 
8m? w’ +w 
4u[ 7¢°—8(w?—1) }(w*—1) 8(w*— 1) 
I 
(w’+w)? (w’-+w)* 
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¢ 1 1 4 4¢ 2 1 2\' 67 2\? 
eed Ibe IT 
, P w &m' w w w 


w w 4m w w 


and 


2W gl 
Refs“) (q) | ( 
k-+m 2m\m 


2m p% du! Lnfss | 2w _ Le -#] of 5(u’—1)— 39] (w?—1)[2(w?—- 1) —¢?] 
f | J se 


bar q® | om 4m’ m? (w' +w) 2m? (w' +w)?* 


1 
+ 1 8w""w — 6w'w* — 6w* + 6w’ 4 bw’ g? _ 14wg’ 
&m* 
2(5w?— 9) (w*®— 1) — 4(9u? — 5)q? + 2¢4 ees | 8(w* —}}. 
_ (19) 


w’ +w (w’+w)? (w’+w)* 


As given, Eqs. (18) and (19) are probably meaningless because experimental data indicate that (5) is not valid. 
For this reason, one subtraction is made in Eqs. (18) and (19). The low-energy S-wave amplitude may be added 


under the integral in (18) and (19). If we insert the S-wave amplitude into the following combinations, their con- 


tributions to Eqs. (20) and (21) would be 


2(u* an dw’w’ Imfs“ 2w(w?*—1) 7” = dw’ Imfs~ 
a. ea 
1 1 (w?—w*)(w?—1) ra 1 (w"*—w*)(w"—1) 
respectively. However, these terms may be dropped, since their contributions to Eqs. (20) and (21) are small. 
Probably these S-wave terms could not be dropped if one subtraction had not been performed. One subtraction is 
carried out from (18) and (19) by forming the combinations 
2W m+1 "| 2m 2 
Refs‘? (q) Refs (0) -- (w*- 1—q’)+w’*— 3+ 
+m m ml w w 


2 2\* 64? 
)- det (2-3) 
w* 4m Ww 
8(w*—1) 5(w*—1) 2(w*—1) 
( ; s)he ( : stata) + ( ; 1)! —1)Lo(w) 
y’ y° a 
(5w?— 9) (w?— 1) 
Jets + ( ; —2(9w*?-- 5)4 ¢ lato 
q 


8(w*— 1) 4(w*—1)?(w’—1) 
( 7) date 1)Le(w)- ; Law|], (20) 
q q 


2 q’)- 2+ 


Refs? (0) 
ww 


m m 


1 “A. 
w dm w 
2q° (w* 1 )? 5 (uw 1 ) Mes— 1) 
t ( 2 a 1) et ( E ps +( : ~1) (ot 1)Male 
q i q 


3am 


1 (w*— 1) 3(w*—1) (Sw? — 9) (w?— 1) 
t ( 1) 3K + ( + i ate +( -2(948—5) +4) Lala) 
4m ¢ g 7 


8(w*— 1) 4(w*— 1)?(w?—1) 
( — 7) du? 1) Lala) — 14()|| (21) 
¢ 


w(m-+1) | og 2m 
-~ — (w” 


2 


qY 
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The integrals K and L,,(w) are defined as 


D 2 


K f du'w’ sin*b33/q", La(w) J dw’ sin*633/q3(w’ +w)". (22) 


1 1 


The quantity g?/4m? was replaced by f? in Eqs. (20) and (21), where it is not accurate, since our expansion was 
carried to 1/m*. Because of the uncertainty in the value of /?, we are not concerned about the possibly small 
corrections. 

With the aid of (13), the equations for sin26, and sin26; of the phase shifts d., (J = isotopic spin) may be obtained 
from the combinations (20)+2(21) and (20)— (21) respectively: 
m+w m+ | 2m 


sin26, [ a1+ 243+ 2w(a;— az) ]+f? (w?— 1—g") 
3 | wW 


2 1 2\* 67° 2\? 
) t (3a? 4) (« ) + (« = ) | 
w” 4mi : w wW wW 
11(w*—1) 5(w?— 1) 2(w*—1) 
( 6) bot ( 3 )dela(a)4 ( 1) 1)2Lo(w) 
y’ y y 


2(w?— 1) 4(w*—1) (Sw*—9) (w*— 1) 
t 3)K + ( { 7 ior ( 2(9w*—5)-4 ¢) Lae) 
y gy g 


1 )Lo(w) 


and 


m+w m1 | 4m 
sin26; = [ay +- 2a -w(ay — 3) ] + bie (w?—1- q’) 


2q 3 w 


4 2 1 2\* 67° 2h" 
—w+5— + se (1 - ); w+ (.- ) — (« ) | 
w w 2m w w w 
2¢° 13(w*—1) 5(w*—1) 2(w?—1) 
+ -( - 3) et ( 3)tale) { ( 1) 1) 41 o(w) 
3 ¥ gy’ y 
1 17(w?—1) (w*—1) (5w?— 9) (w?~ 1) 
+ |-( +3)K ( 1 felt ( 2(9u?—$)-4 (data) 
4m 7 vi g 


8(w*— 1) 4(w’?— 1)?(w’?— 1) | 
( , 7) dalat 1) L2(w) Lato) (24) 
g q 


The approximation 2W/(E+-m)~(m-+-w)/m was made on the left-hand sides of Eqs. (20) and (21), and the equa 


tions were multiplied by m. 
The effects of D waves on the phase shifts 6; and 6, will now be computed. A reduction of (14) to order 1/m’, 
similar to that carried out for (12), yields 


q' 14/7. 10 ¢* dw’ Imf,‘*? iff 44 2 r” du’ Imf; 
D(q)= f | [ t (23. ) { [ 
6m| w ws, g?(w'+w)? miu" w mJ, g'*(w'+w) 


20w 7% dw’ Imf,'*? 28(u?—1) 7” dw’ Imf;‘*? | 
- | | f (25) 

wv, q’? (w" tu)? T 1 q’? (a tw)! | 
The terms that are to be added to the right-hand sides of Eqs. (23) and (24) when D waves are taken into account 


are, respectively, 
D,=m(D%+2D@™) and Ds=m(D%—D~’), 
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Thus 
| 14/? 4) 


4 f° 
D;(q) L(w) + |- . (230 
6 | w* bn m 4u;* 


D;(q) 


6 | ws" bar mi w* 
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44) 2 20 28(w*—1 
-)+ —L1(w) — xen —Lo(w) + 


gt) —28/? 10 1f2/? 
Lo(w)+ - 23w—- — 
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) 
tats), (26) 
3x 3x 3m 


2 20w 
psec’ 
3 


on 


28(w*?— 1) 
L2(w)+ Lat) . (27) 
3 


The essential results are contained in Eqs. (23) and (24) used in conjunction with (26) and (27). Equations (23) 
and (24) give the energy dependence of 6, and 6; only when S and P waves are considered (SP analysis). When we 
add Eqs. (26) and (27) to the right-hand side of Eqs. (23) and (24) respectively, we have also taken into account 


the effects of the D waves (SPD analysis). 


III. NUMERICAL EVALUATION OF ENERGY 
DEPENDENCE 


The Eqs. (23) and (24), which give the energy de- 
pendence of sin26, and sin26, respectively, contain the 
constants da), ad; and f*, and also K and L,(w) which 
are integrals over the 6,; phase shift. The values of 
a,=016 and a, 0.11 are assumed for the S-wave 
scattering lengths.* The integrals L, and K that appear 
in Eqs. (23) and (24) are evaluated numerically up to 
1 Bev. Up to 400 Mev, 4; is found by Anderson’s 
expression,’ 

0.23384! 
tandss , (28) 
(14-0.77¢")[1.9427 — (14-q")*] 


and between 400 Mev and 1 Bev by the Chew-Low 


expression,'” 
29) 
2.22 


The integrands are smoothly varying functions without 


COtb as 


poles and can be approximated by a sequence of straight 
lines. Near resonance, the integration is performed in 
steps of 25 Mev in laboratory kinetic energy, and in 
steps of 50 Mev between 400 Mev and 1 Bev. The 


sP 


SPO 


Fic. 1, Dependence of 6; and 6, phase shift on pion momentum SP 
(S and P wave analysis) SPD (S, P, and D wave analysis) 


*H. L. Anderson, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956) 

” The Chew plot is shown in Fig. 1 of the discussion of refer 
enee 4 


—_ 


values of these integrals are not very sensitive to the 
values taken for daa. 

Integration up to only 1 Bev is not quite adequate 
for the integral K, because of the contribution from the 
high-energy tail of the integrand which does not be- 
come sufficiently small relative to that near resonance. 
We thus expect that the value obtained, K=0.644, 
may be too small by a factor of about 1.2 in which case 
the magnitude of the value found at g=2 for the phase 
shift 6, should be decreased by about one degree and 
that of 6, should be increased by that amount. 

The value of /*, the renormalized coupling constant, 
was not chosen arbitrarily but was determined in the 
following way. In the limit g— 0, Eq. (19) yields, to 
order 1/m, 


(a,—a3)/3=2f?—41.o/3m. (30) 


As evaluated by Eq. (22), Lo=0.259. When this value 
and the assumed values of a; and a; are substituted in 
(30), it is found that {?=0.1. In this way the value of 
f? used is consistent to order 1/m both with the S-wave 
scattering lengths a, and a; and also with the integral 
Ly obtained assuming the dominance of the (3,3) 
state. It is remarked that Goldberger et al.!' obtained 
a,—4;=0.27, for {?=0.08 using the more exact form, 
i.e., total cross sections for the second term on the 
right-hand side of (30). This comparison gives some 
indication of the error introduced by assuming the 
dominance of the (3,3) resonance and by integrating 
only up to 1 Bev. 

The SP analysis, using (3) and evaluating sin26, and 
sin26; by Eqs. (23) and (24) was carried out at the six 
points g=0, 0.5, 1.0, 1.5, 1.8 and 2.0. Next the SPD 
analysis was obtained by evaluating sin26, and sin26, 
again with the inclusion of the D-wave terms from Eqs. 
(26) and (27) respectively. The S-wave phase shifts 6, 
and 6; are plotted against qg in Fig. 1. For comparison, 
Orear’s'® straight lines 6;=(9.1°)g and 6;= —(6.3°)q 
are also plotted. These straight lines give a reasonable 
fit to the experimental data up to g=2 when used with 
the value of the P phase shift 6;; given by Eq. (29), 
except for an inconsequential change in numerical co- 


4 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 
(1955). 

2]. Orear, Phys. Rev. 100, 288 (1955); Phys. Rev. 96, 176 
(1954). 
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efficients and with other P phase shifts set equal to 
zero. 
IV. P-WAVE SCATTERING LENGTHS 


In the previous section, integrals over phase shifts 
were used as tools to study the behavior of the S-wave 
phase shifts. These integrals can be used to obtain the 
P-wave scattering lengths a2;,2,, where J is total iso- 
topic spin and J is total angular momentum, if the 
dominance of the (3,3) resonance is assumed. 

When the S and D waves are eliminated from (7) 
and (8), one finds® 


gh’ 


(32) 


rhe right-hand sides of (31) and (32) have been evalu- 
ated by Chew et al. In the limits as g— 0, Eqs. (31) 
and (32) become, to order 1/m,° 

fry (q) 2f? * day’ Im/3‘* 
lim 


a 2 


qq 


) 
4. + | (33) 
m  3(w'+1) 


and 


fev) fer) 
im 
qv 


1 1 
i) -— F | (34) 
Tw?) . w’ + 1 


Equations (33) and (34) give four relations among 
33, 431, 413 and 4,;. These four equations are next com- 
bined so as to obtain all but one P-wave scattering 
length on the left-hand side. A straightforward elimina- 
tion yields for ays, 431, 13, and a, the following relations: 


31> 13 


MESON-NUCLEON SCATTERING 


where 
Zz 


| daxw sin*5s3(q)/q*(w* — 1)-0.159, 
! 


f dw sin*533(q)/qe~0.259, 
1 


£ 


J dw $in*633(q) gw 1 )-~0.0786 


L,(1) 


The values of P, L,(1) and Lo were obtained as men 
tioned in Sec. III. When /?=0.1 and the values of P, 
L,(1) and Lo from Eq. (38) are substituted into Eqs. 
(35) to (37), the results are a33= 0.255, ag;= a1 0.055 
and a);;= —0.18. 


V. DISCUSSION OF RESULTS 


The equations for sin26, and sin26; were carried out 
to 1/m* because higher order terms, although small, 
can change the energy dependence slightly. Especially 
if Eqs. (23) and (24) are carried only to the lowest 
order, the results are unreliable” since they give magni- 
tudes of 6; and 6; that are much too large. If one takes 
more accurate account of the nucleon recoil by includ 
ing these higher order terms, the agreement of the 
energy dependence of the S-wave phase shift with ex 
periments is improved. 

The phase shift 4; is very well represented by Orear’s 
6:= (9.1°)g. When D waves are included, its magnitude 
increases slightly. The phase shift 63, on the other hand, 
deviates from linearity above g=0.5 increases 
slightly in magnitude. When D waves are included its 
magnitude increases even more strongly. The phase 
shift 6, is more sensitive to the inclusion of D waves 
than 6;. This change of 6, is disturbing because Mukhin 
et al.“ found that when the D waves were included in 
the analysis of data on meson-nucleon scattering, 


and 


Orear’s linear expression for 6, agrees with the experi 
mental data. It is not clear whether or not the dis- 
agreement with Mukhin ef al. is due to the assumption 
of the dominance of the (3,3) resonance. 

The energy dependence of the S-wave phase shifts 
will be slightly changed when the S waves and small 
P waves are included in Eq. (15). The change in the § 
phase shifts due to the inclusion of the D waves is of 
the same order of magnitude as the D phase shift 
bp (T= 4,7 


ever, the magnitude of the effect should not be taken 


§) at the corresponding energies. How 


too seriously, because of the approximations involved 


in the calculation. 


4Qn the right-hand side of (22) and (23), only the term with 
the scattering lengths and the first term of f? are taken 

4 Mukhin, Ozerov, Pontekorvo, Grigoriev, and Mitin, CERA 
Symposium on High-Energy Accelerators and Pion Physics 
(European Organization of Nuclear Research, Geneva, 1956 
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0,225 is reason- 
0.235 given by Orear'? as 
the one which fits the slope at low energies. The value 


The P-wave scattering length aj; 
ably close to the value a4, 


of a4, and ay, are small and negative as expected. How- 
ever, the value of a; is much too large. 

We estimated the changes that would occur if the 
value of /?=0.1 were reduced to {?=0.08. The magni- 
tudes of 6, and 6, both increase. The effect of D waves 
decreases in magnitude but still increases the magni- 
tudes of both 6; and 6;. The P-wave scattering lengths 
0.20, day 0).042, and ay,= —0.13, 


decrease to a4, a3 


TANAKA 


respectively. In other words, the qualitative behavior 
of the quantities above is unchanged. 

The present study indicates that relativistic disper- 
sion relations with the assumption of the dominance of 
the (3,3) resonance reproduces the experimental energy 
dependence of the S-wave phase shifts and the P-wave 
scattering lengths reasonably well. 
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The use of modified plane waves as initial- or final-state basis vectors in the calculation of transition 
amplitudes for scattering problems is justified in a general manner by time-dependent and time-independent 
methods. Expressions for the S matrix in terms of modified plane waves are derived for rearrangement col 
lisions. An equivalence theorem is obtained, by means of which the S matrix can be expressed in a variety of 


alternative forms 


I, INTRODUCTION 


N the quantum-mechanical calculation of transition 

amplitudes for scattering problems by means of 
modified plane waves, a question arises concerning the 
appropriate choice of continuum eigenfunctions for 
describing ultimately free particles. This question 
occurs already in the familiar case of ionization col- 
lisions where it is well known that the correct choice of 
modified plane wave for describing an ionized particle 
is the ingoing-wave continuum eigenfunction.! Another 
well-known example is scattering by two potentials 
where modified plane waves are used in order to take 
advantage of the fact that the wave function could be 
calculated exactly or to a good approximation if only 
one of the potentials were acting. Problems of this 
type have caused some difficulty in the past.’ 

An interesting physic al discussion of the reason for 
the occurrence of the ingoing-wave basis vectors for 
final states of unbound particles has been given by 
Breit and Bethe.’ The essential point is the fact that 
it is the ingoing-wave solutions which merge with plane 
wave solutions at the time /= + at which the meas- 
urement of the scattering is regarded as being made. 
An elegant formal derivation, without approximation 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

1N. F. Mott and H. S. W. Massey, The Theory of Atomic Col 
lisions (Oxford University Press, New York, 1949) 

* Bethe, Maximon, and Low, Phys. Rev. 91, 417 (1953) 

4. Breit and H. A. Bethe, Phys. Rev. 93, 888 (1954). This 
paper contains references to earlier treatments of particular cases. 


and encompassing the case of explicitly time-dependent 
interactions, has been given by Altshuler.‘ Altshuler’s 
treatment is applicable to ionization collisions, but not 
to scattering by two potentials, since he omits the term 
in the transition amplitude arising from the inhomo- 
geneous term of the integral equation for the scattering 
wave function. On the other hand, a treatment given 
by Park® is applicable to the example of scattering by 
two potentials, but not to ionization, since he starts 
from the matrix element for plane waves and assumes 
that eigenfunctions of the same free Hamiltonian 
describe both initial and final states. Three examples, 
including examples of the two types mentioned above, 
as well as the case of a pickup process, have been 
treated by Gell-Mann and Goldberger.® In each case 
Gell-Mann and Goldberger have recourse, for justi- 
fication of the expression for the transition rate for 
true plane waves from which they start, to a time- 
dependent theory which is unfortunately unnecessarily 
cumbersome and somewhat obscure from the physical 
point of view. No treatment has been given up to now 
which is applicable to general rearrangement collisions. 

The present paper aims to fill this gap and to provide 
a general justification of the use of modified plane 
waves on the basis of methods of the formal theory of 


4S. Altshuler, Nuovo cimento 3, 246 (1956). 

51). Park, Nuovo cimento 3, 979 (1956). See also the treatment 
of the case of scattering by two potentials given by B. A. Lipp- 
mann, Ann. Phys. 1, 113 (1957) 

6M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953). 
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scattering. In Secs. II and III we treat, by time- 
dependent and time-independent methods respectively, 
a class of problems which includes as special cases the 
examples of ionization and scattering by two potentials 
mentioned above. In Sec. IV we treat rearrangement 
collisions on a general basis and obtain new expressions 
for the S matrix in terms of modified plane waves. An 
equivalence theorem is obtained, which provides a 
large class of alternative expressions for the S matrix. 
It may be expected that this theorem will prove useful 
in applications since it provides a variety of alternative 
bases for the start of approximation calculations of 
scattering amplitudes. 

Concerning terminology and assumptions, we make 
the following remarks. ‘The S-matrix element for a 
given scattering process is determined by specifying 
the total Hamiltonian H, the total energy E, and the 
initial- and final-state basis vectors. By plane wave 
basis vector we mean a non-normalizable eigenfunction, 
of a self-adjoint operator K, such that all ultimately 
free particles are described by plane wave functions. 
The operator K is called a ‘free Hamiltonian.” If 
bound particles are present, the plane-wave basis 
vectors will also contain bound-state eigenfunctions, 
so that the free Hamiltonian in general contains 
interactions as well as kinetic energy operators. By 
“unperturbed Hamiltonian” we mean a self-adjoint 
operator Hy which may differ from the initial- or final 
state free Hamiltonian, or both, by including additional 
interactions such that some or ail of the plane-wave 
functions are replaced by asymptotically equivalent 
ingoing- or outgoing-wave continuum eigenfunctions. 
All interactions are assumed to vanish sufficiently 
strongly as the particles become infinitely distant from 
each other and from external regions of force. Eigen- 
functions of unperturbed Hamiltonians which cor 
respond to those of free Hamiltonians by having plane 
waves replaced by asymptotically equivalent ingoing 
or outgoing-wave continuum eigenfunctions are called 
“modified plane wave” basis vectors. We shall only be 
concerned with modified plane-wave basis vectors in 
which the continuum eigenfunctions are all of the same 
type, either ingoing or outgoing; basis vectors in which 
some of the continuum eigenfunctions are ingoing and 
some outgoing will not occur. The definition of (true) 
plane-wave basis vector employed here is, apart from 
modifications in the case of indistinguishab!e particles, 
the same as that adopted in a recent paper on multi- 


channel scattering theory by Ekstein.’? The treatment 


given here will be confined to distinguishable particles. 


II. TIME-DEPENDENT THEORY 


In this section we consider the case where the initial 
and final-state basis vectors are eigenfunctions of the 
same unperturbed Hamiltonian /». 

The time-dependent scattering wave function p(J) 


7H. Ekstein, Phys. Rev. 101, 880 (1956). 
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which develops out of the initial state vector x(¢) is 
given by the explicit formula 


wa 
y(t) x(4)+ | e tht OVy(r)d1 (1) 


! s 


and the total 
Hamiltonian 


Here units are chosen such that #=1, 
Hamiltonian H 
Hy=H 
The first term of Eq. (1) describes the time development 
of the initial state vector, representing a wave packet 


and the unperturbed 


V are time-independent self-adjoint operators 


of primary particles incident on the scattering system, 


as if the interaction V were absent. Thus 


x (1) = e7 4 ory (0), 


where x(O) must be chosen to describe the parth ular 
scattering situation envisaged, so that in particular it 
contains no admixture of purely bound eigenstates of 
the operator //o, if any exist. 
In order to prove Eq. (1), we that Vy(t) 
[H—i(d/dt) x(t), so that performing an integration 


note 


by parts, 


1 
[- A(t) Vy (r)dr 
1 t 


Hotoy (()), (3) 


Now if x(O) is a normalizable superposition of outgoing 


wave basis vectors xq", 


x (0) f c(a)xa'da, (4) 
we have® 


y(0) feovraa lime! Mg~ iMotoy (()) (5) 


Therefore we can take the limit as lo->— @ in Eq. (3), 
which gives Eq. (1) with P(Q=e “Y(O). It 
verified’ that W(t) satisfies the Schrédinger equation in 


can be 


the integral form 


1 t 
Vil=x(hH4 [« Hit V(r) d7 (6) 


t¢ s 


We compute the transition amplitude a,(t) which is 
defined as the projection of the scattering wave function 


*M.N. Hack, Phys. Rev. 96, 196 (1954), hy (15). The deri 
vation given in this paper can be generalized to the case of 
without difficulty. The relation of yat to 


he low 


modified plane waves 
Ka’ is given in Eq. (20 
® Substitution of the identity 
e-tH(t-1) ang 
into hq (1), intere hanging orders of integration with respect to 7 
and 7’, and making use of Eq. (1) itself, leads to Eq. (6). This 
identity can be proved by applying the operator i(d/dt) — Ho to 
the left 
so that since the identity clearly holds for t= 7 
theorem for 


Phe resulting expressions are equal 
it follows that it 
solutions of 


and right-hand sides 


holds in general by the 
differential equations 


UNI UCN ESS 
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y(t) onto the plane-wave basis vector 


oy (1) e iKtg, e Bolg, (7) 


where @» is an eigenstate of the final-state free Hamil- 
tonian K with eigenvalue £,. By Equations (2), (6), 
and (7) and in view of the self-adjointness of Ho, we 
have 


a(t) = (by (lL) WL) = (ee "yx (0)) 


1 t 
f (e-MoreMote-ikuty, Vy(r))dr. (8) 
te 


It can be shown (Appendix) that the limit as -+@ of 
a,(t) exists and has the value which is expected by 
virtue of the second of the symbolic relations 


lim etfotet#ulg, = y,*, (9) 


trt« 


Here, x,* are the outgoing- and ingoing-wave eigen- 
functions of 1» corresponding to @,. We thus obtain 


aul ®) = (x0 ,x(0)) if (xe (7), V(7))dr, (10) 


where 
Mor ikyr 


Xs (r) =e xX) é Xb. (11) 


Letting 
V(t) Boyt, (12) 


y that + 
r¢ Xa , 


x (4) 
we get for the S matrix 
Ea) (xe Vat). (13) 


The ingoing-wave basis vector x," is thus seen to appear 


Spa (xe Xat) — 2ni8 (Ey 


quite naturally and directly. 

An alternative form of these expressions is obtained 
by making use of Eq. (1) and carrying out a similar 
calculation. The relevant symbolic relation is the second 
of the pair 


lim ete iBotg, Wr*. (14) 
tu 


t 


We obtain the alternative equivalent forms of Eqs 
(10) and (13): 


ay(%)=(xn ,x(0)) if (We (7),Vx(7))dr, (15) 


and 


Sra (xe Xat) — 2915(Ey— Ea) (Wo Vxat). (16) 


Ill. TIME-INDEPENDENT THEORY 


In the present section we give the corresponding 
time-independent treatment for the case where the 
initial- and final-state basis vectors are eigenfunctions 
of the same unperturbed Hamiltonian Ho. In the fol- 
lowing section we remove this restriction in order to 
treat rearrangement collisions on a general basis. 

The outgoing- and ingoing-wave scattering eigen- 
functions ¥,* corresponding to the eigenfunctions x»* 
of the unperturbed Hamiltonian Ho are given by the 
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formulas” 
1 


—Vx0*, 
E,—H+1e 


Vor =xe*+ 
and satisfy the integral equations’: 


1 
rt =xnt+ V+. 
FEy,—Horte 


(18) 


Here and below, the limit as ¢ approaches zero through 
’ 

positive values is understood. We have also the eigen- 

value equations 


Hox? Hy,*= Ewy*. 


Substitution of the second of Eqs. (17) and the first of 
Eqs. (21), 


Esx,*, and (19) 


1 
EXe* tT s 7 Vxa" 
E.—H+ie 
1 
=Vqgt+ Vy, 
E,— Ho l€ 


(20) 


(21) 


into the fundamental formula” 


Oe sees (Wy, Wa ‘ ) 


for the S matrix gives 


1 
Ste - (x +- es -Vx» v.*) 
F,—H—ie 


. (X» Wat) ar ‘i (Vxe Wat) 


Ch Eatie 
Vat ) 


t (x0, Va") 
Ey— Eatic 


I 1 
(xm 5Xa") +( t . ) 
E.—Evtte Ev—Eatte 


XK (xe Vat), (23) 


1M. Gell-Mann and M. L. Goldberger, reference 6, Eqs. 
(4.7)-(4.9). Equations (17) and (18) differ from the usual ones 
in that the modified plane-wave basis vectors x,* appear instead 
of the plane-wave basis vector ¢». However, it was recognized by 
Gell-Mann and Goldberger that the plane-wave basis vectors and 
the modified plane-wave basis vectors lead to exactly the same 
scattering eigenfunctions, i.e., 


1 
(x Xa" + 
Ea— Hotte 


vat=or4+ ~(H— Es)or 


1 
‘ Ey -H tle 


- t l — + 
all Ey—-H+ i“ Es)xe*. 

“It may be necessary to introduce projection operators to 
split off purely bound states of Ho, if any exist at the energy Fp, 
in order that the resolvent operator be well defined. An argument 
similar to the one in the text can then be carried through and leads 
to the same result. 

"This important formula was first given by Gell-Mann and 
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Ste= (xb Xe" )— 2r16(E,— Eu) (x» Vybat ), (24) 


which is just Eq. (13). 

Similarly, by substitution of the first of Eqs. (20) 
and the second of Eqs. (18) into Eq. (22), we obtain 
Eq. (16) for the S matrix: 


Sra= (Xb Xat) — 2016 (Ey— Ea) (Wo yb , oy B (25) 


Alternatively, the equivalence of (24) and (25) can be 
seen directly by taking note of the reciprocity relation 


(Wo Vxat)=(xe Vat) (for E,= E,). 


In the case of scattering by two potentials, where the 
initial- and final-state free Hamiltonians are the same 
and Hy=K+U, the first term of (24) or (25) is just 
the expression for the S matrix as if only the potential 
U were acting, and we have 


(26) 


(xv ,Xat) =6(b— a) — 2915 (Ey — FE) (4, Uxat). (27) 


In the case of ionization we have, by virtue of the 
orthogonality of the bound and continuum states of 
the scattering system, 


(xo Xa’) =0. (28) 


IV. REARRANGEMENT COLLISIONS 


The difficulty encountered in treating rearrangement 
collisions is the fact that the initial- and final-state 
basis vectors are in general not eigenfunctions of the 
same unperturbed Hamiltonian H». However, an im- 
portant theorem has recently been obtained which can 
be used to overcome this difficulty."* In the concise 
formulation due to Lippmann,’ the theorem asserts 
that the outgoing- and ingoing-wave scattering eigen- 
functions given by Eqs. (20) and (21) also satisfy 
integral equations in terms of the resolvent of the 
unperturbed operator H,’ : 


1 
V'pat, (29) 
Hy! + ie 
where 
t+1¢ 
Aa*” Xe*, 
E,—Ho' +e 


(30) 


and 


Ho +V'=HotV=H. (31) 


Here Ho and Ho’ are the initial- and final-state un- 
perturbed Hamiltonians which differ from the initial- 


Goldberger, reference 6, Sec. III, Eq. (3.51). However, their 
derivation was not sufficiently general to encompass rearrange 
ment collisions, and no use was made of the result. The formula 
was used as a basis for the time-independent theory by M. N 
Hack, reference 8, and its applicability to rearrangement collisions 
was shown by H. Ekstein, reference 7 

48S. Altshuler, Phys. Rev. 91, 1167 (1953); 92, 1157 (1953); 
H. E. Moses, Phys. Rev. 91, 185 (1953); M. Gell-Mann and M. L 
Goldberger, reference 10; B. A. Lippmann, Phys. Rev. 102, 264 
(1956) 

4B. A. Lippmann, reference 13. We have stated the theorem 
here in the form appropriate to modified plane waves. 


PLANE 


WAVES 1639 


and final-state free Hamiltonians in the manner 
described in the introduction. With the help of this 
theorem, the treatment given in the preceding section 
can be extended to the present case where the initial 
and final-state unperturbed Hamiltonians are no longer 


the same. By substitution of the second of Eqs. (32), 


1 
Vx nt’, (32) 
hky—-HrAt 


and the first of Eqs. (29) into the fundamental formula 
for the S matrix,” 
Sra= (Wa War), (33) 


we obtain by a calculation similar to that of the pre 
ceding section the result 


Spba= (xo wat) 215 (hy — Ea) (Xo Vat ) (3 


An alternative form of the S matrix is obtained by 
making use of the first of Eqs. (20) and the second of 
the relations (35), 


| 
Vypr*’, ($5) 
Hy t-te 
where 
t 1€ 
xnt 
Ky Ho le 


Substitution into Eq. (33) gives 


Sba= (Ab Xa") 2nid( Et), Ka) (Wo ’ Vxer). (37) 


The equivalence of (34) and (37) can be seen directly 
by taking note of the relations 


(Xb ‘ Ne’) 
2r16( Ky, 


(Ap ‘e") 
Ea) (x0, (V’— V ]xat), (38) 
and 

(xo Vat) (xe, (V’'-—V 


(for Ey 


|IXa") 
F,). 


(Wr ‘I ‘e") 
(39) 


With the help of Eqs. (30) and (36), it is seen that the 
first terms of Eqs. (34) and (37) vanish for 2,4 2, and 
indeed fail to vanish for L,= , only if the transition 
amplitude (x»~’,xa*) between the initial- and final-state 
basis vectors has a singularity at /,= /,. For rearrange 
ment collisions of the exchange type, it has been shown 
that there is no singularity at £,= £,,"* so that in such 
cases the first terms of Eqs. (34) and (37) can be 
omitted, 

The S matrix for rearrangement collisions can also 
For purpose the 


be derived time-dependently this 


identity 


1 t 
¢ iHolt—r . | fe iHo'(t-r (Hy H,) 
iv, 


Kev tholr’ndr’ (40) 


is useful. Substituting this identity into the integral 
equation (6) satisfied by y(t), interchanging orders of 
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integration, and making use of Eq. (6) itself and Eq, 
(31), we obtain the time-dependent analog of the 
theorem described at the beginning of this section, i.e., 


t 


1 
| e Hot V(r) dr, 


LY 


¥(t)=A’'(t)4 (41) 


where 


1 t 
N(D=x(h4 f e Hot) (V—V")x(r)dr. (42) 
1 


’ 


Making use of this result, we can derive Eq. (34) ina 
manner similar to that used to obtain Eq. (13). Alter 
natively we can make use of Eq. (1) to derive Eq. (37) 
as in the last paragraph of Sec. TI. 

Finally, we note that our results lead to an equi- 
valence theorem'® for the S matrix expressed in terms 
of modified plane waves. We obtain this theorem by 
carrying two auxiliary We 
transform W,* to the basis of an unperturbed Hamil- 
tonian [7 corresponding to a different asymptotically 


out transformations. 


equivalent choice of modified plane-wave basis vector 
for the initial state.’® Similarly we transform yp,’ to 
the basis of an unperturbed Hamiltonian fl,’ corre 
sponding to a different equivalent choice of modified 
plane-wave basis vector for the final state. Here, 
Ny t+V =f +0’ 


described in the beginning of this section, in the same 


1. We now make use of the theorem 


manner as before, to derive the equations corresponding 
to (34) and (37): 


E.) (x0 Vat) 


E.) (We Va"). 


2ri6( Ey, 
2ridb (Ee, 


Sie (Xe a> 


(An, Kat) (43) 


We thus obtain a large class of alternative expressions 
for the S matrix by making different choices Ho, Ho, 
Hy’, Ho’, etc., 


0 
’ 


of unperturbed Hamiltonians corre 
sponding to asymptotically equivalent choices of initial- 
and final-state basis vectors. A particular choice of 
basis vectors are, of course, the plane-wave basis 
vectors, 

These results also apply to the case treated in Secs. 
Il and IIl. In that case one obtains the alternative 
forms of the S matrix | Eqs. (24) and (25) with x», xa‘, 
and V replaced by X» , Xat, and V | by making different 
choices of unperturbed Hamiltonians, Ho, flo, etc., 
Kkstein and K 


'* For a related theorem, see H Tanaka, Phys 


Rev. 104, 259 (1956 
‘© This is a transformation of the type described in reference 10 
Clearly, by the relation stated there, if y,* and y,* are modified 
plane waves corresponding to the same plane-wave basis vector 
¢,, we have 
I 
(H Ea)xa’ 
H +t 
by H-—E , 
=X.*+-= ( ¥a)Xe*; 
Xo TE, Hie vme 


i.e., the ¥4* corresponding to yg* and Xq* are identical 


HACK 


corresponding to asymptotically equivalent choices of 
initial- and final-state basis vectors. 
APPENDIX 


We examine the limit as ->~ of the integral 


t 


Hi) = fet nete- VU) \dr, 


va 


(44) 


which occurs in Eq. (8). Making use of the completeness 
of thescatteringand bound eigenstates of the self-adjoint 
operator Ho, we can write 


t 
I(t) J dr f dce™ (nx. V(x, Vp(r) entBelt 


t 
+f dr > e'*"" (bi xd Qua Vol(r) er eX”. (45) 
l 


L 


Here the + sign denotes alternative expansions in 
terms of either the ingoing- or outgoing-wave scattering 
eigenstates, and the x, are the purely bound eigenstates 
of Hy». As will be seen, the ingoing-wave expansion is 
the more convenient, but both expansions lead to the 
same result. The scattering eigenstates of Ho are related 
to those of the final-state free Hamiltonian, K =H y—U, 
by the familiar equations 
1 
Xe*=-+ Uo. 
E.— Ho+te 
- 41 


=ho+ Uxe+ 
k—Krte 


We now make use of the well-known relations 


og 2116 (x) 
lim im ( ) | . 
0 er’ ate 0) 


which are understood in the sense that the factor under 


(47) 


the limit signs is to be multiplied by a function which 
is smoothly varying in the neighborhood of «=0 and 
an integration over x performed before the limits are 
taken. The upper and lower lines of the brace in (47) 
refer to the + sign. Accordingly we have 


lim (do,xet en Fe #0! 


t 
l > 
lim lim (6.0 +-- Uxe)e i(Ke~Ep)t 
sees ¢ E.— Extte 


FE.) (o6,Uxet FP 


5(b—c) —2nid(Ey- 
| (48) 


6(b—c). 
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The ingoing-wave choice of the expansion therefore 
gives at once for the contribution of the first term in 
(45), in the limit as >=, 


’ 


f e'For(y, Vv(r))dr. (49) 


sf 


We next examine the contribution from the bound 
states x. Inserting the expansion 


(50) 


y(7r)= feconere ‘Fatda 


into the second term in (45) and performing the 7 
integration gives in the limit + a factor 


fio Vat)6( Ly — E)c(a)da. 


Since x, is purely bound, it is permissible to make use 
here of the self-adjointness of 7) between x, and y,", 
gives (x1,V Wat) = (x1, H—Ho Wat) = (Ea— E) 
X (xWat), so that (51) vanishes. Thus the bound states 


which 
make no contribution in the limit /+>«, so that our 
result for J(#) is (49), in agreement with the second 
term of Eq. (10). 

Finally, we show that the alternative outgoing-wave 
choice of expansion in (45) leads to the same result. 
We make use of the upper line of Eq. (48) to obtain 


for the first term of (45) with the + choice, in the 
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limit 2, 


f e'For(y at V(r) )dr +f dr f dee 


E.)bo,Uxet Vxet V(r) 


j e'Bor(y at V(r) )dr4 f dr f dce™™ 


Ho) Ubs,x0" Occ? VW(r)) 


x (2mid (Er 


(52) 


XK (29i6 (Ey 


We may add a term with fde- 
and x,t 
Making use of the completeness, we therefore obtain 


J e'#or(y 4+ Vy(r))dr4 f 


s ” 


replac ed by ar “< 
replaced by x, since this term is equal to zero, 


oa 


ethor 


XK (Qr16( Ey Ho) Udy, Vv(r))d1 


x 


| acne (53) 


s 


since, by (46), 


Xb Xn" 2rid( ky, Hyjl Po. (54) 


The result (53) is seen to be in agreement with (49) 

We have in the above derivation for simplicity not 
distinguished between the various types of scattering 
states, but a separate treatment of the contributions 
from the purely continuum and the mixed partly-bound, 
partly-continuum scattering states leads to the same 
result, 

The first term of Eq. (10) can be derived in a similar 
manner. 
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Surface Paramagnetism of 
Germanium Films 


Y. L. SANDLER 


Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received November 1, 1957) 


[‘ connection with a fundamental investigation of 
the physical and chemical properties of clean 
germanium surfaces, we have studied the ortho-para 
conversion of hydrogen when adsorbed on sputtered 
germanium films, The films were sputtered from germa- 
nium electrodes in an atmosphere of helium onto the 
walls of a glass container which was kept in a liquid 
nitrogen bath. We found a conversion at low tempera- 
tures which has all the characteristics of a magnetic spin 
inversion.' We attribute the effect to the presence of 
unpaired electrons in the atomically clean parts of the 
film surface. A rough estimate shows that there may be 
up to one unpaired electron per germanium sur 
face atom. 

With a thin film of germanium (about 100 A thick), 
in a reaction vessel of about 100 cc volume, we found a 
conversion half-life of 20 hours at 77°K. When an 
H.+ Dz» mixture was exposed to the same surface, no 
measurable amount of HD was found (<0.2%) after a 
contact time of 16 hours, indicating that no chemical 
mechanism was involved. This finding alone would not 
completely exclude the possibility that a chemical 
mechanism may be involved in the para-hydrogen con- 
version; the desorption of HD might be very slow 
compared with the H, desorption. This latter possibility 
is excluded by the observation that the orth )-deuterium 
conversion was fast too (about one-half as fast as the 
para-hydrogen conversion). Evaluation? of the tempera- 
ture dependence and reaction order found leads to a 
reasonable value for the heat of molecular adsorption of 
hydrogen of 1.4 kcal/mole. 

Cleaner and more active films were obtained. by 
sputtering germanium onto a germanium coating. (The 
coating was produced by a very strong gas discharge 
which at the same time further cleaned the germanium 
electrodes.) The conversion kinetics in this case is not 
as simple as for thin films, but the fast conversion 
found at 77°K (half-life 13 minutes) is also magnetic in 
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origin. Addition of smal] amounts of oxygen reduced the 
reaction rate at any temperature; this shows that the 
activity of the films is not due to adsorbed oxygen. 
Owing to the complex structure of the films the quan- 
titative determination of the magnitude of the surface 
paramagnetism is subject to uncertainties. From a 
comparison with previous results’ we come to the rather 
striking conclusion that the conversion on our films is 
almost as fast as the conversion on intrinsically para- 
magnetic surfaces. This means that there would be 
roughly one unpaired electron per germanium sur- 
face atom. 

This result perhaps does not necessarily mean that the 
surface is truly paramagnetic. The spins in a (11) 
surface, for example, may be so far apart from eqch 
other that even in case of an antiparallel orientation 
of two neighbors (in an antiferromagnetic array) the 
inhomogeneous field between the spins might cause a 
conversion of the observed magnitude. 

'See A. Farkas, Orthohydrogen, Parahydrogen, and Heavy 
Hydrogen (Cambridge University Press, New York, 1935), 
pp. 79-96. 

2Y.L. Sandler, J. Chem. Phys. 21, 2243 (1953). 

*Y.L. Sandler, J. Phys. Chem. 58, 54 (1954); Can. J. Chem. 32, 
257 (1954). 


Noise Temperature Measurement on a 
Solid State Maser* 


A. L. McWuorrTer AND J. W. Meyer, Lincoln Laboratory, 
Massachusetts Institute of Technology, 
Lexington, Massachusetts 


AND 
P. D. Srrum, Ewen Knight Cor poration, 
Needham, Massachusetts 
(Received October 14, 1957) 


N' JISE measurements have been made on a three- 
level,! 2800-Mc/sec solid state maser with sufficient 
accuracy to establish that its noise temperature does not 
exceed 20°K. The maser was operated as a reflection 
cavity amplifier at 1.25°K, with 9000-Mc/sec saturating 
power, and used K Coo 99sCro.oos(CN)s as the mixed 
paramagnetic salt. The amplifier and oscillator char- 
acteristics are the subject of a forthcoming article.* 

The maser noise temperature 7\y was determined by 
measuring the noise outputs of the system, .V,; and N», 
corresponding to two noise inputs with temperatures 
T, and T,, respectively. The output noise \, is pro- 
portional to (7;+7Tu)Gu+Tpr, and V2 is proportional 
to (Ta+Ty)Gut+Tr, where Gy is the gain of the 
maser and 7 is the noise temperature of the receiver 
following the maser. Ty is then given by 


Tu = (T2—T7T,)/(No/Ni-1)—T1—-Tr/Gu. (A) 
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Fic. 1. Block diagram of microwave instrumentation. 


Figure 1 shows the experimental arrangement which 
was used. Temperature 7 corresponded to the noise 
input with the argon discharge tube off, so that it was 
primarily the noise generated by the room temperature 
(30°C) ferrite isolator, while 7, was the total noise 
input with the argon tube energized. With 15 milli- 
watts of 9000-Mc/sec pumping power, enough to insure 
full saturation but not enough to cause heating of the 
salt, the external coupling at the amplifying frequency 
was adjusted to give a maser gain of 28 db with about 
60-kc/sec band width. A communications receiver was 
used to provide a receiver band width small in compari- 
son with that of the maser. The entire receiver had a 
noise temperature of about 1800°K (8.5 db noise 
figure). As a result of many measurements made with 
the precision attenuator by two different operators, the 
ratio N2/N, was determined to be 1.125+0.025 db. 

The output of the argon discharge noise source 
through the directional coupler was calibrated by using 
a matched load, thermostated in an oil bath to +-0.1°C, 
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Fic. 2. Block diagram of calibration measurement. 
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and a Dicke radiometer in the arrangement shown in 
Fig. 2. The temperature of the thermostated load was 
adjusted until the radiometer output obtained with the 
variable attenuator set at zero and the argon tube off, 
equalled the output obtained with the attenuator fully 
in and the argon tube on. Knowing the temperature of 
the thermostated load and of the variable attenuator, 
one could then determine the noise output of the dis 
charge tube by this essentially null type of measure 
ment. At the frequency of the maser, the noise from the 
discharge tube through the coupler was 99,5+-1,5°K. 

In order to establish the noise temperature of the 
maser itself, 7; and 7, must be corrected for the 
attenuation in the input line and the thermal noise 
generated in this line. The input circuit after the 
directional coupler consisted of a wave-guide-to-coax 
coupling, a low-pass filter, and a section of coaxial cable, 
having a combined attenuation of 0.15 db at room 
temperature, followed by a 27-inch section of silver 
plated stainless steel coaxial line leading down through 
the helium Dewar to the maser cavity. This line had an 
attenuation of 0.7 db at room temperature and 0.4 db 
under operating conditions. Since it was not known 
what temperature distribution corresponded to the 
0.4-db attenuation, two extreme cases were calculated 
for the noise generated by the line. The most unfavor 
able case, from the standpoint of a low calculated value 
for Ty, is to assume that the entire attenuation takes 
place at O°K. The most favorable case, consistent with 
the physical situation, was assumed to be a uniform 
temperature gradient over the entire length of the 
coaxial line, with the attenuation varying as the square 
root of the temperature. Upon using V2/.V,;= 1.125 db, 
and 99.5°K for the noise from the argon tube, Eq. (1) 
gives for the first case 7.y=8°K, while for the second, 
Tu 8°K. When the the 
quantities are taken into consideration, the calculated 
value of Ty is O+19°K. Hence an upper limit 
of about 20°K «stablished for the maser 
noise temperature. 

If one neglects the smal! thermal radiation from the 


uncertainties in other 


can be 


cavity walls, spontaneous emission at the amplifying 
frequency should be the only source of noise in the 
maser.’ Using Bloembergen’s notation,’ the theoretical 
noise temperature under fully saturated conditions 
would then be 


’ 
u 42V 42 


where 7’, is the helium bath temperature. Assuming the 
w’s are equal, we have Ty = 2°K. 

The 20°K uncertainty is a result of three main 
contributions, all approximately equal: the measure 
ment of (V2/N,—1), the calibration of the argon dis 
charge noise source, and the uncertainty in the noise 
generated by the input line. To obtain the best accuracy 
in the measurement of 7'y, one should use noise inputs 
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comparable with the maser noise, but the present 
necessity of using a room-temperature isolator, which 
gives 4 minimum noise input of about 300°K, prevented 
this. Work is now in progress to develop a good room- 
temperature circulator or a low-temperature isolator. 
Such circuit elements, and the subsequent use of low- 
temperature noise would also permit the 
generation of noise temperatures 7, and 7, by thermo- 
stated matched loads at accurately known tempera- 
tures, thus eliminating the calibration of a secondary 
standard. In the masers now being designed, the re- 
placement of the coaxial input line with a wave guide 
will eliminate most of the input attenuation and hence 
the uncertainty arising from noise generation in the 


input circuit. These improvements should reduce the 


sources, 


uncertainty in the measurement of Ty to about 5°K. 

We wish to thank Professor L. D. Smullin for the use 
of his Dicke radiometer in the calibration of the argon 
tube. 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology 

1N. Bloembergen, Phys. Rev, 104, 324 (1956) 

2A. L. MeWhorter and J W. Meyer, 
published) 

1k. V. Pound, Ann. Phys. 1, 24 (1957); M. W. Muller, Phys 
Rev. 106, 8 (1957); M. W. P. Strandberg, Phys. Rev. 106, 617 
(1957); Shimoda, Takahasi, and ‘Townes, J. Phys. Soc. Japan 12, 
686 (1957) 
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Resonant Absorption of Gamma Rays* 


S. S. HANNA AND Luise Mever-Scu0TzMEISTER 
{rgonne National Laboratory, Lemont, Illinois 


(Received October 24, 1957) 


[‘ recent years several ingenious methods'® have 
been used to observe the resonant absorption or 
fluorescence when nuclei are irradiated by gamma rays. 
In this investigation we have used in essence a source 
of gamma rays with a discrete but variable energy to 
observe the resonant absorption by a direct measure 
ment of the transmission through an absorbing sample. 

In the radiative capture of particles of fixed energy 
and direction of motion, the gamma rays emitted at a 
given angle are monoenergetic. Moreover, the energy of 
of the radiation varies smoothly with the angle of 
emission. The energy of the incident particles is fixed 
either by using a resonant capture process, or, if the 
capture is nonresonant, by employing a monoenergeti 
beam of particles and a thin target. It is not at all 
necessary‘ to use a reaction which is the inverse of the 
subsequent resonant absorption, It is usually convenient 
to do so, however, since the available variation in 
energy is limited but, in the case of reciprocal reactions, 
sufficient to cover the increase in energy needed to 
compensate for the energies lost to the recoiling nuclei 
in emission and in absorption 
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The source of radiation was the reaction C#(p,y)N™ 
at the resonant energy /,=1.76 Mev corresponding to 
the level in N“ at #.,=9.18 Mev. The 9.18-Mev 
radiation was detected at an angle @ through a slit of 
angular width 46, with a NaI counter and a 10-channel 
analyzer. The inverse absorption N'+7—N'™* was 
obtained by interposing between the source and the 
slit a quantity of liquid nitrogen, 27.0 cm_ thick, 
contained in two Dewar flasks. The energy of the 
emitted radiation was then varied by changing the 
angle of observation with the results given in Fig. 1. 
Data are presented for three different widths of the 
slit. The measurements at the top were obtained with 
water instead of liquid nitrogen in the Dewar flasks. 

The number of gamma rays emitted at the angle 0 
with energy in the interval between E and E+dE will 
be represented by the single-level formula 


Nr 
(2(E—Er)/VF+1- 


N(EP) 


where I’ is the intrinsic width of the level and the 
resonant energy Epr= Eo— (h?/2Mc)+ (Eov/c)cosd, 
to a good approximation. The energy £o is the 
unmodified energy of the transition, and v is the speed 
and M the mass of the radiating compound nucleus. The 
second term in the expression represents the energy of 


Fic. 1. Resonant ab 
sorption in the process 
N¥44—N"™* (F, = 9.18 
Mev), using gamma rays 
from the inverse reac 
tion C8(p,y)N". The 
abscissa represents the 
angle of emission of the 
radiation. One degree 
corresponds to a change 
of 0.7 kev in the energy 
of the radiation 
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recoil in the emission, and the last term gives the shift 
in energy due to the motion imparted to the compound 
nucleus in the capture of the incident particle. 

We may neglect the purely electronic absorption, 
which, although large, is nevertheless essentially con- 
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stant over the range of energies used in the experiment. 
Hence, the cross section for absorption is 


TR 


o(E)=— ? 
[2(E—Er’)/TaP+1 


where Ex’ is equal to Ey + (£?/2Mc*). The second term 
in this expression represents the energy of recoil in the 
absorption. The width I’, is here distinguished from the 
intrinsic width because of the Doppler broadening due 
to the thermal motion of the nuclei in the absorber.® 

The intensity of the radiation transmitted through 
the absorber is given by 


x 


1 (0) f N(E je °? dk, 


0 


where p is the number of nuclei per unit area of the 
absorber. The transmitted intensity has a minimum 
when Ep is equal to Er’, i.e., when cosOe= p,/p, where 
p, and p are the momenta of the gamma ray and the 
radiating nucleus, respectively. With /,=1.76 and 
E,=9.18 Mev, it follows that 62 = 80.8°. 

The function /(@) is plotted in Fig. 1 for various 
values of the parameter I’, Each curve is normalized to 
pass through the point of maximum absorption. For 
the data taken with A@=0.6°, good agreement is ob- 
tained with !=0.4 kev. The Doppler broadening in the 
absorption process may now be neglected since it is 
less than 0.1 of this width. After correcting for the 
width of the slit, we obtain '=(0.35+0.1) kev. This 
value confirms the recent result of Marion and 
Hagedorn’ that I'<0.4 kev. The depth of the vailey 
in the plotted curves for A9=0.6° corresponds to a cross 
section orx=(0.79+0.10) barn at the 
absorption N'“+y-—>N'*, This value of 
section leads to (2/+-1)I',=29 ev, where / is the spin 
of the excited state and I’, is the partial width for the 


resonance for 


the cross 


emission of the 9.18-Mev radiation. With this value 
33 mb 


at resonance for the capture process. If this result is 


of (27+-1)I,, we obtain a cross section ox(p,y) 


increased by 10% to include transitions to the excited 
state at 6.44 Mev, it may be compared with the result 
or(p,y)>64 mb given by Marion and Hagedorn as 
computed from the measurements of Seagrave.* 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission 

Waldman, Collins, Stubblefield, and Goldhaber, Phys 
55, 1129 (1939). 

2 P. B. Moon, Proc. Phys. Soc. (London) A64, 76 (1951) 

3. R. Metzger, Phys. Rev. 101, 286 (1956) 

4C. P. Swann and F. R. Metzger, Bull. Am. Phys. Soc. Ser. II, 
1, 211 (1956). Swann, Metzger, and Rasmussen, Bull Am. Phys 
Soc. Ser. IT, 2, 29 (1957) 

5G. M. Griffiths, Can. J. Phys. 34, 339 (1956) 

*It should be noted that in the emission process a similar 
Doppler broadening does not modify the energy spectrum of the 
emilled gamma rays. 

7 J. B. Marion and F. B. Hagedorn, Phys. Rev. 104, 1028 (1956) 

5 J. D. Seagrave, Phys. Rev. 85, 197 (1952) 
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General Partial Wave Analysis of the 
Decay of a Hyperon of Spin } 


T. D. LEEe* anp C. N. YANG 


Institute for Advanced Study, Princeton, New Jersey 


(Received October 22, 1957) 


HIS note is to consider the general problem of the 

decay of a hyperon of spin 4 into a pion and a 
nucleon under the general assumption of possible 
violations of parity conservation, charge-conjugation 
invariance, and time-reversal invariance. ‘The discussion 
is in essence a partial wave analysis of the decay 
phenomena and is independent of the dynamics of the 
decay. Nonrelativistic approximations are not made on 
either of the decay products. 

In the reference system in which the hy peron is at rest 
there are two possible final states of the pion-nucleon 
system: s, and p;. Denoting the amplitudes of these two 
states by A and B, one observes that the decay is 
physically characterized by three real constants specify 
ing the magnitudes and the relative phase between 
these amplitudes. One of these constants can be taken 
to be |A/?4 
decay probability per unit time, The other two con 
stants are best defined in terms of experimentally 


We 


B\*, and is evidently proportional to the 


measurable quantities discuss three types of 
experiments: 

(a) The angular distribution of the decay pion from 
a completely polarized hyperon at rest. 

It has been pointed out before! that the distribution 


is proportional to 
[1+-a cosy |dQ, (1) 
where dQ is the solid angle of the pion momentum 


vector p, and x is the angle between p, and the spin 
of the hyperon. The constant a is given by 


a 2 Re(A*B) ( A |*+ B i. (2) 
and characterizes the degree of mixing of parities in the 
decay. 

That 
immediately from the assumption that the spin of the 


the distribution is of the form (1) follows 


hyperon is 4. One easily proves (2) by considering the 
decay probabilities for the cases x=0 and y=. In 
the former case the amplitude of decay is (A+B) and 
in the latter (A—B). One therefore obtains 
(1—a)=|A+B/?7/|A—B}?, 


Recent experiments’ have indicated that the absolute 


(] ta) 


which results in (2) 


value of @ is quite large for A° decay. With improved 
statistics these experiments can establish beyond doubt 
that parity nonconservation 18 not peculiar to neutrino 
processes. It is, however, not possible to determine the 
sign of the parameter a through the experiments quoted 
above, as the sign of the polarization of the A®° in the 
production process is unknown, Further, it appears that 
these experiments Cannot give an accurate measurement 
of the magnitude of a because of the difficulty in deter 
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mining the degree of polarization of the A® produced. 
Another method of measuring a which does not depend 
on the degree and sign of a polarized hyperon beam is 
found in the following type of experiment: 

(b) The longitudinal polarization of the nucleon 
emitted in the decay of unpolarized hyperons at rest. 

The degree of longitudinal polarization (i.e., average 
spin along the direction of motion divided by 4h) is 
easily shown to be —a. To see this, we consider the 
decay of a hyperon at rest, with spin= + 4h along the 
+z axis, into a nucleon traveling along the +2 axis and 
a meson along the --z axis; and then the decay of a 
hyperon, with spin= — 4A along the +2 axis, into the 
same final states. An incoherent mixture of the two 
cases gives a description of the decay of unpolarized 
hyperons. By the conservation of the 2 component of 
angular momentum the spin of the nucleon is respec 
tively equal to +-§# and ~ $4 for the two cases. Further- 
more the two cases correspond to the experiment dis- 
cussed under (a) for x= and x =0, respectively. The 
probabilities for the two cases are, according to previous 
discussions, proportional to |A—B\* and |A+B)\*. The 
incoherent mixture of the two cases therefore gives a 
longitudinal polarization for the nucleon equal to 


(|A—B\*—|A+B|?)/(|A—B|?+|A+B|*) = —a. 

It is well known® that the scattering of high-energy 
protons by nuclei offers a good method of analyzing the 
polarization of high-energy protons as well as deter 
minating the sign of the polarization. A measurement 
of the parameter a, together with its sign, through such 
methods may not be impossible. We remark that once 
the value of a is determined, the experiments of type (a) 
could be used to determine the degree and sign of the 
polarization of the hyperons. 

(c) ‘Transverse polarization of the nucleon emitted in 
a given direction in the decay of a polarized hyperon. 

The remaining parameter describing the decay 
process can be determined only through a measurement 
of the transverse polarization of the nucleon emitted 
from a polarized hyperon decaying at rest. Let $$ be 
the spin of the hyperon, where § is a unit vector. The 
probability for the emission of a nucleon in the direction 
p (unit vector) is, according to (1), proportional to 
1 +a cosy, where cosy p-s. The spin of the nucleon 
in its own rest system can be shown to be $f times the 


unit vector 


(1+-a@ cosy)  ( a cosx )/P+ BPX sS+y(pKS) Xp |, (3) 


where 
re] |A|? *), (4) 


y= (Al? 2)/(|A|?+|Bl?). (5) 


rhe three parameters a, 8, and y are related through 
the identity 


a+ P+y=1. (6) 
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One could therefore write also 


B=(1—a’)' cos, y=(1—a*)! sing. (7) 


The geometrical description of the polarization 
vector (3) is quite simple. It is a unit vector, in agree- 
ment with the fact that the nucleon moving in a given 
direction # is in a pure state. Its longitudinal component 
(i.e., projection along p) has the value 


(—a—cosx)/(1+a cosy). (8) 


Its transverse component has the polar angle @ in the 
plane determined by /X$ and (pX$)X > if one chooses 
the former vector to be along the + 2 axis and the 
latter along the +-y axis. 

The two parameters a and ¢ together with the decay 
probability determine completely the kinematical as- 
pects of the decay of the hyperon. One easily verifies 
from (7), (4), (5), and (2) that knowing a and ¢ one can 
compute A and B up to a common multiplicative 
factor. 

The ranges of the parameters a and ¢ are given by 


-lSaS1, —rSo<rz. (9) 


The sign of ¢ has a physical meaning: positive values of 
¢@ imply positive values for y, and consequently a 
preponderance of s; over p, in the final states. Negative 
values of @ imply the reverse situation. Geometrically, 
a positive @ implies an acute angle between the trans- 
verse polarization and the spin of the hyperon, therefore 
a preference for non-spin-flip decays, i.e., a preference 
for sy final states. 

Additional requirements are imposed on the parame- 
ters if time-reversal invariance is assumed to hold. For 
A® decay the conclusion! is essentially that A and B are 
real, relative to each other, implying that 6&0, or in 
other words ¢==+ 4x. A measurement of @ in A® decay 
therefore gives a test of time-reversal invariance in A° 
decay. 

In the case of a hyperon decay with two final channels, 
such as A°-+p+_am and A°-n-+7n°, there would appear 
six parameters describing the transition, three for each 
channel. In principle there exists another real parameter 
which describes the relative phase of the transition 
amplitudes into the two channels. Such a parameter is, 
however, extremely hard to measure experimentally, 
and is at present only of academic interest. If the A° 
decay interaction is invariant under time reversal, 
then the number of real parameters is reduced from 
seven to four. 

We conclude with the remark that the large asym- 
metry observed in the experiments of reference 2 shows 
that the production process r+ p-—>A°+A° is a sur- 
prisingly good polarizer of A° spin, and that the decay 
A\°->r-+ p is a good convenient analyzer. These facts 
open the way to a possible measurement‘ of the mag- 
nitude and the sign of the gyromagnetic ratio of A° 
which does not seem completely hopeless. For example, 
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in a magnetic field of 200 000 gauss, the spin of A° would 
precess through an angle of 33° in 3X10~-" sec if its 
magnetic moment is one nuclear Bohr magneton. 


* On leave of absence from Columbia University, New York, 
New York. 

1 Lee, Steinberger, Feinberg, Kabir, and Yang, Phys. Rev. 106, 
1367 (1957). 

*F. S. Crawford et al., Phys. Rev. 108, 1102 (1957); F. Eisler 
et al., Phys. Rev. 108, 1353 (1957); L. Leipuner and R. Adair, 
Phys. Rev. (to be published). 

’ See, e.g., the review article by L. Wolfenstein, Annual Review 
of Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6, 
p. 43. 

‘It has been pointed out before that the magnetic moment of a 
hyperon may be measured by using the angular asymmetries in the 
hyperon decay as an analyzer. M. Goldhaber, Phys. Rev. 101, 1828 
(1956) 
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Meson Production by Mesons, SAuL BARSHAY 
[Phys. Rev. 103, 1102 (1956) ]. In Eq. (9), 


exp[i(—k, 
should read: 


exp[1(—k,;—pat+pn)-y ]. 


In Eq. (21), cos2(@;—42) should read : cos2(@; — $2). 
In comparing Table | with experiment it would be 
best (in view of the static model of the nucleon 
used here) to take the energies given under the 
heading ‘“‘Incident-meson kinetic energy”’ as total 
available kinetic energies in the pion-nucleon 
center-of-mass system. The cross sections given are 
then somewhat larger in magnitude than those given 
in the work of Franklin' on this subject. Large pro- 
duction cross sections near threshold have been 
found in recent important measurements in the 
U.S.S.R.? 

1 Jerrold Franklin, Phys. Rev. 105, 1101 (1957). 

2V. G. Zinov and S. M. Korentchenko, ‘Pion Production by 


x —p Collisions near Threshold,” preprint, Joint Institute of 
Nuclear Research, U.S.S.R 
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Associated Production of Hyperons and K Mesons, 
SAUL BARSHAY [Phys. Rev. 104, 853 (1956) ]. In 
the sigma-sigma-r-meson interaction, the matrices 
denoted by 7, are the three-by-three isotopic spin 
matrices. In Fig. 1(d), the intermediate state 
baryon should be labeled 2°. 


Interaction of 0.5- and 1.0-Mev Neutrons with 
Some Heavy Elements, R. ©. ALLEN, R. B. 
WALTON, R. B. Perkins, R. A. OLSON, AND R. F. 
TaASCHEK [Phys. Rev. 104, 731 (1956) ]. 0.2 barn 
per steradian should be subtracted from the 
ordinate scale of the U® curve in Fig. 3. 


Analysis of the B''(d,n)C” Reaction by Nuclear 
Stripping, GeorGe E. Owen AND L. MADANSKY 
[Phys. Rev. 105, 1766 (1957) ]. The equation 
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defining r which follows Eq. (10) should read: 
F=Fnc1) ~Tpci)- 

Equation (17) should have a phase (+7) instead 
of (—1). It should read: 


fo (Ri Ry) = (+4)2(39)*(— Vi) Ti (Rd ji (ki Ry. 


The definition of Ky [preceding Eq. (20) ], the 
relative wave vector of the heavy-particle neutron, 
is in a direction opposite to that physically required. 
The proper definition of Ky is 


M » 


This correction changes the phase of Gy(Ko), 
Eqs. (22) and (24), from (+12) to (—1). 

With these sign changes the discussion of the 
phases on page 1771 will read as follows: ‘The sign 
of the interference term depends upon the phase of 
hp and hy. Equations (16) and (17) show that the 
phase of Gp(K,) fo(ki Ri) is (+74). Equations (24) 
and (25) show that the phase of Gy(K¢e) fi (k2R2) is 
(—12). Therefore the sign of the interference term 
is positive.” 

Incorporation of these corrections does not alter 
in any way the conclusions of the derivation 


Field Effect in Germanium at High Frequencies, 
H. C. MontGomMEryY [ Phys. Rev. 106, 441 (1957) }. 
The field effect mobility appropriate to Fig. 5(c) is 
My ~pn tuntay, and not Mptai, as stated, 
Hence, the difference between low- and high 
frequency field effect mobility does not contain the 
Schrieffer correction, and a determination as dis 
cussed in the second paragraph on p. 445 is not 
only impractical, as stated, but is not possible in 
principle from small signal measurements. The 
author is indebted to Dr. Ichiro Nakada for 
pointing this out. 


Angular Distribution of Protons from the Ca‘’(d,p)- 
Ca“ Reaction, C. K. BocKELMAN, C. M. BRAAMS, 
C. P. Browne, W. W. Burcuner, R. R. SHArp, 
AND A. SeerbDUTO [ Phys. Rev. 107, 176 (1957) }. On 
p. 180, line 9, “it is seen that a large value of 
R=7.5X10~"* cm is needed to fit the theoretical 
maximum of Fig. 5 to the experimental maximum 
from B-decay evidence” should read: “it is seen 
that a large value of r=7.510~" cm is needed to 
fit the theoretical maximum of Fig. 5 to the experi 
mental maximum. The third excited state at 0.991 
Mev to be a 4+ state from f-decay 
evidence.” 


is believed 


Approximate Wave Functions for the M-Center by 
the Point-Ion Lattice Method, barry S. GOURARY 
AND Perky J. LUKE [ Phys. Rev. 107, 960 (1957) }. 
In footnote 5 of this paper, we wrote: ‘Professor 
Inui has kindly checked his calculations and finds 
that because of the values of the interionic distance 
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used in his work, his results should probably 
pertain to LiF and NaF, not to LiCl and NaCl, 
respectively ---.’’ This led to disagreement with 
experiment. Mr. H. Mimura, of Professor Inui’s 
group, now informs us that a complete recalculation 
of the M-center wave functions shows that correct 
values of the interionic distance (4.86 atomic 
units for LiCl and 5.32 atomic units for NaCl) 
were used in the actual calculations of Inui 
et al., even though the wrong values were given in 
their article. Thus their original theoretical energy 
values are indeed correctly stated for LiCl and 
NaCl, respectively, and the A,B, transitions agree 
quite well with the observed M-bands. Theis 
predicted A,B, transition corresponds to 297 my 
for NaCl, and it agrees tolerably well with our 
value of 345 my; this agreement should serve as a 
further spur to a diligent search for this band in 
various crystals. Mr. Mimura has also carried 
through the LCAO calculations for LiF and NaF, 
even though he did not expect the LCAO method to 
work too well in these cases because of the large 
overlap. The A,B, transition for NaF was computed 
as 537 mu, in good agreement with experiment. For 
Lil’, however, the predicted A,B, transition was 
843 my, in clear disagreement with experiment, 
while the point-ion lattice method gave good 
agreement even in this case. We are indebted to 
Professor Inui and Mr. Mimura for their 
communications. 

We regret that two names were omitted from the 
acknowledgments. We are indebted to Dr. J. A. 
Krumhansl and Dr. L. C. Aamodt for stimulating 
discussions of our work. 


Associated Production in Pion-Nucleon Collisions 
and Charge Independence, Saut Barsnay [ Phys. 
Rev. 107, 1454 (1957) |. The sign between the two 
terms in the coupling form should be positive. In 
the text, the references to the 2* particle should 
read as references to the 2~ particle. The remark in 
parentheses should read: ‘‘with about the same 
total cross section as the 2° and about one-third 
that of the A°. 

The observation of parity nonconservation' in 
the decay of the hyperons produced in these 
collisions implies that the production reactions 
polarized these particles. The partial wave ampli- 
tudes given by the Born approximation calculation 
all have the same phase and hence give zero polari- 
zation. One must probably appeal to resonance 
denominators in the one-meson and higher terms 
in order to obtain complex amplitudes, and hence 
some polarization. 

| would like to thank Dr. G. Feinberg for useful 
discussion. 


iF, S. Crawford et al., Phys. Rev. 108, 1102 (1957). 


ERRATA 


Extension of the WKB Equation, Cuar.es E. 
HeEcHT AND JoserH E. Mayer [Phys. Rev. 106, 
1156 (1957) ]. On page 1160 under Eq. (42) the 
sentence ‘‘We shall now show that this is no more 
than a formal difficulty and ” should be 
changed to ‘We shall now show that the continuum 
of solutions for z; demonstrated by Ballinger and 
March does not in anyway invalidate our equations 
ne ha 

The original paper of Ballinger and March raised 
the point of the ambiguity of z; in connection with a 
different physical problem. Nothing in our paper 
bears on the connection with this other problem, 
and we apologize that our sentence might be so 
interpreted. 


Relativistic Wave Equations for Spin 2 Particles 
with Unique Mass, ©. BruLIN AND S. HJALMARS 
[ Phys. Rev. 107, 1730 (1957) ]. Addendum.—There 
is another possible choice of the arbitrary constants, 
giving unique mass, namely ke= —(5/3)k;. With 
this choice, the divergence of the vector and the 
trace of the tensor vanish separately. 


Inherent Noise of Quantum-Mechanical Amplifiers, 
M. W. P. SrranpBerG [Phys. Rev. 106, 617 
(1957) ]. Equation (9) on page 619 should read: 


Noise figure = 


=| (T.)+(1—O p(T) 
x ——f{ ld ol + —f ¥ t 
p(T, 2 r “ 


QO. 
+- — p(T.) — p(T) ] 
Vo 


-(=) AT)| +g ‘p(T.) | (9) 
gti 


Magnetoresistance of Holes in Germanium and 
Silicon with Warped Energy Surfaces, J. G. 
MAVROIDES AND BENJAMIN Lax [Phys. Rev. 107, 
1530 (1957) ]. In Eqs. (5) the numerical factors for 
Crew aNd Oryx, Should read 21.3 instead of 0.213. 


Computation of Noise Figure for Quantum-Me- 
chanical Amplifiers, M. W. P. StRANDBERG [Phys. 
Rev. 107, 1483 (1957) ]. Equation (7) on page 
1484 should read: 
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It follows that Eq. (8) and Eq. (9) should read: 
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INDEX 1649 
Vertex Corrections to the Pion K-Meson Interac- 
tion, S. F. Tuan [Phys. Rev. 107, 300 (1957) ]. The 
following errors were noted : Equation (3) should be 
amended to read as follows: 


ig (Xo) ¥5T' Gx (Xo yy (x0), 
War(xo+x’’) (igeys.gs) eK (Xotx’’ Wy (xo+x"’), 


V (xo —x’) ox' (xo—x") (ga,tZoV5)Wa'(Xo —x’'), (3) 


This does not affect the text of the paper, except 
that (12) should read: 


¢K (xXot+ x" \r'gx' (x9 —x') oe! (x0) (x’ x’). (12) 


There are corresponding changes from (¢5,g275) to 
(gs,tgev5) and from (goys5,g3) to (igeys,gs) in Fig. 2 
(including the figure caption). 
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